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INTRODUCTION 


Analysis  of  Missile  and  satellite  trajectories  and  tracking  date 
involves  transformations  of  position,  velocity  and  acceleration  time 
points  from  one  system  to  ancther-sy stems  which  may  be  fixed  or  mov- 
ing relative  to  eaoh  other.  This  discussion  will  attempt  to  give 
explicit  transformation  equations  for  the  most  ooomon  situations 
which  arise  and  sufficient  detail  so  that  the  reader  can  develop 
any  eases  not  covered  explicitly  here.  In  all  oases  the  reference 
system  is  that  in  which  the  coordinate  of  a point  are  known.  The 
new  or  transient  system  is  that  in  which  the  coordinates  of  the 
same  point  are  to  be  determined.  Originally  the  transient  system 
is  considered  to  be  coincident  with  or  superimposed  upon  the  refer- 
ence system*  Then  by  a series  of  translations*  rotations  about  its 
own  axes  and  reflections  of  its  own  axes  the  transient  system  assumes 
the  desired  configuration  in  space,  A translation  is  only  a transfer 
of  the  origin  of  the  transient  system  from  (0*0,0)  as  expressed  in 
the  reference  system  to  <X0,  YQ,  ZQ)  as  expressed  in  the  reference 

system.  In  this  preliminary  dlsousslon  X,  Y,  Z will  be  used  to 
represent  the  coordinates  of  the  point  in  the  reference  X*  Y*  Z 
system,  x,  y*  a will  be  used  to  represent  the  coordinates  of  the 
point  in  the  transient  x*  y,  a system.  In  a rotation  the  origin 
of  the  x,  y*  s system  and  one  of  the  x*  y*  s coordinate  axes  about 
which  the  rotation  takes  place  are  unchanged.  Rotations  are 
defined  as  clockwise  or  counter  clockwise  and  apply  to  an  observer 
at  the  positive  end  of  the  axis  of  rotation  looking  toward  the 
origin,  A reflection  is  a reversal  of  positive  and  negative  ends  of 
a coordinate  axis.  A single  reflection  ohanges  a coordinate  system 
from  right  to  left  handed  or  vice  versa. 

1,  Position  Transformations  in  Rectansular  Coordinate  Systems 


Translation  is  accomplished  as  follows t 


X - X, 
Y - Y„ 


Z - l. 


A reflection  of  an  axis  is  accomplished  by  changing  the  sign  of  the 
row  in  the  identity  matrix  corresponding  to  that  axle.  For 
example,  to  reflect  y: 


Now  consider  the  right  handed  coordinate  systems  in  Figure  1,  The 
\ y z system  has  been  translated  from  coincidence  with  X Y Z system 
to  X0  ro  Zo  and  then  rotated  about  the  s axis  In  a counterclockwise 

direction  through  an  angle  0.  The  point 


p(x'T>z]  , 

\*t  ft  *1 

Is  of  course  stationary  throughout  these  tr ana formations. 


Figure  1. 


v, 


It  la  easy  to  show  from  simple  trigonometry  or  vector  analysis  that: 

x - (X  - XQ)  cos  9 + (Y  - YQ)  sin  9 
<*>  y - -<X  - X0)  win  0 + (Y  - Y0)  cos  9 

n - <Z  - Zc> 

Equations  (3)  apply  for  right  hant'ed  systems  with  rotation  about  z 
in  a counterclockwise  direction  through  an  angle  9.  Equations  (3) 
may  be  expressed  in  matrix  form: 


X 

con  9 sin  0 0 

“x  - x0“ 

(4) 

y 

as 

-sin  9 cos  0 

Y 

2 

0 0 1 

z - Zc 

_ _ 

2 


The  matrix  of  trigonometric  elements  Is  called  a transfer  or  trans- 
formation matrix.  Clearly  transfer  matrix  (4)  applies  also  for  left 
handed  systems  in  which  the  rotation  about  x is  in  a clockwise 
direction  through  an  angle  0. 

Tho  transfer  matrix  by  definition  is  used  to  pre-mu? tlply  the 
column  matrix  of  the  coordinates  to  be  transformed. 

Now  consider  Figure  2 in  which  the  direction  of  rotation  Is  clock- 
wise about  z for  two  right  handed  systems. 


Figure  2, 


o"  X 

o p ^ 


X,  1,  z 


x,  y,  z 


The  transfer  matrix  Is  the  same  as  (4)  except  for  a substitution  of 
- for  0.  Thus 


cos  9 -sin  e 0 

sin  9 oos  9 0 

0 0 1 


X - Xc 

Y - Yc 

z - z. 


Therofore  to  reverse  the  direction  of  rotation  in  a given  transfer 
matrix  reverse  the  signs  before  sines. 

So  far  only  2 axis  has  been  taken  as  the  axis  of  rotation.  Consider 
the  following  more  general  summary: 

Counterclockwise  rotation  about  x for  two  right  handed  systems 


0 cos  0 sin  9 
0 -sin  9 cos  9 


X - Xc 

Y - Yc 

z - z. 


w 


Counterclockwise  rotation  about  y for  two  right  handed  systems 


cos  6 0 -sin  9 

0 10 
sin  9 0 oos  9 


X - Xc 
Y-Yt 
Z - Z_ 


Counterclockwise  rotation  about  » for  two  right  handed  systems 


cos  0 sin  9 
•sin  0 oos  9 
0 0 


X-X. 

Y-Vc 

z - z_ 


Counterclockwise  rotation  about  x for  two  left  handed  systems 


cos  9 
sin  9 


-sin  9 
cos  9 


X - X, 
Y - Ye 
Z - Z, 


Counterclockwise  rotation  about  y for  two  left  handed  systems 


cos  9 


-sin  9 


sin  9 
0 

cos  9 


X~Xc 
Y - Yfc 

Z - Z. 


Counterclockwise  rotation  about  a for  two  left  handed  systems 


cos  9 -sin  9 
sin  9 cos  9 


X - Xf 

T-r< 
z - z. 


Transfer  matrices  ft,  7,  8,  9,  10,  11  and  the  rules  previously 
discussed  and  now  summarized  will  permit  any  transformation  In 
rectangular  coordinates: 

(a)  Given  X,  Y,  l coordinates  of  a point  P in  a left  handed 
or  right  handed  coordinate  system.  Given  also  an  x,  y,  z 
coordinate  system  defined  relative  to  the  reference  X Y Z 
system.  Required:  the  x,  y,  z coordinates  of  the  point  P. 


4 


(b)  Locate  the  x y z coordinate  system  first  to  be  coincident  with 
the  reference  HZ  system.  Then  work  out  a series  of  trans- 
lations. rotations,  and  reflections  so  that  finally  it  will 

be  located  .'.n  the  proper  place  relative  to  the  original 
reference  system. 

(c)  Perform  the  required  transformations  in  proper  sequence, 

<d)  Since  the  reference  system  is  different  for  each  successive 
transformation,  trouble  is  easily  encountered  in  translation. 
The  coordinates  for  the  translation  are  usually  known  either 
before  all  the  rotation  transformations  or  after  all  the  ro- 
tation transformations  and  the  translation  should  be  performed 
when  the  coordinates  are  known. 

Illustration; 

It  has  been  found  that  a certain  transformation  involving  a left 
handed  reference  system  requires 

(1)  translation  to  XQ  YQ  ZQ 

(2)  counterclockwise  rotation  about  a through  a 

(3)  clockwise  rotation  about  x through  £ 

(4)  reflection  of  a. 

The  complete  transformation  equation  may  be  written  as  follows: 


- 0 


0 -1 


0 cos  0 sin  0 
o -sin  p cos  0 


cou  a -sin  a 0 
sin  ct  cos  a 0 


Note  that  the  sequence  of  the  transfer  matrices  goes  from  right  to 
left,  A more  practical  example  is  given  under  the  subsequent 
treatment  of  Euler  angles, 

Troatment  so  far  has  been  only  for  rectangular  coordinates.  Spherical 
coordinate  systems  are  generally  first  transformed  to  rectangular 
systems  and  then  after  necessary  transformations  back  to  spherical. 
Several  illustrations  of  the  teohnique  are  given  in  a later  section 
treating  specific  actual  coordinate  systoms, 

II . Velocity  Transformations  in  Rectangular  Coordinate  Systems 

Equations  for  velocity  transformations  are  derived  directly  trom 
the  corresponding  position  transformations  by  differentiation, 

A Himplo  illustration  should  be  sufficient.  A common  velocity 
transformation  is  between  geocentric  equatorial  inertial  and  geo- 
centric equatorial  rotating,  both  right  handed  rectangular  systumu. 

In  this  case  Z and  z axes  coincide  always  and  rotation  is 
counterclockwise. 


We  may  differentiate  equation  (8)  with  Xc  ■ Y0  - ZQ  - 0 since  the 
origins  of  the  two  systems  coincide.  By  the  usual  rules  for 


differentiating: 


dx 

Tx 

cos  9 

sin  8 

(13) 

3 

- 

-sin  9 

cos  8 

L 

0 

0 

in  this  equation  corresponds  to  the  angular  velocity  of  earth 

rotation  about  its  polar  axis*  Equation  13  applies  for  a trans- 
formation from  inertia]  to  rotating  system  because  B increases 
Counterclockwise  relative  to  reference  system.  For  transformation 
ffcom  rotating  to  inertial  system,  9 increases  clockwise  relative 
t6  the  reference  syster.  Thus  the  signs  before  the  sines  in  (8) 
should  be  reversed  before  differentiating. 


<M> 


dx" 

m 

3 

- 

dz 

cos  9 -sin  9 0 

sin  9 cos  8 0 

0 0 1 


dX 

dY 

cTf 

dZ 

cTF 


-sin  9 -cos  9 0 

cos  9 -sin  8 0 

0 0 0 


vd9 

YcTE 

z 

For  a point  P 


fixed  in  X Y Z system,  put 


dX 

dt 


dY  _ dZ 

3* 


0. 


III.  Acceleration  Ti ansformations  in  Rectangular  Coordinate  Systems 

A single  illustration  should  be  sufficient.  Simply  differentiate 
equations  (13)  and  (14)  to  get  acceleration  transformations  from 
(1)  geocentric  inertial  to  geocentrio  rotating  and  (2)  geocentr > 
rotating  to  geocentric  inertial  respectively.  Remember  that 


For  a point  P fixed  in  X Y Z system  simply  put 

«-«!*.  0 
dt  dt* 

£L  „£l  . o 

dt  dt? 

dZ  _ d h m n 
dt  dt* 


IV.  Bular'a  Angles  (n,  <n.  i) 


Consider  Inertial  axes  X Y Z in  which  there  la  a moving  coordinate 
ayatam  x,  y,  a.  Wo  want  to  determine  tha  coordinatoa  of  a point 
in  tha  x y a ayatam  based  upon  tha  Kuler  anglaa  defining  tha 
ralativa  poaltion  of  tha  X Y Z and  x y a ayatama. 

iirat  lat  x y a and  X Y Z axaa  eoincida.  Both  ara  right  handed 
ayatama.  Looking  downward  from  Z axia  rotate  x y a axaa  counter- 
clockwlae  about  a through  an  angle  ft.  Lat  tha  new  ayatam  be  x y a . 
Tha  tranafar  matrix  ia  given  in  Bguation  (8). 


cob  n ain  fi  0 

aln  P.  coa  d 0 


Wa  now  rotate  about  tha  x'  axia  through  tha  angle  i where  1 ia 
maaeured  positively  above  tha  X Y plana.  Tranafar  matrix  (6)  applies. 


coa  1 ain  1 
- sin  1 coa  1 


Finally  rotate  about  the  z"  axia  through  the  angle  u>.  Define 
positions  in  this  final  system  hy  x,  y , a. 


cos  m ain  u)  0 


-sin  to  coa  cd 


Substituting  (17)  and  (18)  into  (19) 


8 


r- 1 

UaLtLiiJ 


r 

©OH 

a a 

ago 

3 5 

a a 

8 5° 

JjL_ 


r 


r 


■1 


■H  *H 

° 5 8 

ID  0 
H O O 


J 


O O H 

e 8 
a m o 
« 8 

s a 

mao 

8 •? 

i — 1 i 


X to  N 


O 

CM 


1 


I 1 

»-*-  M N 1 

f 

<H  H 

0 0 H 

H «H 

a « 

e 8 

a 


$ 

r. 


ci 


a a 

8 § 

H H 

u 

8 8 

n! 

a a h 

5 3 1 

« ■ 

e e 
8 5 

i{ 

5 5 

N M 

«H  H 

ll» 

8 8 


a 


a 

H 

« 


T 

a « a 

S 8 * 

8 3 


a a 

« OH 

3 8 T 

j w w 

if 


r 


M to  N 


N 


flMaaiiMM  iaaBBiM 


5 , 

t H to  N | 
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If  the  x y z system  Is  rotating  with  a rotation  rector  a it  has  angular  velocity  components 

a a a about  x,  y,  x respectively.  We  wish  to  express  a a a in  terms  of  the  Ealerian 
a y z z y z 

angles  and  Ealerian  angular  velocities. 


The  components  of  a along  the  xN»  y"»  end  zM  axes  are  as  follows 
due  to — — n l i 


These  components  were  arrived  at  by  Inspection  of  Figure  3. 

Now  apply  the  transfer  matrix  from  Equation  (8)  to  rotate  from  xM  y"  z" 
system  to  x y z system. 


Expanding  Equation  (23) 

®x  • n sin  1 sin  u)  ♦ { cos  u> 

(24)  ■ 0 sin  1 cos  u - i sin  u> 

a a 

Ojj  ■ u ♦ n cos  1 


Having  three  equations  In  three  unknowns  we  may  solve  for  (n,  w,  1) 
if  we  wish 

n . — J — (a  sin  w + au  cos  w) 

sin  1 x / 

(25)  u>  ■ ■ ffijj  '|  (®x  *1n  w + cos  w) 


I ■ ®x  cos  u - Gy  sin  m 
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VI.  Transformations  Ba tween  Two  Rectangular  Coordinate  Systems 
When  Cosines  of  Ankles  Between  Respective  Axes  are  Known 


Many  coordinate  system*  are.  stationary  relative  to  eaoh  other.  Thus 
it  Is  pointless  to  go  through  a series  of  transformations  every  time 
data  In  one  system  is  to  be  related  to  another  system.  For  transfor- 
mations of  this  type  computer  programs  customarily  accept  the 
direction  ooslnes  of  the  axes  of  one  system  relative  to  the  axes 
of  the  other.  The- Asufa  system*  and  the  geooentric  rotating  system  form  such 
a stationary  pair.  ' 

Consider  two  systems  x y s and  HZ,  Let  the  direction  cosines  of 
ths  x sxis  bs  i j mj  n^  rsferrsd  to  ths  T Y Z system.  Let  the 

direction  cosines  of  ths  y axis  bs  ma  na  *•*•**•* . *°  th*  * Y z 

system.  Let  the  direction  cosines  of  ths  s axis  bs  l3  m3  n3  referred 

to  the  X Y Z system.  Then  it  can  be  shown  that 


(96) 


where  X Y Z refer  to  the  coordinates  of  the  point  P In  the  X Y Z 
system  and  x y s refer  to  $hs  coordinates  of  the  same. point  in  the 
x y s system.  Only  three  of  nine  direction  oosinas  are  independent. 

It  should  furthermore  be  noted  that  the  original  computation  of 
thsss  direction  oosinea  follows  ths  exact  series  of  transformations 
Illustrated  by  numerous  examples  given  previously.  For  example, 
in  Equation  (21),  the  term 

(oos  to  com  n - sin  u>  cos  1 sin  n)  • 


where  is  the  ooelne  of  the  angle  between  the  x axis  and  the  X 
axis.  Also  n3  - oos  1 , and  so  forth. 

VIJ.  Definitions  of  Various  Coordinate i Systems. 


O i 


It  is  not  practical  to  develop  direct  transformation  equations 
between  any  coordinate  system  and  every  other  coordinate  system. 

As  an  expediency  all  coordinate  systems  are  related  to  one  of  three 
master  systems. 

Then  the  three  master  systems  themselves  are  lnter-rslated.  We 
may  develop  what  might  be  called  a flow  chart  which  will  be  followed 
for  position  transformations. 


liiiiiittii.iuutiaaiiiiilillliiiliSBlia 


k^Lkiki iMilL  \ \ lULlti  ,,  ■ IJl.ni,  . 


*'<Uuw  ubiioiulu 


12 


The  three  natter  eye  tens  are  (1)  geocen;,  ? earth  rotating 
equatorial,  (2)  geocentric  inertial  equatiru.1  and  (3)  heliocentric 
Inertial  equatorial*  \ 

There  la  alwaya  a problem  In  aymbole  when  ' large  number  of 
coordinate  eyetena  are  being  dlaeueeed.  K *aa  dleoovered  that 
adherenoe  to  the  atandard  XTR  aymbola  for  he  common  coordinate 
ayatema  created  awkward  problem*  in  other  important  coordinate 
ayatema*  Consequently  a logical  ayatem  developed  by  Kraft  Khrloke 
for  the  varioua  geocentric  and  hellooentrlc  inertial  coordinate 
ayatema  waa  adopted  and  the  common  MR  aymbola  were  then  modified 
aa  little  aa  neoeaaary  to  avoid  duplication  of  aymbole,  For  example' 
the  common  x y a ayatem  In  uae  at  the  range  la  called  V V W in  thla 
write-up * alnoe  x y a in  aaed  for  the  geocentric'  inertial' 
equatorial'  right  handed  ayatem* 


Any  or  all  systems  in  Fig.  *»  can  be  used  to  define  the  position  of 
a point  P in  apaoa. 

A second  category  of  transformations  will  be  vsloolty  transformations.  Q 
The  following  flow  chart  ie  deeorlptlve  of  the  plan  to  be  followed 
for  veloolty  and  alao  acceleration: 


A final  category  will  be  tboee  involving  orbital  elenenta  and  thus 
combined  poaltlon  and  velocity 


Theee  oategoriea  will  apparently  satiafy  moat  present  problems  in 
coordinate  transformations  involving  apace  vshlolss.  The  syatems 
and  nomenclature  will  now  be  defined. 

it  F t Ot  (See  Figure  6) 

Osocsntrlc,  earth  rotating*,  equatorial,  ritfht  handed.  Q ie 
coincident  with  polar  axis  and  extenda  in  a positive  direction 
northward,  g extenda  positively  ao  aa  to  pleroe  the  meridian  of 
Oreenwich. 

Xj  y.  »»  (See  Figure  G) 

Oeocentrlc,  inertial,  equatorial,  right  handed,  a la  coincident 
with  polar  axis  and  extonda  in  a positive  direction  northward,  x 
extends  positively  toward  the  vernal  equinox. 


* Paradoxically,  the  words  "earth  rotating"  and  "earth  fixed"  arc 
used  interchangeably  in  the  literature.  Both  refer  to  a system 
fixed  with  respect  to  the  earth  but  rotating  in  Inertial  space. 


»uv—  mi  i ir'BaWSMiiaMimaiimwwni'a'initi"  ••  


Id 


X,  Y,  Z:  (See  Figure  7) 

Hellooentrio,  inertial,  equatorial,  right  handed.  Z la  parallel 
to  polar  axis  o f earth  and  extends  In  a positive  direction  north- 
ward. X extends  positively  toward  vernal  equinox, 

U.  V.  Wt  * (See  Figure  8) 

Common  KTR  system,  earth  rotating,  right  handed.  Origin  somewhere 
near  surface  of  spheroid  at  E0,  ?0,  0Q.  W extends  In  a positive 

dlreotlon  vertically  in  a geodetic  sense.  (I  extends  downrange  at 
some  amimuth  V measured  east  of  north. 

>»  •»  o»  * (See  Figure  9) 

Common  radar  system,  earth  rotating,  right  handed.  Origin  somewhere 
near  surfaoe  of  spheroid  at  B0,  ?0,  0Q  and  0Q,  70*  Through  the 

origin  and  perpendicular  to  the  geodetlo  vertical  from  the  origin 
is  an  imaginary  reference  plane.  A reference  axis  lies  In  the 
reference  plane  and  originates  at  the  origin.  The  reference  axis 
points  at  some  asimuth  T east  of  north.  Aslmuth  a is  measured  In 
the  reference  plane  from  the  reference  axis  in  a clockwise  sense 
as  seen  by  an  observer  above  the  origin*  The  radius  p connects 
the  origin  with  the  point  P,  The  elevation  e Is  the  smaller  angle 
between  p and  the  reference  plane,  e Is  positive  for  points 
above  reference  plane  and  negative  for  points  below  reference 
plane.  In  x y s radar,  with  f - sero:  x— »east, 

y— * north, 
s—+ vertical. 


0*  4 a « 360*{  p is  always  positive;  -90*  < e < + 90* 


^ i 7 1 h 8 (See  Figure  10) 

Common  geodetic  earth  rotating  system.  0 is  geodetic  latitude 
positive  in  northern  hemisphere  and  negative  In  southern  hemisphere. 
y is  longitude  measured  eastward  from  Oreenwlch.  h is  height  above 
geodetlo  spheroid,  h io"WiTti've  If  above  spheroid  and  negative 
If  below* 

-90*  < 0 * + 90* j 0 < y < 360* 


Tho  latitude  and  longitude  of  a point  above  the  earth  are  determined 
by  the  intersection  at  the  spheroidal  surface  of  a line  from  the 
point  P perpendicular  to  the  spheroidal  surface.  It  is  convenient 
to  disregard  west  longitude  and  consider  360*  of  east  longitude 
as  measured  from  the  meridian  of  Oreenwlch, 


Parallel  to 

Earth's  Pul  Mr  Axil 


tm 


Virallal 
to  Earth1 i 
Equatorial 
Plan* 


FIGURE  7 X,  Y,  Z COORDINATE  SYSTEM  (HELIOCENTRIC) 


north's  Polar  Axla 


(•ftHlRAl  el  1 4 HlAMtl 


' FIGURE  8 • u,  v,  w coordinate  system  (topocentrio) 


Sarth's  Polar  Axis 


FXOliaifi  0 n,0,p  COORDINATE  SYSTEM  (TOP0CENTR1C) 


<1*1  y,  V:  (boo  Figure  il) 

Common  geocentric  earth  rotating,  equatorial  system,  r is  the 
radius  connecting  the  center  of  the  earth  with  the  point  P.  <t> 
is  the  smaller  angle  between  r and  the  equatorial  plane*  <t>  is 
positive  for  northern  hemisphere  and  negative  for  southern 
hemisphere*  y is  longitude  measured  eastward  from  Greenwich 
meridian,  r is  always  positive. 


-90*  ^ 0 < * 90#  0*  e y e 360* 


!i  _m,  oi*  (See  Figure  12) 

Cuimon  direction  cos  ins  system**,  earth  rotating.  Origin  sanswhaxe 


near  surface  of  earth  at  8.,  F . 

. Or  0 


GQ  and  0O,  y0.  Originating  at 


the  origin  and  perpendicular  to  the  geodetic  vertical  from  the 
origin  are  two  refersnoe  axes  intersecting  at  right  angles.  The 
origin  is  connected  to  the  point  P by  a veotor  p.  Direction 
cosines  of  this  veotor  p with  respect  to  the  reference  axes  are 

called  i and  m.  The  oloekwlse  angle  from  the  i reference  axis 
to  the  m reference  axis  as  ssen  by  an  observer  above  the  origin 
is  90*.  The  i reference  axis  points  at  some  aslmuth  f east  of 
north,  p la  always  positive. 


-1  < i < ♦ 1. 


4 < m < * 1. 

mm  mm 


-.6  » (fiua  Figure  13) 

Geocentric,  inertial,  equatorial.  The  refersnoe  axis  extends 
from  the  origin  toward  the  vernal  equinox,  r connects  the  origin 
to  the  point  P.  Let  r*  bo  the  vector  projected  upon  the  equatorial 
plane  from  r.  The  counterclockwise  angle  (as  seen  by  an  observer 
at  the  north  celestial  pole)  from  the  reference  axis  to  r'  is  the 
right  ascension  a.  Tho  smaller  angle  between  the  equatorial 
plane  and  r is  called  the  declination  6.  & Is  positive  in  the 

northern  hemisphere  and  negative  in  the  southern  hemisphere,  r is 
always  positive. 


0 < a « 390* 


-90  « 6 < 90* 


X*.  y*.  g*t  (See  Figure  14) 

Geocentric,  inertial,  ecliptic,  right  handed,  x*  extends  positively 
toward  the  vernal  equinox,  z'  extends  positively  perpendicular 
to  the  ecliptic  plane  and  toward  the  north  pole  of  the  ecliptic. 


•See  note  page  2<s  • 

'“'Now  obwlete, 


r,  b.  X:  (See  Figure  15) 

Geocentric , Inertial,  ecliptic.  The  reference  axis  extends  from  the  origin 
toward  the  vernal  equinox,  r connects  the  origin  to  the  point  P.  Let  r be 
the  vector  projected  upon  the  ecliptic  plane  from  r.  The  counterclockwise  angle 
(as  seen  by  an  observer  at  the  north  ecliptic  pole)  from  the  reference  axis  to 
r'  Is  the  longitude  x.  The  smaller  angle  between  the  ecliptic  and  r Is  called 
the  latitude  0.  3 Is  positive  for  points  on  the  observer's  side  of  the 
ecliptic  and  negative  on  the  other  side  of  the  ecliptic,  the  observer  again 
being  at  the  north  ecliptic  pole,  r Is  always  positive. 

0 < X < 360*  -90  < 0 < 90* 

mm,  mm 


a.  e.  1.  n.  u.  u (equatorial  geocentric);  (See  Figure  16)* 

The  common  orbital  elements,  a Is  semi-major  axis  of  orbit,  e Is  eccentricity 
of  the  orbit.  1 Is  Inclination  of  the  orbit,  n Is  longitude  of  ascending  node, 
w Is  longitude  of  perlapsls  measured  from  ascending  node,  u Is  argument  of 
Tetltude.**  The  geocenter  Is  et  the  principal  focus  of  the  orbit.  The 
equatorial  plane  11  reference  plane. 

0.  A;  (See  Figure  17) 

Heliocentric,  Inertial,  equatorial.  The  reference  axis  extends  from  the  origin 
toward  the  vernal  equinox.  R connects  the  origin  to  the  point  P.  The  reference 
plane  Is  parallel  to  the  equatorial  plane  of  the  earth  and  extends  through  the 
origin.  Let  R*  be  the  vector  projected  upon  the  reference  plane  from  R.  The 
counterclockwise  angle  (as  seen  by  an  observer  at  the  north  celestial  pole)  from 
the  reference  axis  to  R'  Is  the  angle  A.  The  smaller  angle  between  the  refenanti 
plane  and  R Is  the  angle  a,  a Is  positive  for  points  on  the  observer's  side  of 
the  reference  plane  and  negative  on  the  other  side  of  the  reference  plane;  the 
observer  bolng  at  this  north  celanlal  pole.  R Is  always  positive, 

0 < A < 360*  -90*<  a < + 90* 

m mm 

X%  V't  Z ' ; (See  Figure  18) 

Heliocentric,  Inertial,  uellptlc,  rectangular.  X'  extends  positively  from  tne 
origin  toward  the  vernal  equinox.  Z*  extends  perpendicular  to  the  ecliptic  and 
positively  toward  the  north  pole  of  the  ecliptic. 


* A duplication  of  symbols  has  been  found  necessary  here.  When  an  a or  e Is 
used,  the  text  will  make  clear  whether  an  orbital  element  or  a radar  coordinate 
Is  Intended. 

**  It  Is  quite  common  to  see  the  mean  anomaly  M or  the  time  of  perifocal  passage 
T used  Instead  of  u. 
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FIGURE  IS  r,  A,  X COORDINATE  SYSTEM  (GEOCENTRIC) 


Body  is  at  Q going  in  direction  of  arrow 
P ia  Feriapsis 

n ia  Trua  Anomaly 

I P.P.  is  Principal  Pocua 

| T ia  Vornul  Ityuinox 

• A.N.  is  Ascending  Node 

i b is  Semiminor  Axis 

; a,o,i,n  u, u are  Orbital  Blementa 

I 
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FI CURE  1C  CLASSICAL.  ORBITAL  ELEMENTS 


Parallel  to  Barth*! 
Polar  Axis 
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FIGURB  17  R«  A,  A COORDINATE  SYSTEM  (HELIOCENTRIC) 


FIGURE  18  X',  Y',  Z'  COORDINATE  SYSTEM  (HELIOCENTRIC) 
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R,  B, 


(Soe  Figure  19) 


Heliocentric,  inertial,  eoliptio.  The  refcrenco  axis  extends  from 
the  origin  toward  the  vernal  equinox*  R connects  the  origin  to 
the  point  P.  Lot  R’  be  the  vector  projected  upon  the  ecliptic 
plnne  from  R,  The  counterclockwise  angle  (as  seen  by  an  observer 
at  tho  north  ocliptic  pole)  from  the  reference  nxis  to  R'  Is  the 
longitude  A.  The  smaller  angle  between  the  ecliptic  and  R is 
called  the  latitude  B.  B is  positive  for  points  on  the  observer’s 
side  of  the  ecliptic  and  negative  on  the  other  side  of  the 
ocliptic;  the  obsorver  being  at  the  north  ocliptic  polo.  R la 
always  positive. 


0 < A < 1160* 


-90*  « B < + 90* 


a.  o.  t.  0.  %,  u (equatorial  heliocentric);  (See  Figure  16) 


The  common  orbital  elements  previously  described.  The  sun  is  nt 
principal  focus.  The  plane  through  center  of  tho  sun  parallel  lo 
equatorial  plane  of  earth  is  the  reference  plane. 

a,  o,  i,  ft.  u>.  u (ecliptic  heliocentric);  (Sec  Figure  16) 

Tho  common  orbital  elements  still  referenced  to  vernal  equinox. 
Tho  sun  is  at  principal  focus.  The  ecliptic  plane  is  the 
reference  plane. 


Note  on  Reforonce  Vertical; 

Tho  previous  explanation  refers  to  tho  geodetic  vortical  ns  n 
reference  line  for  UVW,  nop,  imp  coordinate  systems,  the  goodotlc 
vortical  being  by  definition  normal  to  some  specified  spheroid. 
Actually,  it  is  customary  for  practical  reasons  to  sst  up  these 
systems  using  as  roferonco  tho  astronomic  vortical  dstermlnod  by 
plumb  bob  or  bubblo  level,  tho  astronomic  vortical  being  normal 
to  tho  gnoid.  Tho  astronomic  and  geodetic  verticals  usually 
differ  at  a given  slto  by  aovoral  seconds  of  arc  and  in  extreme 
conditions  up  to  20  aeconda  of  arc.  The  difforenoe  between  the 
verticals  at  a given  location  is  called  the  deflection  of  tho 
vortical  and  depends  of  course  upon  tho  spheroid  used.  Measure- 
ments taken  in  nn  astronomic  system  may  be  corrected  lor  deflection 
of  the  vertical  before  rotation  to  another  coordinate  nystom.  The 
subsequent  discussion  of  transformations  (Section  VIII)  assumes 
measurements  have  been  corrected  for  defloctlon  of  tho  vertical. 

See  Appendix  U for  methods  of  making  these  corrections  nnd  for 
alternative  transformations. 


V » • 4»  *■  PfcW.  v i vtaA* , llt/r 


p > p 


S o 

M 


III 


P A P 

« 8 I 

i 1 
Si?  I D ''o 

Slid  r 


-•a. 

► 9 » 
dh* 

55*“ 


i • 

*°  ^ 
' 4 

8 I 


it! 

M *4 


P**  « 

is 

8""3  2 

ll=  s 
«:*  i 

iSS 


2Sf 

p % • 

p*w 
v o 

V 0 4) 
4 H 


Hi 


• * M 

0 a 

0 o 

•H  *H 

4*  4J 

1 l 

N <*> 


O O H 
<*s  ^ 

If. 

|H  P 
w w 

u 

If  o 

p p 

8 ! 


'’"'o^O 

H 

|1 

~0~0 

u 

O w v«> 

8 5 
0 « 

h o e 
o o H 


t s ° ° 

ST  0 *■%  A 

1 i ff 

■ U w w 

2 I a s 

m * no 


rr 

i s ° 


.0.0  o 


p ► ^p 
■©  c"P< 

p ► 

8 5 o 

0 « 

p p 


*9^ 


w 


° 5 8 

w 8 


r-»  O O 


G~0  r 


pV° 


0 0 
(*•  r 


.0.0  0 


*f  T t ? t t 

M P O W P 6 


0 0 0 

m 


O O rt 


0 0 

?•  r 


o o 

»**  p 


0 0 
♦ “p 


O 0 


O 0 
•H 
M 


H © O 


P P 


P P P 


J 


Let  the  origin  of  the  t , m,  p system  be  at  EQ  Fq  Gc  relative  to  the  E F G system,  and  have 
geodetic  coordinates  (c  , Tr_). 
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represents  the  obliquity 


Geocentric  Equatorial  Spherical  and  Geocentric  Equatorial  ggct 


Helliocentric  Ecliptic  Spherical  and  Heliocentric  Equatorial  Rectangular 
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Acceleration:  x y z and  E P G Systei 
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NOTE:  K is  used  throughout  this  report  to  represent  the  gravitational 

constant  of  the  antral  body. 
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IX.  Ba«lc  Epooh  Traneforwatlone 

Kaet  Longitude  of  Vwn«l  Epotnox 


For  transformations  between  earth  rotating  and  inortlal  eyetews 
tht  eaet  longitude  of  tho  varnal  equinox  has  bean  uaod  In  this 
note.  The  fol loving  relation  ta  convenient  for  computing  the 
wean  value  of  the  geodetic  eaat  longitude  of  the  vernal  equinox 
at  epooh  T: 

(60)  wean  yr  (T)  - 280f 08445740  - Of 0866473460  d 

-<0f0Ol5)  10“1S  da  - o>^ 


0 d 7rp  (T)  < 360* 

where  d la  number  of  wean  aolar  daya  elapaed  from  0h  January  1, 
1050 i Universal  Time  to  0h  Unlveraal  Time  of  epooh  dayi  t la 

L 

number  of  wean  aolar  aeconda  elapaed  from  0 Unlveraal  Tine  of 
epoch  day  to  epoch!  o^la  earth  rotation  rate  relative  to  moving 
wean  vernal  equinox.  By  definition  d la  an  integer,  t la  not 
neceaaarlly  an  integer.  An  average  value  for  o>fi  la 


(69)  0.004176074623  deg/ mean  tolar  tec. 

The  wean  value  of  oourae  doea  not  include  nutation  effeota. 
The  true  value  which  lnoludea  nutation  effeota  la 


(70)  true  7t  (T)  « wean  yT  (T)  - da 

where  Aa  la  oalled  the  "nutation  In  right  aaoenalon"  or  "equation  of 
the  equinoxes",  Computation  of  Aa  is  described  in  subsequent  equa- 
tions, and  Aa  is  tabulated  in  the  Amerioan  Iphemeris,  Universal 
Time  in  Eq.  GB  represents  UTI,  and  u>e  represents  rotation  rate  of 
date  (see  Appendix  J),  but  normally  in  earth  satellite  computations 
UTO  and  an  average  u>a  aro  used.  When  orbital  information  involving 
the  vernal  equinox  is  transmitted  between  test  ranges,  it  is  im- 
portant to  verify  oonsistenoy  in  method  of  computation. 
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(73)  A*  - -(47? 8037  4 0?0483T)  * 10~4  sin  n 

4-0? 5800  X 10"4  tin  2fi  -3? 5381  x 10~4  aln  2 L 
-0?1378  x 10“4  sin  (3L  - D 
40? 0504  x 10"4  sin  (L  4 D 
40? 0344  x 10' 4 sin  <2L  - n) 

40?0195  x 10"4  sin  (2T  * - n) 

40? 3500  x 10"4  sin  (L  - D 
40?0135  x 10“4  sin  <2L  - 2r*) 

»0?5658  x 10“4  sin  3 £ 

-O?O05O  x 10"4  sin  (2  C - fl) 

-0?0735  x 10"4  sin  (3  C - r’> 

40?0317  x IO"4  sin  « 4 r') 

40?oiei  x io"4  sin  (£  - r ' 4 n) 

40?oi58  x io"4  sin  (C  - r*  - n) 

-0?0144  x IO"4  sin  (3  <£  4 T • - 2L) 

-0?0122  x 10*4  sin  (3  1 - r»  - n)  * 

40?  1875  x 10“4  sin  (d  - P) 

40?0078  x 10“4  sin  (2fl-  ar*) 

40?0414  x 10“4  sin  ( ^4  P - 2L) 

40?0187  X IO"4  sin  (2<f  -2L) 

-0?0089  x 10“4  sin  (4<J  - 2L) 


U 


o 


(74)  6c 


95:5844 

X 

o 

1 

ooa 

ft  - 0?2511  x 10“ 

+i:&336 

X 

io-4 

coa 

2L  + 0?0866x  10“ 

-0:0958 

X 

10"4 

ooa 

(1  + D 

-0**0183 

X 

io-4 

ooa 

(9L  - ft) 

•0*0067 

X 

IO**4 

ooa 

(ar‘  - ft) 

+0**9456 

X 

IO"4 

ooa 

9<+  0**0608  x 10 

+0:0368 

X 

10-4 

ooa 

(3<-  r») 

•0:0136 

X 

10-4 

ooa 

(C  ♦ r*) 

«0:0066 

X 

io"4 

ooa 

U-r*  ♦ ft) 

+0**0083 

X 

10“4 

ooa 

it  - r*  - ft) 

+o:oooi 

X 

10-4 

ooa 

(3<  + T*  - 9L) 

+0:0064 

X 

io"4 

ooai 

(3  £-  r 1 - n) 

(75*)  • 

(76)  6a 


93:4457667  - 0?01309404T 
-0 :00t6  s 10"4  Ta  ♦ 0:0050  x 10"4  T3 
1 + 6« 

61  cob  I <■••  aquation  70) 


Tha  varioua  function*  used  in  aquation*  (73)  and  (74)  nay  bo  defined 
aa  follow* i 

ft  • 19:1197909  - 0?0a39539922d  + 90:790  x 10-4T 

+90? 81  x 10"4  T2  + 0?09  x 10“4  T3 

tf  • 64:37545167  + 13:17636669684  - 11731570  x 10~4  T 

•11?3016  x 10“4  Ta  + 0?019  x 10“4  T3 

f - 208?8439877  + 0?1114040803d  - 0?010334  T 

-0?010343  T8  - 0?19  x 10"4  T3 

L - 380 ,'08121009  + 0?98564733Md  + 3?03  x 10"4  T 

+3?03  x 10-4  T2 

1 - 382?0805302tt  + 0?470884  x 10"4d  + 4?5525  x 10~4  T 

+4? 575  x 10“4  T2  + 0?03  x 10“4  T3 


T la  the  number  of  Julian  oesturles  of  36525  days  paat  the  epoch  0h 
January  1,  1950,  E.  T, , while  d ia  the  number  of  days  past  the  same 
epooh.  Hots  that  the  transfer  matrix  in  (72)  may  be  inverted  for 

transformations  from  (x  y a)  to  (x  y x). 

Precession  Transformations 

A common  transformation  required  Is  that  betmeen  the  mean  equator 
and  equinox  of  1950,0  and  the  ms an  equator  and  equinox  of  date.  The 
first  is  a very  useful  inertial  system,  while  the  seoond  ia  not  an 
inertial  system  in  the  true  sense,  Let  (x  y a)  represent  the 
geocentric  equatorial  coordinate  system  baaed  upon  the  mean  equator 
and  equinox  of  date, 


- " 

— • <m 

mm  - 

X 

*11  *12  *13 

x1950 

y 

- 

*91  *22  *23 

y1950 

a 

*31  *32  *33 

mm  mm 

*1950 

Using  the  standard  nomenclature  of  the  ephemerls  for  C0,  a,  and  et 
(78)  ajj  • -sin  (0  sin  a + cos  (0  oos  a cos  9 

*12  * -cos  r,Q  sin  a - sin  (0  oos  a oos  e 
*13  - -cos  a sin  9 

aai  - sin  c 0 cos  a + oos  f,0  sin  a oos  9 
*22  " °°*  oos  a - sin  ( Q sin  a cos  9 
*23  " "*in  s sin  9 

*31  * 00*  ?o  Bin  9 
*32  " “lin  f,o  #*n  9 
*33  " 008  9 
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wh  are 

(79)  t0  - 2304V997T  4 0V302T2  4 0V0179T3 

■ • 3304V997T  4 1V093T2  4 0V0192T3 

9 « 2004 '.'299T  - 0V498T3  - 0V0416T3 

where  T is  the  nuaber  of  Julian  centuries  of  38535  days  past  the 
•pooh  1950,0.  Thla  epoch  corresponds  to  Jan  od  ,993  U,T,  of  the 
year  1950, 

Equation  (79)  nay  ba  substituted  into  (78)  and  th«  resulting 
functions  nay  ba  expanded  la  power  aerlea  of  fc0,  a and  9; 

(BO)  *11  M 1 “ 0.00039697T2  - 0.00000013T3 

a13  - -a91  - - 0.03334988T  - 0.00000678T2  4 0.00000221T3 

•13  - -a3x  - - 0.00971711T  4 0, 0000030 7T2  4 0.00000096T3 

aM  ■ 1 - 0.00024978T2  - 0.00000015T3 

*33  ■ -0.00010889T2  - 0.00000003T3 

*a2  - -0,000 10859T2  4 0,0000000 IT3 

»33  - 1 - 0.00004721T2  4 0.00000002T3 

The  traaafar  aatrlx  represented  la  (77)  oan  of  oourue  be  inverted 
for  transformations  fros  "date*'  to  1950.0. 


To  sumaarlse,  let  (x,y,s)  represent  geocentric  equatorial  coordinates 
of  a point  in  a ays tea  defined  by  seen  equator  and  equinox  of  1950.0. 
Let  (x,y,s)  represent  geooentric  equatorial  coordinates  of  the  aase 
point  in  a system  defined  by  true  equator  and  equinox  of  date,  Then 


(H0a) 


J 


where  N is  the  transfer  matrix  in  Equation  (71)  and  P Is  the  trans- 
fer matrix  in  Equation  (77). 


Pr 


For  precision  space  probe  or  high  altitude  satellite  compute* 
tions  it  is  customary  to  operate  in  a system  defined  by  mean 
equator  and  equinox  of  1950*0*  Equations  of  this  section  pro* 
vide  the  neeessary  transformations.  For  low  altitude  satellites 
or  missiles  it  is  coamcn  to  operats  in  a system  characterised  by 
"true  equator  of  date  and  mean  equinox  of  epoch."  This  uses 
Equation  68  and  involves  no  nutation  or  precession  computations. 

It  is  an  inertial  system  in  that  a fixed  vernal  equinox  is  used. 
Sometimes,  particularly  in  missile  trajectory  computations,  equa- 
tions of  motion  are  expressed  in  a non-lnertial  earth  rotating 
coordinate  system  with  centrifugal  and  Coriolis  terms  added.  This 
system  is  equivalent  to  "true  equator  of  date  and  mean  equinox  of 
epoch"  in  regard  to  its  basic  accuracy  and  application.  Finally 
it  may  be  pointed  out  that  any  geocentric  system  involves  accel- 
eration of  the  geooenter  itself.  This  acceleration  becomes  rela- 
tively significant  at  very  large  distances  from  the  earth,  at 
which  time  it  is  neoassary  to  change  over  to  a heliocentric 
system. 

NOTES i 

For  many  purposes  it  may  be  satisfactory  to  discard  all  terms 
with  amplitude  less  than  x 10**  in  Equations  (73)  and  (74). 


The  (ays)  coordinate  system  discussed  in  this  section  (XX)  ’•  fV»e 
common  geooentric  inertial  equatorial  right-handed  system,  s ia 
coincident  with  polar  axis  and  extends  in  a positive  direction 
northward,  x extends  positively  toward  the  vernal  equinox. 


Transformations  similar  to  those  given  in  this  section  (IX)  can 
be  given  for  the  ecliptic  coordinate  system  but  at  this  writing 
no  need  is  foreseen  for  these  transformations. 


If  greater  precision  is  needed  in  Equations  73  and  74 , many 
additional  terms  developed  by  Woolard  are  available  in  the 
Explanatory  Supplement  to  the  American  Ephemeris. 


*k-  >-  M friwito  i 


O X*  Or,<:hotton«l  Matrices  (Real) 


O 


A simple  rotation  of  ooordinato  systems  which  does  not  result  In 
n chango  In  longth  of  the  vector  la  called  an  orthogonal  trans- 


formation. The  corresponding  tranafor  matrix  la  an  orthogonal 


matrix. 


T -1 

By  definition,  If  R la  orthogonal,  R - R und  hence 


rrt  m RTR  ■ I,  where  I repreaenta  the  Identity  matrix. 


Moat  of  the  transformation  matrices  discussed  in  this  report 
happen  to  be  orthogonal;  and  hence  when  an  inversion  la  called 
for,  the  simpler  operation  of  transposing  can  be  substituted. 


The  necessary  and  sufficient  conditions  that  a given  n by  n 

.T 


matrix  be  orthogonal  can  be  derived  by  expanding  RR  - I. 
obtain 


We 


n 

C 

s—1 


Rps  Rqs 


'Pd 


which  must  hold  for  every  combination  of  values  of  p and  q,  where 


1 d P < n 

1 i Q 2*  n 


Apq  is  tho  Kronecker  delta,  which  la  unity  when  p - q and  la 


zero  when  p ^ q. 


Orthogonality  can  frequently  l>e  verified  by  inspection  for 
matrices  of  low  order.  As  an  example,  consider  the  transfer 
matrix  in  Equation  4: 


cos  9 


sin  8 


-sin  9 cos  9 


1 J 


I 


I 


8®- 


Applying  our  criterion t 


p 

<1 

n 

E Km  Km 

■«1  P* 

1 

1 

cos2  9 + sin2  9-1 

1 

2 

-oos  • sin  9 + sin  9 oos  6-0 

1 

3 

0-0 

2 

2 

sin2  9 + cos2  9-1 

2 

3 

0-0 

3 

3 

1-1 

Sines  the  elements  of  this  matrix  can  ba  multiplied  commutatively, 
it  ia  not  necessary  to  consider  other  combination a like  (pa 2 , q-1). 
Clearly  the  metrix  is  orthogonal. 

Cheeking  for  orthogonality  is  not  only  useful  in  avoiding  inver- 
sion but  is  also  useful  in  detecting  errors.  Applying  our  crite- 
rion to  the  more  complicated  matrix  (Equation  78)  shows  that  it 
is  indeed  orthogonal  as  should  be  expected.  It  may  be  of  interest 
to  apply  the  criterion  to  the  approximation  given  in  Equation  80. 

We  must  of  naoessity  discard  terms  with  powers  of  T greeter  than  3t 


P 

4 

n 

E R R 
s— 1 P*  <*8 

1 

1 

1.00000000  + . OOOOOOOOT  + . OOOOOOOOT2  + .OOOOOOOGT3 

1 

2 

+ .000000007  + .OOOOOOOOT2  + .OOOOOOOOT3 

1 

3 

4-  .00000000T  + .OOOOOOOOT2  + .OOOOOOOOT3 

2 

2 

1.00000000  4-  .OOOOOOOOT  4-  .OOOOOOOOT2  + .OOOOOOOOT3 

2 

3 

+ .OOOOOOOOT  4-  .OOOOOOOOT2  4-  .OOOOOOOOT3 

3 

3 

1.00000000  4-  .OOOOOOOOT  4-  .OOOOOOOOT2  4-  .OOOOOOOOT3 

Clearly  to  this  degree  of  approximation  the  matrix  is  orthogonal. 


In  general , it  can  be  stated  and  easily  proven  thaci 

80 


i •! 

/ 
I 
I 

i J; 


(1)  The  produot  of  orthogonal  matrloea  la  orthogonal. 

(2)  The  Inverae  of  an  orthogonal  matrix  la  orthogonal  and  la 
also  the  tranapoae. 

(3)  The  tranapoae  of  an  orthogonal  matrix  la  orthogonal  and 
la  alao  the  Inverae. 

(4)  Orthogonal  matrloea  are  aquare,  have  inveraea  and  may 
be  of  any  alee. 

(5)  The  determinant  of  an  orthogonal  matrix  la  ± 1.  It  la 
+ 1 If  there  la  no  refleotlon  of  the  axea  or  If  there 

la  an  even  number  of  refleotiona  of  the  axes.  It  la  - 1 
If  there  la  an  odd  .number  of  refleotiona  of  the  axea. 

(6)  In  an  orthogonal  transformation,  the  traoe  and 
determinant  remain  Invariant. 


XI.  Error  Analyaie  for  Coordinate  Transformations 


This  Motion  teals  with  tbo  propagation  of  arrora  from  ona  coordi- 
nate ay ■ tarn  at  tint  tQ  to  anothar  ooordinata  ayatam  at  tima  V or 

from  ona  ooordinata  ayatam  at  tima  tQ  to  tha  aama  or  anothar 

ooordinata  ayatam  at  tima  t«  Errors  are  axpraaaad  in  tarma  of 
variances  and  oovariancas*  The  ra suits  are  valid  without  depen- 
dence upon  normality  of  tha  distribution. 


The  oovarianoa  matrix  of  a pair  of  vaotora  y « (yA  y2  ...  y^) 


» ■ (*2  >2  •••  «r)  is  defined  as 


Vi  Va  ■ ■ ' Vr 


Vi  Wt  ' ' ’ 0y2*i 


0 T 

ya 


®V  I.  • « • ®y  | 

*q  2 Jfq  j 


Tha  ganaralisad  lav  of  oovarianoa  propagation  stataa  that  if  tha  * 
alamanta  of  y and  s are  functions  of  tha  vactor  x • (x^  x2  ...  xR) 

which  haa  tha  oovarianoa  oxxT  , tha  oovarianoa  matrix  of  y and  s 

is  oiven  by 


(0ysT)  * ^xJ  <0xxT) 


whara 


(ly)  (y)T  t (*x)^  ■ (yj)  (a)' 


in  which  (|~)  is  tha  vactor  of  partial  differentiation  operators 


( j-  -)  a ( j 8 t > T 

7x'  lJx7  7x7  •••  JST* 
a * n 


NOTE:  The  notation  yx  is  not^equivalent  to  j as  normally  de- 
fined but  rather  ( . yx  haa  the  form  of  the  Jacobian. 


Alternatively,  if  the  inverses  exist, 


V * 

<*yrx  <•„« 

■ 

®y.T  * 

[(*s)T  <ffxxT)"1  <v]"1 

<»r>T  - 

<ty>  (*>T  <*,)T  - 

<ir>  <*)T 

in  which  (|~)  and  (|^>  are  vectors  analogous  to  (|y)  already 
defined. 

In  th#  vast  Majority  of  praotloal  applications,  y - c and  tho  re- 
sulting syaastrlo  Matrix  is  referred  to  as  tho  oovarlanos  Matrix 
of  tho  vector  y,  The  oovarlanoe  Matrix  is  always  not  only  symmetric 
but  also  positive  seal-definite. 

It  aay  happen  that  because  of  redundant  lnstrusentatlon  a set  of 

independent  column  veotors  (Vj,  Vg  ...  Vn),  eaoh  vector  having 

an  associated  oovarlanoe  matrix  <Ej,  Ea  ...  En),  may  be  obtained 
as  estimates  of  the  true  veotor  at  some  particular  tlme^point. 

These  estimates  may  be  oomblned  Into  a single  estlnate  V and  its 
corresponding  oovarlanoe  Matrix  E: 

y - £ [V*  vi  + V*  vs>  + • • • + V*  vB] 


where 


E 


e 


Instead  of,  or  prior  to, combining  two  vector  estinates  Vx  and  Va 

and  associated  estiaated  covariance  Matrices  E^  and  Ea,  it  aay  be 

desirable  to  test  the  hypothesis  that  they  represent  the  sane 
population.  This  has  direct  application,  for  example  in  detec- 
tion of  satellite  maneuvers  by  coaparlson  of  two  sets  of  orbital 
elements,  in  the  application  cited, the  tracking  data  usually 
provide  large  sample  sizes  (greater  than  30)  and  hence  we  aay 
use  the  staple  relation: 

[v2  ’ hj  [=>  * e.f*  [*,  - h]  > »* 

. 2 

where  x is  obtained  from  statistical  tables  at  some  probability 

S3 


I 


level,  e.g,  1%  or  6$,  at  degrees  of  freedom  equal  to  nuabar  of 
elements  aaklng  up  the  vector,  e.g.  6 or  7. 


Tha  taat  la  aora  involved  for  aaall  aaapla  alaaa.  tlrat  of  all 
pp  auat  define  aaapla  else  n for  this  taat.  Lat  N ba  tha  total 
nuabar  of  ladapandant  aaaauraaanta— in  the  oaaa  of  radar  track 
at  oaa  par  flva  aeconds*  it  would  ba  tha  aua  of  tha  nuabar  of  all 
tha  aalauth  aaaaurui«ante  plus  tha  nuabar  of  all  tha  alavatlon 
aaaauraaanta  plua  tha  nuabar  of  all  tha  ranga  aaaauraaanta. 
Suppose  thara  are  p alaaenta  In  aach  of  tha  vaotora  being  com- 
pared and  thara  ara  no  other  paraaatara  being  aatlaatad.  Than 

n - . 


fharplora  unit  aaapla  alaa  In  thin  oaaa  la  tha  neceaaary  and  non 
radpnpant  nuabar  of  aaaauraaanta  required  to  define  tha  vector. 
Now  let  tha  aaapla  alaaa  for  Vj  and  Va  raapaotlvaly  ba  n1  and  n2. 
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[ni*ni“D  ^i  ^ na  (**2“!)  CgJ  • 


Mow  If 


r.  ..  iT  --1  r..  ..  i . <«,+»,> <«1+«a-»p . 

Lv2vlJ  c LVa  VlJ  i ■K^-(n14.i2-p-IJ  Fp,  n 


j+ry-p-l , 


tha  hypothaala  that  Vaa>V1  aunt  ba  rejeoted,  F Is  the  F statistic 
with  p dagraaa  of  freedoa  for  greater  aaan  aquare  and  (nj+nj-p-l) 

dagraaa  of  fraadoa  for  laaaar  aaan  aquara. 


NOTE:  If  wa  taka  tha  aquare  root  of  eaoh  of  the  diagonal  elements 

in  a symmetric  covariance  matrix,  we  obtain  a set  of  GDOPa 
or  standard  deviations  in  the  computed  parameters,  ODOP  is 
an  acronym  for  Geometric  Dilution  of  Precision,  a term  in 
common  usage  in”the  aerospace  Industry.  Tha  term  is  usually 
reatrictad  to  the  computed  parameters,  and  la  not  applied  to 
tha  fundamental  obaarvationa,  QDOPa  ara  sometimes  mialaading 
because  they  ignore  the  covariance  or  off-diagonal  terms. 

Sea  Appendix  Q. 
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Considering  a un  ganaral  cam#  define  tha  aatrioee  A and  ® aa 
follows t 
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whara  all  four  aatrioas  ara  9x9  and  M la  tha  aana  3x3  pravioualy 
defined.  Wa  raitarata  that  tha  two  ooordlnata  systems  ara  assumad 
to  ba  fixed  ralativa  to  aaoh  othar  in  this  particular  example. 
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To  Illustrate  • transformation  both  In  tint  and  coordinate  systems, 
no  compute  the  covarlanca  matrix  In  latitude  a and  longitude  v at 
Impact  resulting  fro*  a covariance  matrix  In  x y x at  mlcnlle  burn- 
out. Assume  the  following  partial!  have  been  obtained  numerically: 

• i 


ii 

li- 
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li 

ii 

-.003 

+.005 

-.002 

1 - 

lt 

lx 

It 

»y 

It 

Ii 

■ 

+ .017 

+.001 

+.000 

« 

where  unite  ere  in  degrees 

and  feet  per  second* 

Assume  the  following  oovarianoe  matrix  is  given t 
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°xa 
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+.02 
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+ .03 

H*  * 

Jm* 

n*  * 

*»y 

-.01 

+.03 

+.5 

2 

where  unite  ere  In  (ft./seo.)  • 


Therefore  the  covariance  matrix  at  Impact  Is 


• 

m 

m m 

t,  - 

% 

•♦t 

2 

■ B t0  BT  ■ 

+.00002218  -.00005314 

o * 

Y « 

-.00005314  +.00031 994j 

where  units  are  In  degrees  squared. 

By  standard  procedures  Sj  can  be  further  transformed  If  desired 
Into  a 95*  confidence  ellipse.  See  Appendix  Q, 
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As  « final  example  It  may  be  of  Interest  to  estimate  the  errors  In  tha 
orbital  elementi  at  time  t resulting  from  arrors  In  the  orbital  alamanti  at 
tlma  tQ.  Tht  tlma  from  t to  tQ  would  raprtiant  a coasting  phasa.  Tha  arrors 

at  t can  of  courts  subsequently  ba  transformed  to  arrors  In  rectangular  co- 
ordinates or  look  angles  If  desired.  From  the  lew  of  covariance  propagation 

(aEET^t  " EP  (°KT)t  ** 

■ 

The  form  of  the  Ep  matrix  Involved  In  tha  aquation  above  Is  shown  below: 
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The  form  of  o^T  Is 
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The  derivation  of  the  partlals  In  Ep  Is  beyond  the  scope  of  this  report. 
t>Mt  for  an  ellipse 


EP  " 


where 


3rl  -e 
2 R 


1 

0 ■ sin  ru  ( jr  + e — ) “ sin  n0  ( — r w-  + 

f R 2 - 

Y “ 1 “ ( |^-) 


O 0 \ 

9 — ) 


<5  * (]p‘) 

Kt 

K Is  gravitational  constant  of  central  body 
R Is  distance  from  principal  focus  to  orbiting  body 
n Is  true  anomaly 

Other  terms  are  orbital  elements  previously  defined  (page  22). 


Error  analyses  ars  most  efficiently  performed  by  direot  trans- 
formations of  the  type  Just  dlsoussed.  However,  oooaeionally 
such  methods  are  not  applicable,  and  Monte  Carlo  or  simulation 
techniques  are  used.  These  latter  types  frequently  require 
sampling  from  a normal  distribution.  If  only  a single  Independent 
parameter  Is  Involved  or  If  the  oovarlanee  matrix  of  u multi- 
parameter  problem  Is  diagonal,  there  is  of  oourse  no  dlffloulty. 
Such  problems  permit  straightforward  use  of  a table  of  univariate 
standard  normal  deviates.  Let  us  oonslder  a more  complicated 
situation  of  n parameters  and  associated  oovarlanee  matrix  con- 
taining non-zero  off-diagonal  elements.  We  have  the  problem  of 
sampling  from  a known  multl-varlate  normal  distribution  described 
by  a mean  oolumn  vector  m and  a oovarlanee  matrix  2.  The  pro- 
cedure Is  as  follows: 

By  standard  matrix  algebra,  oompute  an  orthogonal  transformation 

matrix  A such  that  [a  £ A^]  Is  a diagonal  matrix.  Select  a 

column  vector  ■ ^s^,  z^  ...  zftjT  eaoh  of  whose  elements  Is 

simply  a number  taken  from  a table  of  univariate  standard  normal 
deviates.  Then  the  required  vector  of  parameters  is 


c±  - m+A^AJ  A*]*  z4 . 


Additional  vectors  x.  may  be  obtained  simply  by  substituting 
different  z. . 1 


APPENDIX  A 


A SELECT! 


RELATIONSHIPS  FOE  ELLIPTICAL  ORBITS 


1*0  Inertial  Mu»  Centered  Rectangular  position  and  Valoclt 


t ■ 


■ \jx-  ♦ y-  ♦ 


/•2  . *2  . *2 

hr. ♦ y ♦ * 


By  definition 


■ xx  ♦ yy  ♦ as 


The  flight  path  angle  8 it  the  Angle  between  the  velocity  veotor 
end  the  local  geocentric  horizontal  and  always  lies  between  +90* 
and  -90°, 

•in  8 ■ J « §- 


Then 


2K  - rv 


The  parameter  p of  an  orbit  ia  defined  to  be  one  half  the  let us 


rectum. 


r2(v2  - f2) 


By  definition 


Then 


• ■ \Jh2  ♦ (1  - H2)  •in2  6 
Tha  true  an coaly  at  apoch  is  found  from 

tan  n • ^ UJ&L±JS2±  i 
N cos2  e • sin2  8 

Examination  of  tha  signs  of  numerator  and  danominator  aaparataly 
Will  ravaal  whioh  of  tha  four  quadrants  n is  in*  For  a parfactly 
circular  orbit  both  numarator  and  danominator  will  b«  zero,  in 
Whioh  casa  n is  sat  aqual  to  zaro  by  convention. 

featcail  that  Kapler' s constant  C is  aqual  to  twice  tha  rata  at 
Which  area  is  being  swept  out  by  tha  radius  vector  from  central 
body  to  spaoa  vehiola. 

|c|«  |r  x v|  « 

Moreover 

Cx  ■ yz  - zy 

Now  c 

• coa  i « -na 
VPK 

Cx 

tan  ft  * — 

-C, 


Cy  * zx  - xz  Cz  b xy  - yx 

0#  < i < 180° 

0°  < ft  < 360° 


where  tha  signs  of  numerator  ar  i Cane...  uxor  must  be  considered 
separately  to  determine  which  of  four  quadrants  ft  is  in.  When 
both  Cx  and  Cy  are  precisely  zero  tha  orbit  is  equatorial  and  ft 
is  defined  to  be  zero. 


tan  u s 


- x pin  U cou  i » y coo  0 coo  i + z sin  i 
x coc  U ♦ y sin  0 


0*  < u < 360“ 

\ 

where  again  the  signs  of  numerator  and  denominator  must  be 
considered  separately  to  determine  quadrant  of  U. 


u s u - n 


0 < w < 360° 


2 . 0 Additional  Relationships  within  the  Orbit  Plane 


Semi -major  axis,  n 


2K-rv 


V'p 


Soul-minor  sxln,  b 


(rv  coe  0) 


<2K  - rv' 


Eccentric  anomaly,  U 


‘in”1  sin  tj^ 

--1  (*S-) 


2 tan 


1 ./"xil  tnn 


Note:  K/2  and  i|/2  lie 

j in  same  quadrant 


Eccentricity,  e 


1 A “ fl> 
rA  + rP 


cob2  g (2k  - r v2) 


Moan  anomaly,  M 


n (l-t  ) 

K-o  Ain  K (Koplur'n  Equation)  (8»m  Appendix  l>) 


Radial  distance  from  Roocontor  to  eatelllto,  r * 


[\—7 


• (l-o  ooe  E) 


Rndinl  dlatnnoo  from  uoocontor  to  apogee,  rA 


• (Uo) 

b”/r„ 


- / \ 
rl>  ( T=e  ' 


Radial  distance  from  geocenter  to  perigee,  rp 


\A 


a (l-o) 

rA<TW) 
Trim  anomaly,  i] 


a (1-c  )-r  1 I 


Flight  path  angle,  0 » 


( o eln 


l+e  coa  q 


) - 


Path  velocity,  v 


K ( F ’ » > 


b2/r( 


2 tan  ^ tan  (E/2)jj 

Note:  E/2  and  n/2  lio  in 

same  quadrant 


ovaluatod  0 ■ 0°  + 90° 


Muon  motion,  . n 


Orbital  period: 

/ 

Kepler,  TK  * 
•Anomalistic,  TL 


•Nodal,  Tn 


PK  |\  + 3C2t0^£-  (1-3  )J 

T 3C«  0 n 2 (2-  £ sin2i)*l 

r^K  L j 


Derivatives: 

r - o .in  ri  JT 


•'  K 

r ■ JL  e con  n 
r* 


v alii  9 

« o i|  cos  t|  \f  ~jr 


•Those  exprosnionn  aro  included  here  for  convenience.  Since 
(hoy  depend  upon  oblateness  of  tho  earth,  they  itro  not  Keplerlan. 


A**5 


BiiHiiiiiiiiMMU-i 
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Kp  _ VI>  rI> 


“S- 


o tin  q 
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Tho  par am* tar  p of  the  orbit  in  equal  to  a(l-o^), 

Soo  Appendix  N for  derivetlven  of  mean  elements, 

Soria*  axpanaiona: 

i|  - M 4 <2e  - ^ a3  4 £g  a®  4 -j^gg  a7)  *ln  M 
4 (f  «2  - -jJ  «4  + ygj  .•)  *in  2 M 
4 ( a3  - a5  + o7)  *in  3 M 

♦ °4  " TO  •*>  -in  4 M 

+ ®5  - itoJ  *7>  *in  8 M 

+ i}jj.SiB8«  + S.7^7«  . 

i - 1 + 5“  + [-•  + | ®3  - TOT  «8  + WTO  °7]  co*  M 

+ [-  ? ®2  + i ®4  - TO  ®6]cos  2 M 

r » «3  ^ 48  «8  587  Jh  i m 

♦ ["  1?  0 + T3K  ® " WIW  * ] C0B  3 M 

4 [“  7 ®4  4 g e6J  co*  4 M 

, f 125  5 , 4375  _7]  „„  . u 

♦ r m • + wm  e J C08  8 M 

“ To  ®6  COB  6 M - TObiS  °7  8ln  7 M • 


VNamawwA  ewMe 


\ M + [•  - & o3  + ^ e5  - 92^7  o7]  sin  M 

+ [?  ®2  “ & °4  + Tff  *6]  "ln  2 M 
L f3  „3  27  _5  243  ?1  _4n  « u 

+ [v  0 - TO  0 + TT30  0 J in  3 “ 

+ [?  °4  " TJ  ®fl]  *in  4 M 
, fl25  u5  3125  „7l  -4n  * u 

♦ [wt ti  ~ wnt 0 J *in  5 M 


27 


o"  Bin  6 M + 


16807  7 


o sin  7 M. 


3*0  KxpUnstion  of  Notation 


C .C  ,C 
vx’  y J 


is  Kepler’s  constant  vector. 

•re  components  of  C in  xyz  coordinate  system. 

in  second  zonal  coefficient  in  gravitational  expression 

is  defined  in  text. 

in  eccentric  anomaly, 

is  central  gravitational  parameter. 

is  mean  anomaly. 

in  defined  in  text. 

1s  Keplerlan  period, 

in  anomalistic  period. 

In  nodal  period. 

is  semi -major  axis  of  orbit, 
ln  earth  equatorial  radius, 

is  semi-minor  axis  of  orbit, 
in  occentricl ty , 
is  inclination. 

Is  mean  motion. 

is  parameter  of  the  orbit,  i.e.,  half  the  latus  rectum, 
ln  radial  distance  from  geocenter  to  satellite, 
is  rndlal  distanco  from  geocenter  to  apogee. 
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:».o  Explanation  of  Notation  (cont'd) 
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1h  radial  dlHtaneo  from  gooconlor  to  perigee. 


in  timo. 

la  timo  of  porigoo  paaaago, 

la  argument  of  tho  latitude, 
la  path  velocity., 


aro  coordinate#  In  geocontrlc  rectangular  inertial 
ay a tom. 


ia  true  anomaly, 
la  flight  path  angle, 
ia  longitude  ol1  aacendlng  node, 
la  argument  of  perlgoe. 
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APPENDIX  B 

Deflection  of  Vertical 


The  problem  here  is  to  convert  coordinates  from  an  astronomically 
oriented  system  to  a geodetioally  oriented  systom. 

Consider  a point  P near  the  surfaoe  of  the  earth.  Prom  this 
point  P there  may  be  ereoted  a geodetlo  vertioal  which  is 
perpondioular  to  some  imaginary  spheroid  fitted  to  the  geoid. 

Tho  geoid  is  a real  equlpotential  surfaoe.  A plumb  bob  at  P 
ropre cents  a vertioal  perpendloular  to  the  geoid  surfaoe  and 
defines  what  is  oalled  astronomic  vertioal.  The  angular  separa- 
tion between  the  geodetlo  vertioal  and  the  astronomic  vertioal  is 
called  deflection  of  the  vertioal.  Similarly  the  latitude 
(positive  north)  and  longitude  (positive  east)  of  the  point  P may 
be  determined  by  triangulation  to  obtain  geodetlo  coordinates 
and  v0i  or  the  latitude  and  longitude  of  the  point  P may  be 
determined  astronomically  to  obtain  astronomlo  coordinates  4>A  And 
yA.  The  defleotlon  of  the  vertioal  at  the  point  P is  then  defined 
by  the  two  components  ($A  - ♦q)  and  («yA  - y^).  In  present  nota- 
tion K is  UBod  to  represent  ($A  - $Q),  the  deviation  in  the 
meridian;  and  p is  used  to  represent  (yA  - yQ),  the  deviation  in 
longitude. * 

Two  rectangular  coordinate  Bystems  with  coincident  origins  both  at 
P will  now  be  established.  Besides  the  point  P and  the  upward 
vortical,  ono  other  reference  must  be  established.  This  is  a line 
from  P pointing  toward  true  north  as  defined  by  the  starH,  This 
lino  (call  it  N)  from  the  point  P toward  true  north  1b  parallel  to 
the  axis  of  rotation  of  the  earth  and  is  not  dependent  upon  whether 
Min  nystem  in  geodetic  or  nstronomio.  In  addition,  each  coordinate 
uyutem  hus  a horizontal  reference  plane  through  P perpendicular  to 
ito  respective  upward  vertical. 


Define  the  right-handed  coordinate  axes  of  the  astronomic  system 
Dy  (xA,  yA,  zA)  and  the  right-handed  coordinate  axes  of  the 
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"Mot,  to  be  confused  with  deviation  in  prime  vertical  defined  by 

'I  * " V OOU  V 


aa 
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geodetic  system  by  <xQ,  yg,  8g).  za  is  the  aetronomio  vertical 
with  positive  upward  and  Zq  it  geodetic  vertical  with  positive 
upward.  xA  and  yA  lie  in  the  aetronomio  horizontal  plane  with 
yA  lying  along  the  intqrseotion  of  that  plane  with  the  plane  de- 
fined by  xA  and  N.  yA  thus  points  northward  and  xA  points  east- 
ward in  the  aetronomio  plane.  xg  and  yQ  lie  in  the  geode tio 
horizontal  plane  with  lying  along  the  intersection  of  that 
plane  with  the  plane  defined  by  zQ  and  N.  yQ  thus  points  north- 
ward and  Xq  points  eastward  in  the  geodetio  plane. 

For  present  purposes  it  is  not  neoessary  to  define  the  position 
of  P more  completelyi  but  in  general  a third  ooordinate  (height) 
is  needed  to  define  P.  In  the  aetronomio  system  this  is  usually 
height  above  mean  sea  level  and  in  the  geodetio  system  it  is 
height  above  the  spheroid. 


Mow  oonsider  some  point  P'’  different  from  P and  assume  that  its 
coordinates  are  <xA,  yA»  zA)  in  the  astronomic  system.  Given 
the  deflection  of  the  vertical,  it  is  desired  to  compute  its 
coordinates  (xQ,  yQ,  zQ)  in  the  corresponding  geodetic  system. 
The  complete  derivation  will  not  be  developed  here  but  follows 
along  the  same  lines  as  discussed  in  the  body  of  this  report. 
According  to  Equation  (26)  in  body  of  this  report* 


where  direction  coaines  of  xg  axis  in  (xA,  y^»  system  are 

m \ direction  oosines  of  yQ  axis  in  (xA,  yA,  zA)  system  are 
m2  n2  i direction  cosines  of  zg  axis  in  <xA,  yA»  zA> 
system  are  m^  n^  • The  following  direction  oosines  are  exact: 


♦ COS  fj 


• sin  +A  sin  p 

♦ oos  4A  sin  0 


♦ sin  4fl  sin  0 


♦ cos  C - sin  4A  sin  4Q<1 
+ sin  4 ♦ sin  4fl  cos  4a<1 


- oos  4fl  sin  0 


• oos  0> 


- oos  0) 


- ain  5 ♦ sin  4A  cos  4a<1  - cos  0) 


n,  • ♦ cos  t ■ cos  4.  oos  4P<1  - cos  3) 


Ths  latitudes  and  longitudes  occurring  in  thsss  direction  cosines 
represent  the  aommon  origin  of  the  two  rectangular  coordinate  systems. 
If  the  latitude  and  longitude  is  known  in  one  system  and  if  the 
deflection  of  the  vertical  is  known,  then  the  latitude  and  longitude 
in  the  other  coordinate  system  is  known,  or  if  the  latitudo  and 
longitude  are  known  iri  both  systems,  then  the  deflection  of  the 
vertical  is  also  known.  As  soon  as  <Xq,  Vq,  Zq)  have  been  obtained, 
it  is  possible  to  transform  to  any  other  system  by  the  equations 
given  in  the  body  of  this  report, 


In  case  there  is  a reason  for  obtaining  astronomic  coordinates 
from  geodetic  coordinates, 


w 


where  the  •laments  in  the  trsneformation  matrix  ars  the  same  as 
defined  earlier. 


The  following  approximations  art  accurate  to  first  degree  in 
small  angles,  (angles  in  radians).  $ may  be  either  or  $A 
without  further  impairment  of  Accuracy.  In  the  alternative 
formulation  r)  represents  deviation  in  prime  vartical. 


f.j  * +1 


mj  ■ -0  sin  i ■ -T|  tan 
hj  - + 0 cos  $ ■ +1 
■C2  - +0  sin  <fi  - +1  tan  <f 


m2  “ 4,1 


na 


+ < 

t3  - -fl  COS  d 

ra3  “ “4 


- n 


"3  " +1 


The  following  relations  are  accurate  to  first  degree  In  small  angles: 
A«a  ■ oQ  a ♦ ^ tin  a ♦ 5 cos  * 

do  « aA- = + o tan  4 - n tan  e cos  a ♦ C tan  e sin  a 


where  a represents  azimuth  measured  clockwise  from  north  and  e rep- 
resents elevation  measured  upward  from  horizontal  plane. 


A rather  obvious  point  In  star  calibration  of  a radar  is  that 
a station  with  vertical  defined  by  a plumb  bob  or  bubble  level 
and  with  latitude  and  longitude  def.lred  astronomical ly  should 
observe  azimuth  and  elevation  of  a star  computed  without  any 
explicit  consideration  of  deflection  of  the  vertical, 
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A I ,TKRNATIVK  TRANSFORHATI  OHS 

The  precoding  discussion  S thin  Appendix  gives  k'he  tronstormn- 
lion  from  astronomic  to  geodetic  system  with  coincident  origins.. 
Subsequent  transforms* ions  to  other  systems  at  other  origins  may 
then  take  place',  ^umotimos  a different  procedure  is  more  con- 
venient, ^ * - /itornativo  procedure  is  depondont  upon  the  fact 
that  th  d.t  ' ction  of  the  gravity  vector  as  determined  by 
as ' ' snem  i •.  observation  is  parallel  to  the  ellipsoid  normal  at  the 
astronomical  position.  For  example,  in  the  case  of  an  astronom- 
ically orlentod  radar  system,  we  can  immediately  apply  Equation 

30,  Page  39,  to  obtain  true  (£,F.G)  if  we  use  the  astronomic 
coordinates  *A  and  yA  (in  place  of  goodotic  *0  and  yQ)  for  the 
station  in  the  first  two  matrices  on  the  right-hand  side  of  the 
equation  and  if  we  use  values  for  <E0»F0*fiw)  computed  from  the 
goodotic  coordinates  of  the  station.  Similarly,  using  Equation 

31,  we  can  transform  from  EFG  to  actual  radar  observations  by 
supplying  astronomic  coordinates  $A  and  ya  and  true  geoddic 

(F  , pn,G©)  for  the  radar  sito.  Thus  the  explicit  application  of 
the  direction  cosines  developed  in  this  appendix  is  not  always 
roqu l red „ 


APPENDIX  r. 


STAR  POSITIONS 


INTRODUCTION 

for  precision  optical  meaauramanta  and  various  star  calibration 
sxsreista  it  is  nccsssary  to  maka  transformations  of  star  posi- 
tions. Tha  word  "position**  as  usad  in  this  appandix  represents 
only  direction  cosines  or  angular  coordinates,  Tha  object  of  this 
section  is  to  arrive  at  a computational  method  for  deriving  look 
angles  (azimuth  and  elevation)  for  the  stars  based  on  information 
from  star  catalogs , local  geodetic  position  of  the  observer  and 
time  of  observation.  Some  definitions  of  star  places  follow.  Note 
that  none  of  these  computed  places  contains  any  correction  for  the 
travel  time  of  light  from  star  to  observer.  Also  there  is  some 
confusion  in  nomenclature  so  that  the  following  definitions  are  not 
universally  accepted: 

true  place:  baryeentric  (practically  heliocentric)  actual  exact 

geometric  position  referred  to  instantaneous  true  earth  equator 
and  equinox. 

mean  place:  baryeentric  (practically  heliocentric)  exact  geometric 

position  referred  to  mean  equator  and  equinox  usually  at  the  begin- 
ning of  some  specified  Besselian  year.  At  this  epoch  it  differs 
from  true  place  by  effect  of  nutation. 

apparent  place:  geocentric  position  referred  to  instantaneous  true 

equator  and  equinox  including  effects  of  annual  aberration  and 
annual  parallax  but  not  refraction,  diurnal  aberration  or  geocentric 
parallax.  (Note:  geocentric  parallax  is  entirely  negligible  for 

star  positions  and  will  not  be  mentioned  again.) 

observed  place:  topoeentric  position  referred  to  instantaneous 

equator  and  equinox  including  effects  of  annual  and  diurnal  aber- 
ration, annual  parallax,  and  refraction. 

The  problem  then  is  to  compute  the  observed  place,  given  the  mean 
place.  This  is  an  ancient  problem  and  many  methods  have  been 
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developed.  Modem  computers  permit  rigorous  and  efficient  trans- 
formations. The  rigorous  method  presented  here  is  ip  use  at  U.S. 
Naval  Observatory  and  represents  optimisation  for  computer  applica- 
tion. 


MEAN  TO  APPARENT  PLACE 

The  general  transformation  from  mean  to  apparent  plaoa  is  as 
follows: 


P ■ R6  R7  ♦ R5[r3(M  ♦ Rx  R2)  ♦ R4j 


where  M is  vector  of  direction  oosines  for  the  mean  plaoe  and  P is 
vector  of  direction  cosines  for  the  apparent  place.  The  various 
stages  are  as  follows: 


(M  + is  a correotion  for  proper  motion 


Kg  transforms  to  mean  equinox  at  beginning  of  Besselian  year 
nearest  date  of  observation 


R4  corrects  for  annual  aberration 


Re  corrects  for  nutation  and  precession  to  instant  of  observation 


Rg  R7  correct  for  parallax 


explanation  of  the  various  matrices  follows: 


M 


where  x0,  yQ,  are  direction  cosines  defining  the  star  position 
referred  to  mean  equator  and  epoch  of  star  catalog. 


u 


u 


MS 


I. 
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xQ  * cos  aQ  coa 

y0  « sin  a0  oo« 

*0  * ,in  *0 


where  aQ  is  tabulated  right  aacention  and  dQ  it  tabulated  declina- 
tion. The  eubecript  (0)  ie  ueed  to  repraeant  the  equinox  and  epoch 
of  star  catalog. 


a 

w» 

a 

a 

M, 


where  px  py  pa  ux  py  ye  repraeant  direction  cosines  of  proper 
motion  and  direction  cosinea  of  proper  motion  derivative  ob- 
tainable from  the  table  values  for  and  . 

Ux  * - ua  sin  aQ  coa  5Q  - cos  a Q ein  6Q 

Py  ■ ♦ ua  cos  aQ  cos  - y*  tin  aQ  sin  6Q 

uz  e ♦ p6  cos  «0 

e 2 

Ux  * - XqU  - 0.000205  tr  V yx 

Wy  8 - y0U2  - 0.000205  ft  V Py 

a 2 

* " Z0W  “ 0*0°°205  V V ua 


where 


* M2  cos2  fiQ  ♦ y2 


u,  u(J  and  ytf  are  expressed  in  radians  per  tropical  year.  xn , y0 , 
values  are  obtained  from  matrix  M.  ir  is  parallax  in  seconds  of  arc. 
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V is  radial  velocity  of  star  In  kilometers  per  second.  Times 
associated  with  proper  motion,  proper  motion  oomponents  and 
components  of  derivative  of  proper  motion  are  tropical  centuries. 


where  T ia  the  time  in  tropical  centuries  from  the  initial  mean 
equinox  of  star  oatalog  to  the  instant  of  observation. 


whera 

Xx  ■ cos  c0  cos  ® cos  z*  - sin  sin  z* 

Yx  ■ - sin  cQ  cos  0 cos  z*  - cos  C0  sin  a* 

Zx  ■ - sin  0 cos  z* 

Xy  * cos  c0  cos  6 sin  s*  ♦ sin  c,Q  cos  z* 

Yy  * - sin  r,0  cos  0 sin  z*  ♦ cos  cos  z* 

« - sin  0 sin  z* 

Xz  « cos  C0  sin  0 
Y2  * - sin  n0  sin  0 

Z » COS  6 

z 


where 


C0  ■ (2I04?2S0+1?39«T0)T-  ♦ 0'.'302T'2  ♦ 01‘018T-3 

t*  ■ C0  ♦ 0??91T'2 

6 « (2004?$82-0V853Tg)T'  - 0V428T'2  - OV042T'3 

where  Tq  is  tins  in  tropical  oanturias  from  1900.0  to  initial  maan 
aquinox  of  star  catalog.  T*“  is  tine  in  tropical  oanturias  from 
(1900. 0+Tq)  to  beginning  of  Bssaalian  yaar  naarast  data  of  obsar- 
vation. 


R 


4 


R 
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-D 

♦C 

.♦C  tan  c. 


where  C and  D ara  Baaaalian  Day  numbars  axprassad  in  radians  and 
interpolated  to  instant  of  observation  by  use  of  first  and  second 
differences,  c is  mean  obliquity  of  the  ecliptics. 

c * 23°27  *08  V26  - 46  V846<T0«-T>  - OVOOS9(T0*T>2  ♦ 0 V00181(T0+T) 3 


The  notation  <TQ»T)  has  been  used  properly  earlier  to  represent 
tropical  centuries  from  1900.0  to  instant  of  observation.  In 
computing  e it  is  somewhat  more  proper  to  interpret  it  as  Julian 
centuries  from  1900  January  0,5  CT  to  instant  of  observation. 
However  the  difference  is  slight  and  the  earlier  definition  can  be 
used  here  also  if  more  convenient. 

A strict  treatment  of  annual  aberration  requires  the  consideration 
of  elliptic  terms  but  these  are  not  justified  in  terms  of  overall 
accuracy  and  are  here  neglected. 
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1 ~f  -<A+Bf> 

f X <B-Af> 

A -B  1 


where  A and  B are  Beeeelian  Day  numbers  and  f it  an  Independent 
Day  number.  All  are  expressed  In  radians  and  interpolated  to  the 
instant  of  observation  by  use  of  first  and  seoond  differences  from 
a daily  tabulation  provided  in  American  Ephemeris. 


*6  R7 


’-C  sec  t 
-D  oos  c 
-D  sin  c. 


where  C,  D and  c are  defined  for  matrix  R^i  v is  annual  parallax 
in  arc  seoonds  and  k is  oonstant  of  aberration,  20V47. 


P 


x 

y 

Lz 


where  xT,  yT,  z,p  are  direction  oosines  defining  the  apparent  otar 
position  at  instant  of  observation.  The  subscript  (T)  is  used  to 
represent  the  equinox  and  epoch  at  instant  of  observation.  At 
this  instant 
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* cos  aT  cot  jT 


yT  « sin  aT  cot  6, 


*T  * sin  «T 


aT  • srotsn  (y^x^) 


6m  * 

T 


srotsn  [ xT2 +yT2  > 7 ] 


APPARENT  PLACE  TO  OBSERVED  PLACE 


P msy  bs  corrected  for  diurnsl  sberrstion  using  either  (x^  yT  zT> 
aoordinstes  or  (ftj,  «T>,  but  it  is  somewhat  simpler  to  use 


( Siji  6ip)  i 


a ■ cty  ♦ 0*3198  r oot  6 cot  h sec  $T 
4 ■ iT  ♦ 0'.' 3198  r cos  6 sin  h sin  4T 


where 


a end  6 represented  corrected  vslues;  i.e., , including 
effects  of  diurnal  sberrstion 

r is  geooentric  distance  of  observer  in  equatorial 
earth  radius  units 

8 is  geooentric  latitude  of  observer 
h is  hour  angle  of  star 

Transform  (a,  6)  to  <x,  y,  z) 

x ■ cos  a cos  6 

y « sin  a cos  4 

z * sin  6 


These  values  of  (x,  y,  z)  may  be  transformed  to  a topocentric 
system  centered  at  the  observer  with  x'  and  y"  in  horizon  plane, 
x'  east  and  y*  north,  z*  is  up. 


where 

‘I  0 

Rg  * 0 sin  4 

.0  -cos  $ 

oos  <xl  0 

-sin  0 

0 1 

where  + is  geodetic  latitude  of  observer  and  a1  is  instantaneous 
right  ascension  of  observer.  The  azimuth  and  elevation  are 

a ■ arotan  < x'/y ') 
e ■ arcsin  z* 

The  correction  remaining  Is  that  for  refraction. 


‘-sin 
Rg  * -oos 
. 0 


COS  t 

sin  e 
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Normal  refraction  does  not  affeot  tha  azimuth  of  a oaieatlal 
object*  The  obaerved  elevation  la  greater  than  the  geometric 
elovatlon;  but  tho  obaerved  aalrauth  la  the  aamo  aa  the  actual 
azimuth.  Modern  numerical  ray  tracing  off era  the  moat  acourato 
approach  to  refraction  correction  nnd  la  applicable  to  all 
olovation  angles,  in  contract  to  older  mothoda  which  are  limited 
to  elevation  angles  generally  above  15*.  Ray  tracing  requires 
an  a priori  index  of  refraction  profile,  determined  for  example 
from  Rawlnaonde  data.  (Thla  profile  incidentally  la  the 
prlnolpal  source  of  error  in  the  computation.)  The  index  of 
refraction  la  assumed  to  be  a function  only  of  altitude  above 
moan  sea  level  for  all  latitudes  and  longitudes  in  the  vicinity 
of  the  observer.  The  method  described  here  is  presented  more 
fully  in  Item  7 of  the  bibliography. 


The  elevation  correction  la  given  rigoroualy  by 

1 


Ae  * b coa  e. 


° f ( 1 «b£ ) [(l-bP)^(l+a/r  )a-  coe3e  ] 177  » 


where 

b ■ 


and  {•' 


n -n 
o 

v* 


and  whero 

eQ  ia  apparent  elevation  anglo 

n ia  index  of  refraction  at  camera  altitude 
o 

r is  the  moan  radius  of  the  earth 
o 


" l represent  the  height  and  index  of  refraction 
n f at  points  between  camera  and  celestial  object. 
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The  intogrftl  in  the  expression  for  Ae  is  conveniently  evaluated 


using  Gauss'  method  of  approximate  quadratures,  which  states 
that 


fO>  dP 


P 

» S K, 

J«0  3 


f<V 


For  p 


8,  the  values  in  the  summation  are 


J 


X 


J 


0 

1 

2 

3 

4 
8 
6 

7 

8 


0.04063710418 

0.00032408035 

0.1303053482 

0.1561735385 

0.1651106775 

0.1561735385 

0.1303053482 

0.00032408035 

0.04063710418 


0.0150108801 

0.0810844462 

0.1033142835 

0.33787328B2 

0.5000000000 

0.6621267117 

0.B066857164 

0.0180155537 

0.0840801108 


For  each  tabular  value  of  Xj  one  computes 


f (X J ) (1-bXj)  ["  (1-bXj  <l+Sj/r0)a  - cos7 

Evaluation  of  f(Xj)  requires  a value  for  s^. 

The  value  for  Sj  is  obtained  as  follows: 

Compute 

nj  - ”0  - w11 
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iU 
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Let  n.  fall  between  two  suocessive  entries  in  the  Index  of  re- 
fraction profile  an  shown  here. 


<V 


<"j> 


'i+l 


*1+1 


1,000  000  000 


The  entry  aQ  corresponds  to  the  height  of  the  oaaera. 

The  entry  st  corresponds  to  the  height  of  the  celestial  object. 

Tho  value  of  Bj  is  obtained  by  logarithmic  interpolation  in  the 
following  procedure: 

Compute 

‘x  * (=i^=i)  10‘  (£br) 


and  then 


Each  of  the  values  of  f(Xj)  ie  then  multiplied  by  the  correspond- 
ing Kj,  and  the  products  are  summed  to  obtain  the  value  of  the 
Integral  in  the  expression  for  Ae, 
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It  should  be  recognized  that  the  Index  of  refraction  profile 
varies  from  color  to  color  and  hence  the  index  should  be  chosen 
after  consideration  of  (1)  the  spootral  characteristics  of  the 
particular  star,  (2)  film  sensitivity  to  various  colors  and 
(3)  transmission  characteristics  of  any  filters  used, 

The  index  of  refraction  profile  may  be  computed  from  a density 
profile  by  means  of  the  following  standard  formula: 

n - 1 + |o. 000000222  + 0 S0^.00^0^.12.6  j p 

whero 

p is  the  air  density  in  grams  per  cubic  meter 
X is  wavelength  of  light  in  microns. 
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APPENDIX  D 

Conversion  o f Oeodstlc  Coordinates  from  One  Datum  to  Anothsr 

Historically  ths  piraaatera  defining  • geodetic  datum  coneiet  of 
latitude  and  longitude  of  an  initial  point  (origin),  an  aalnuth 
of  a line  (direction),  equatorial  radiua  and  flattening  of 
aaaociated  apherold,  and  the  geoid  separation  at  the  origin.  A 
geodetic  datum  la  properly  oriented  if  the  Laplace  equation  haa 
been  satisfied  at  the  datum  origin  and  at  all  other  Laplace 
stations  and  if  all  other  reductions  have  been  made  rigorously. 

The  datum  origin  serves  as  a referenoe  for  a network  of  geodetic 
measurements  over  that  particular  vicinity  of  the  earth's  surface. 
It  ia  somewhat  more  realistic  and  practical  (though  lesa  preoise) 
to  define  a datum  in  terms  of  the  geodetic  coordinates  of  this 
network  of  stations  associated  with  the  datum,  becauae  these 
networks  are  used  to  establish  the  relationships  between  datums. 


Clearly  each  datum  has  a directly  calculable  spheroid  center 
which  can  serve  as  the  origin  for  a particular  geocentric  EFO* 
coordinate  system — referred  to  in  Table  I simply  as  "origin  of 
coordinate  ays tern."  These  various  origins  of  coordinate  aya terns 
have  no  meaning  in  the  absolute  cense,  but  are  always  given  in  a 
relative  sense.  The  relative  origins  of  the  various  coordinate 
systems  are  determined  in  a least  squares  process  using  a large 
number  of  stations  whose  coordinates  have  been  determined  on  two 
or  more  of  the  various  datums  and  art  of  course  subject  to  some 
error,  The  relative  originn  given  in  Table  I are  not  defined 
values  or  direotly  transformable  from  defined  values,  Properly 
oriented  datums  have  geocentric  rectangular  coordinate  ayatems 
with  respective  axes  parallel, 

The  more  recent  datuma  are  based  on  world-wide  satellite  observa- 
tions and  the  corresponding  datum  origins  aro  given  simply  as 
"geocentric."  These  daturas  are  extremely  accurate  and  precise 
and  provide  a means  for  determining  the  relationships  among  the 


♦.See  Figure  5,  p.lft 
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older  surface-referenced  datums.  Tho  sensitivity  of  the  satellite 
datums  is  such  that  there  are  indications  (still  somewhat  incon- 
clusive) that  the  older  geodetic  datums  aro  not  perfectly  oriented 
but  are  slightly  rotated  and/or  tilted  by  about  a second  of  arc. 
These  possible  discrepancies  aro  considered  to  apply  to  the 
reference  surface  only  and  not  to  the  reference  spheroid.  At  this 
time  it  seems  somewhat  premature  to  introduce  those  rotations  and 
tilts  into  tho  geodetic  transformations  and  they  will  not  bo 
further  discussed  in  this  report , 

Table  1 is  provided  for  illustrative  purposes  rather  than  for 
reference.  In  s report  of  this  nature  it  will  not  be  practical 
to  maintain  an  updated  table. 


Some  of  the  spheroids  are  defined  by  aemimajor  axis  (a)  and  semi- 
minor  axis  (b),  while  others  are  defined  by  semimajor  axis  (a) 
and  flattening  (f ) . Some  computer  programs  require  eccentricity 
(e).  Simple  exset  relationships  between  these  parameters  aro 


1 

7 


A 

a 


t-b 


,!»***  - /t 


"Semimajor  axis"  Is  a synonym  for  equatorial  radius;  and  "semi- 
minor  axis"  is  a synonym  for  polar  radius.* 


Table  I includes  a unified  set  of  datum  shifts,  i.e.,  EFQ  values 
referenced  to  WGS-72.  Many  of  these  shifts  were  published  with 
the  WQS-72  model . The  remaining  shifts  have  been  related  to 
WGS-72  by  a common  published  NAD-27  tie  point.  These  shifts  do 
not  onjoy  official  status  at  AFETR;  however,  they  are  accurate, 


♦Not  to  be  confused  with  polar  radius  of  curvature,  which  is  equal 
to  <a2/b). 
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eliminate  considerable  ambiguity  and  provide  a definite  numerical 
value  in  many  instances  where  no  official  shift  oxiats. 


Q 


The  WGS-72  spheroid  and  accompanying  shifts  are  identical  to  tho 
NWL-10F.  The  International  sphoroid  is  also  known  as  the  Hay ford. 

Now  consider  the  basic  problem  of  transforming  from  geodetic 
latitude  (♦),  longitude  (?)  and  height  (h)  on  one  datum  to  the 
corresponding  coordinates  on  another  datum,  or: 

Given  (e,  y,  h)j  representing  a point  on  datum 
No.  1,  what  is  (♦,  7,  h ) 2 representing  the  same 
point  on  datum  No,  2? 

The  standard  solution  to  this  problem  uses  the  short  or  long 
version  of  Molodenskly '*  formula.  This  formula  is  presented  in 
any  textbook  of  geodesy.  It  has  the  advantage  of  providing 
(2)  satisfactory  accuracy  without  necessity  of  handling  numbers  with 
many  digits.  With  present  electronic  computers  and  long  word 
lengths  this  advantage  has  disappeared,  A more  convenient  and 
potentially  more  precise  transformation  is  currently  in  use  at 
ETR: 

Transform  from  (*,  y,  h)j  to  (E,  V,  G)j  using 
Equation  3/,  Translate  from  (K,  F,  G)j 
(E,  F,  Gjg  using  increments  from  Table  1, 

Transform  from  (E,  F,  0)2  to  ($,  y,  h>2  using 
Equations  38,  39,  40,  41, 

As  an  example,  transform  from  (28*,  280*,  30  m)  on  NAD-27  to 
Mercury-00,  The  EFG  coordinates  on  the  first  datum  are  re- 
spectively; +9/8855 ,76  m,  -5550232,0?  ni,  and  +2978353.57  m. 

From  Table  I tho  geocentric  origin  of  Mercury-80  relative  to  that 
of  NAD-27  is  (-3,  -111,  -225).  Therefore,  the  EFG  coordinates  of 
the  point  on  Mercury-60  nro  respectively:  +978858,76  m, 

-5550121.02  m,  and  +29/6578,57  m.  Those  transform  to  28,000455°, 
280 .000226° , and  2/. 02  m. 
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APPENDIX  E 

Qaold  Haight  Computations 


Qaoid  Haight  Computations 

For  locations  on,  or  referenced  to,  the  surface  of  the  ocean  it 
is  sometimes  desirable  to  calculate  the  geoidal  height  from  the 
expression  for  the  gaopotontial  and  its  associated  spheroid.  This 
is  possible  because  the  free  ocean  surface  is  an  equipotential 
surface  defining  the  geoid.  The  accuracy  of  the  computation  is  of 
the  order  of  ten  meters  and  hence  tidal  effects  are  negligible. 

The  accuracy  is  limited  by  the  present  knowledge  of  the  geopotential. 

Zn  1961,  the  IAU  adopted  a standard  form  for  the  general  case  of 
the  expression  for  the  earth's  external  gravity  potential) 

(1)  U . SHp!  , i 2 (i)  " , (.in  „ 
r |_  n»l  m.O  W nm 

[cn»  * sn»,  *in  **}]  , 

where 

r * r\dius  from  center  of  coordinate  system 
6 ■ geocentric  latitude 

Y « geographic  longitude  (Positive  east  of  Greenwich) 
pnm  0 *i#ooi*ted  Legendre  functions 
GM  = geocentric  gravitational  oonstant  of  Earth 
a ■ equatorial  radius  of  spheroid 
n,  ra  ■ indices  representing  degree  and  order,  respectively 
C,  S a numerical  coefficients  experimentally  measured. 

Since  the  coefficients  are  obtained  from  satellite  observations, 
the  center  of  coordinates  is  the  dynamical  center  of  mass  of  the 
earth  and  the  first  degree  harmonics  are  zero.  The  mean  surfaoe 


of  the  free  oceans  is  an  equipotential  surface  (the  geoid) 
resulting  from  the  gravitational  and  rotational  potential: 

(2)  W • U ♦ 4 «2 r2  cos2  # 
where  m is  earth  rotation  rate. 

Q 

The  geoid  is  approximated  by  an  ellipsoid  of  revolution.  The 
potential  for  this  ellipsoid  is  described  by 

(3)  U*  ■ 

with  an  equipotential  surface  resulting  from  gravitational  and 
rotational  potential  represented  by 

<4)  w*  s u*  ♦ y *2*2  00,2  • 

The  difference  betwoen  the  geoid  potential  and  that  of  the  refer- 
ence ellipsoid  is 

T « W - W* 

If  H denotes  the  height  of  the  geoid  above  the  allipuoid,  then 
T ■ /gd  H 

where  g is  gravity.  To  a good  approximation 


where  gQ  is  local  gravity  at  surface  of  spheroid. 
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*0  ■ - 


1 ♦ 3C„ 


2 2 
- » P COB  • 

0 


P2  (tin  ♦)  ♦ 5C4 


P4  <»in 


For  simplifiad  computation  and  with  only  trivial  arror,  r is  aat 
•qual  to  a in  tha  sxprassion  for  T and  alto  in  tha  axpraaaion 
for  g.  Than  tha  gaoid  haight  formula  ba comas  (dropping  tha  argu- 
mant(ain  ♦) in  tha  Lagandra  axpraaaion  to  simplify  notation)! 

A ( • * n 

a { C.P,  ♦ E C.P.  ♦ £ I (C cos  my  ♦ S sin  my)  ) 


-P-  ♦ E C_P  ♦ I I Pn_  (Cn_  cos  my  ♦ Snm  sin  my) 
3 3 n»6  ft  n n*2  mal  **  ™ m 

1 ♦ 3C9P9  ♦ 5CuPta  - <«  a oos  ♦)*  i- 
1 1 H H QM 


Tha  arrors  raaulting  from  tha  approximations  usad  in  deriving 
formula  for  H are  in  general  quite  insignificant  in  comparison 
with  arrors  introduced  into  tha  H computation  by  the  uncertain- 
ties in  the  numerical  coefficients. 

If  gravity  la  described  by  GM,  C„,  C.  and  point  mosses  m. , then 

d 4 A 1 

r ,“i ' * 

* J _*  - 2 (t)  cos  °i ♦ (t) 

""  ****“’  ~ ^ A 

1 + 3C2P2  + ;iC4P4  - (to  a cos  0)2 

where  rA  is  geocentric  distance  of 

cos  1^  * siri  (/. ^ sin  >p  + cos  ^ cos  <f>  cos  (*y  - y^) 

where  Of.,  y)  is  lutitude  and  longitude  of  point  where  we 
are  computing  It 

y is  latitude  and  longitude  oi 

NOTE:  mA  may  be  either  positive  or  negative,  and  is  expressed  in 

earth  mass  units. 
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APPENDIX  P 
(PART  A) 

Sodtno's  Noni.tagati.yq  Solution  of 
The  Inv»t»»  Geodetic  Problem 


(from  GINRADA  Research  Not*  No.  11) 

INTRODUCTION 

A geodesic  is  defined  u the  curve  of  minimum  length  between  two 
pointe  on  the  surface  of  « spheroid.  The  problem  is  to  compute 
tho  length  S of  the  geodesic  between  two  points  P^  end  p2  on  a 
spheroid,  the  forward  asimuth  ot^  of  the  geodesic  at  P^r  and  the 
back  asimuth  a2-1  of  the  geodesic  at  P2.  Asimuth  is  measured 
positively  clockwise  (eastward)  from  north.  Longitude  iu  measured 
positively  eastward  from  meridian  of  Greenwich  and  latitude  is 
measured  positively  northward  from  equator. 

Sodano's  original  algorithm  is  somewhat  awkward  and  incompatible 
with  standard  subroutines.  Consequently,  the  algorithm  prosonted 
in  this  appendix  represents  a modification  introduced  by  RCA  Data 
Processing.  With  12-digit  floating  point  computations  the  error 
is  less  than  a foot  in  geodesics  of  6000  nautical  miles  and  less 
than  a thousandth  of  a foot  in  a geodesic  of  1 .autical  mile.  All 
angle  error*  ere  leee  then  a hundredth  of  a second. 

It  ia  important  that  the  arctan  function  used  in  the  following 
computations  examine  signs  of  numerator  and  danominator  and  locate 
the  angle  unambiguously  in  the  proper  quadrant. 


COMPUTATION  FORM 
Input: 

- Geodetic  iatitudo  and  longitude  of  Point 
+2,  Y2  " Gsodatic  latitude  and  longitude  of  Point  P2 
a,  b ■ Semimajor  and  semiminor  axes  of  spheroid 


hirtafA'WM-  ‘J- 


Compute t 


C ■ Spheroidal  flattening 

a 

t - Y2  - Yx 

• 2 • tan*1  £(b  ain  ^/(a  ooa 
$2  - tan*1  £(b  ain  ♦2>/(a  ooa  42)J 
h * ain  ain  02 

B - ooa  ooa  02 

ooa  < ■ a + b ooa  L 


n ■ (a-b)/(a+b) 

(02*0^)  * (♦2-f1)  ♦ 2 [jMn+n2+n3)  - B (n«n2+n3)J  ain  (♦2-^1) 


tt 


ain  0 ■ + ( ain  L ooa  0 


J 


£ain  -f  2 coa  §2  #in  ®i  *i*»2  (V*)J  J 


i/2 


0 ■ tan*1  (ain  0/^oa  0)  evaluated  in  positive  radian*  < 

o - B ain  L/ain  0 
2 


m 


S - 


1 « c 
b 


^[l+f+f2]  0 + K £(f+f2)  ain  0 - f202/(2  ain  0)] 
- [m/2^  [(f+«2)  ( 0 «•  ain  0 ooa  0)  - f2«2/tan 


F-2 





radian* 


- [*V/2] 


•in  4 oos  4 


[tV/«]  [ 


4 + sin  4 cos  4 - 2 sin  4 oos  4-84 


t2/2^  £sin  4 cos2  4 + 4 2 /sin  4^  in  subs  units 


2/t«n  4^ 


4 and  b 


X • L + c ^ [f+f2]  * • [a  f2/aj  £sin  4 + 242/sin  4] 

♦ £mf2/4]  £sin  4 oos  4 - 54  + 442/tsn  radians 
L-2  - tan"1  ^[_co*  ®2  ,ln  *]/[  •in  (B2-8x) 

2 oos  8j  si.t  8a  sin2  (X/2)^ 

^ m tsn'1  ^ £-cos  8^  sin  >]/!>  oos  Sj^  sin  8j  (X/2) 


- sin 


<*2  - »!>]} 


(PAST  B) 


Sodano's  Noniterative  Solution  of 
The  Direct  Geodetic  Problem 


'V' 


(Prom  GXMRADA  Research  Note  Vo.  11) 


INTRODUCTION 

The  latitude  and  longitude  of  a point  P1#  the  length  of  a geode,' sic, 
and  the  forward  aiimuth  determine  the  latitude  and  longitude  of 
of  the  point  ?2  end  the  back  aximuth.  sign  convention*  and  defi- 
nitions are  the  same  as  given  in  Introduction  to  Part  A of  this 
appendix.  This  algorithm  also  represents  a modification  intro- 
duced by  RCA  Data  Processing.  The  accuracy  is  equivalent  to  the 
algorithm  previously  given  for  the  inverse  method.  The  special 
requirement  for  the  arctan  function  exists  hose  also. 

COMPUTATION  PORN 

input i i ) 

♦1#  Yj  ■ Geodetic  latitude  and  longitude  of  point  P1 
B ■ Length  of  geodesic 
o^_2  - Forward  azimuth 

a,  b - Semimajor  and  semlmincr  axes  of  spheroid 

Compute i 

f - Spheroid  flattening  ■ 1 - 

a 

2 *2  2 2 
c ■ Second  eccentricity  squared  - (a  -b  )/b 


0 » S/b  radians 

- tan"1  £ (b  sin  ♦1)/(a  cos 
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•TSSS0* 


g - cos  cos  0^  2 
h ■ cos  0^  sin  s^n2 

» - £i  + («2/2)  sin2  bJ  [l-h2]/  2 
n * £l  + (s2/2)  sin2  £sin2  0^  cos  6 
♦ g sin  0^  sin  •]/■ 

L ■ h £-f  9 ► 3f2n  sin  8 + 3f2®  (9  - sin  0 cos  0)/  sj  rsdisns 


M ■ » c 


« 0 - N sin  9 + (M/2)  (sin  0 cos  9-0} 


+ (S/2)  IT  sin  9 cos  9 


+ (M2/16)  (11  0 - 13  sin  0 cos  0 - 8 9 oos2  9 


+ 10  sin  0 cos  9)  + (MN/2)  (3  sin  9 


+29  cos  0 - 5 sin  9 cos  0)  radians 


sin  &2  m °in  0^  cos  4 + g sin  4 

cos  * * £h2  * <9  cos  * • sin  6^  sin  4)2J 


W 


*2  - t«a“l  £{•  *in  e2)  / <b  co»  &2) J 


I 


X ■ taa"1  £(*ia  A sin  al-2)  / (coa  cot  A 


- «in  sin  6 ooa  a1-2) J 


» Y*  + X + L 


y2  - n 


a2-1  - taa“!  £-  h/(ain  ^ tin  4 - q cos  A)J 
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APPENDIX  G 


KALMAN,  aP  and  apy  FILTERS 


1.0  KALMAN  FILTER 

Conventional  least-squares  differential  correction  (Appendix  S) 
is  generally  used  in  batoh  data  processing.  In  applications 
where  statistical  estimations  are  required  only  after  a batch  of 
observations  has  accumulated,  this  process  is  considered  to  be 
more  efficient  than  the  Kalman  filter  process.  When  a new 
statistical  estimation  of  the  parameters  is  required  after  each 
observation,  then  the  Kalman  filter  process  is  usually  more 
efficient.  The  two  methods  in  general  are  equivalent  in  accuracy. 
It  is  not  the  purpose  of  this  appendix  to  compare  these  processes 
further. 


The  basic  Kalman  filter  process  is  represented  by  the  following 
five  equations,  which  constitute  a single  m H'.te: 


A 

Xi 

si 

*) 

A 

pi 

m 

*n  *uT  + *ij  “j  °jT  *uT 

h 

as 

pi  *ki  V ["k  *ki  pi  ‘ki  V ♦ RkJ 

*1 

- 

*1  + *i  K - "k  «ki  **] 

A A A 

Pi 

M 

pi  - h \ *ki  pi  - « - Ki  Mk  *ki>  pi 

where 

1 

i 

represents  the  known  epoch  of  the  state  vector 
which  is  being  estimated  in  present  update, 

j 

represents  the  known  epoch  of  the  stats  vector 
which  was  estimated  in  the  update  just  prior  to 
present  update, 

k 

represents  the  tl:;.e  of  the  most  reoent  observation, 

X 

nxl 

is  stats  vector, 

G-l 


is  n matrix  of  partial  derivatives  of  the  state 
vector  components  at  time  i with  respect  to  state 

vector  components  at  time  J and  is  called  a state 

transition  matrix, 

is  a matrix  of  partial  derivatives  of  the  state 
veotor  components  at  time  k with  reepeot  to  state 

veotor  components  at  time  1 and  is  oalled  a state 

transition  matrix, 

is  ooVariance  matrix  of  the  state  veotor, 


is  the  matrix  of  partial  derivatives  of  the  state 
veotor  components  with  respect  to  the  unadjusted 
parameters, 

is  oovarlanoe  matrix  of  unadjusted  parameters, 


is  veotor  of  observations, 


is  the  matrix  of  partial  derivatives  of  the 
observation  components  with  respect  to  the  state 
veotor  components, 

1b  the  oovarlanoe  matrix  of  the  observations  Y, 


in  the  Kalman  filter, 


is  number  of  elements  (components)  In  state  vector, 

in  number  of  elements  (components)  in  veotor  of 
unadjusted  parameters, 

is  number  of  elements  (components)  in  an 
observation, 

represents  a preliminary  estimate  based  upon  a 
series  of  all  prior  observations  not  including  the 
most  recent  observation, 

represents  a final  estimate  based  upon  the  com- 
bination of  the  preliminary  estimate  and  the  most 
recent  observation, 

represents  an  identity  matrix. 
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The  only  parti.nl  derivative  matrioos  which  represent  a transition 
ovor  tlmo  aro  the  * matrices.  In  the  formalism  Just  presented 
1,  J and  k are  kept  dlstlnot,  Normally  two  of  these  will  be 
oolnoldent.  For  example,  In  an  ond -point  filter  application  1 
and  k Increment  at  oach  updato  but  they  remain  coincident}  nnd 
J - 1-1  ■ k-1.  In  an  oarth-to-moon  trajeotory  the  equations  Just 
presented  may  bo  used  to  compute  n aeries  of  continually  improving 
veotors  having  a fixed  common  epoch  previously  selected  for  a 
midcourse  maneuver.  In  this  latter  case  1 will  he  constant  and 
equal  to  Jj  and  k will  be  a variable  representing  times  earlier 
than  1 ■ J,  lb  should  also  be  pointed  out  that  in  the  actual 
application  of  the  filter  equations,  all  of  the  matrices  shown  in 
the  algorithm  here  may  not  be  explicitly  developed,  It  may,  for 
example,  be  preferable  to  compute  a single  matrix  which  represents 
a combination  of  two  shown  in  this,  algorithm.  Some  sort  of  equa- 
tions of  motion  (or  equivalent)  with  starting  conditions  are 
assumed  und  needed  in  connection  with  the  algorithm  Just  presented. 


To  illustrate  the  application,  a simple  one-dlmenBionn:i  numerical 
example  will  bn  given  of  an  end-point  filter.  Let  tho  equation  of 
moti on  bo 


*1  + Xj  At 


+ 7 X1  ( At ) 


• •• 

X, 


(At) 


3 


whore 


i n J + 1 ■ k,  and 

At  - time  interval  between  observations. 


Tho  state  vector  is  X 


fx,  x,  x ] . The  observation  veotor  In 


Y u,  [x] . reduces  to  an  identity  matrix.  The  coefficient  in 

l.hr  last.  term  on  the  right-hand  side  of  the  equation  of  motion  is 
defined  to  be  a random  variable  with  zero  mean.  Time  units  will 
bo  defined  such  that  At  is  unity.  ThiB  definition  is  always 
possible  if  observations  are  taken  at  equal  time  Intervals.  In 
the  discussion  which  follows,  the  letter  (c)  located  at  the  lower 
I'iriht-hnnd  corner  of  a matrix  indicates  that;  it  is  constant  over 
"ill  time  points. 


The  following  numerical  values  are  given: 
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[0.0000361 
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[3.42731 


We  now  evaluate  the  following  matrioes  of  partial  derivatives: 
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Following  through  the  Kalman  algorithm,  we  obtain: 


A 

X. 


1.5275 
0.  950 

0.0550 

0,010019 

O.OO3O3'/ 

0.000034 

0.003037 

0,0030/1 

0.000062 

0,000034 

0.00006? 

0.000044 

0-4 
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0.5004/454 

0.  70088 

0.00169839 


3 .47735?.’ 
0.4/9799 

0.054830 
» • 

0.005005 

0.001517 

0.000017 


0,00151 7 
0,002610 
0.000057 


0.000017 

0.000057 

0.000044 


; 


Thin  completes  one  pasa  through  the  algorithm  and  the  estimation 
or  n vector  and  covarianoe  matrix  for  one  particular  point.  We 
are  now  ready  to  accept  n new  observation  for  a time  point  (At) 
Inter  and  compute  a veotor  and  covarianoe  matrix  at  this  new  time 
point,  and  so  on. 

Home  ingenuity  must  sometimen  be  employed  to  arrive  at  the  state 
transition  matrix  <t>.  <1  is  a deterministic  nnd  known  relationship 

and  can,  in  fact,  be  a numerical  integration  step.  As  another 
specific  example,  in  a two-body  force  field  Lagrange's  f and  g 
series  may  bo  used  over  distances  that  are  not  loo  large.  The 
f nnd  g norles  are  very  practical  and  versa  1.1  1e  tools  frequently 
used  in  astrodynomios.  In  special  applications  even  the  aspher- 
loal  earth,  ntmospherlo  drag  and  the  influence  of  other  boriien 
can  he  approximately  accounted  for  in  the  f and  g series.  Also 
in  some  instances  one  can  use  a closed  form  In  plaoe  of  the 
lnfl.nl to  m.riap,  To  illustrate  the  basic  form  of  the  f and  g 
Morion , equations  will  be  given  Tor  a satellite  traveling  outside 
the  atmosphere  around  a spherical  earth.  Canonical  units 
(Appendix  0)  will  be  used.  Rectangular  coord  1 nateu  are  expressed 
In  m geocentric  inertial  system.  The  equations  of  motion  are 
nimply 


-'W  r 


r rn 
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f Xo 


* rg 


E * f So  + * So 

* 

where  the  underline  indioatee  a vector,  r is  position  veotor,  r 
is  velocity  veotor,  the  saero  Bubeoript  indicates  epoch  conditional 
the  non-subsoriptod  vectors  represent  vectors  at  Borne  time  t 
distant  from  epoch.  The  first  few  terms  in  the  f and  g series  are 

f * 1 m i + £ upt'5  + ■pf  (3  UQ  - 15  + u2) 

*1*  ^ (7  up5  - J apq  - u2  p)  t5  + ... 


u 


g 


t - £ \xtp  + upt1*  + Y2Q  (9  uq  - 45  up*  + u*)  t5  + ... 


?, 


where 


■u 
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1/r  ^ 
1/rn  » 
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(Vr 


. Vro2  * 

-r0J  u)/r0a  , 


where  r0  is  the  magnitude  of  the  position  vector  at  epoch  and  V0 
in  the  magnitude  of  the  velocity  vector  at  epoch.  In  obtaining 

e • 

f and  g by  taking  derivatives  of  f and  g,  remember  that  u,  p and 
q are  constants, 

As  another  specific  example  in  two-body  meohanioB,  reforonae  is 
made  to  Page  62  of  thia  report. 

In  precise  orbital  applications  employing  all  the  known  perturba- 
tions, the  Kalman  filter  operates  quite  satisfactorily  In  oonoert 
with  the  Encke  prediction  techniques, 
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2.0  THE  ap  FILTER 

The  aP  filter  la  e almplifled  version  of  the  Kalman  filter.  When 
oovarlances  between  the  observation  channels  are  negligible,  the 
<tp  filter  can  be  mathematically  equivalent  to  the  Kalman  filter* 
As  general  ruK-e  of  thumb,  th*  ftp  filter  is  inferior  to  Kalman  in 
noise  reduction,  superior  in  maneuver-following  capability,  re- 
quires about  one-fortieth  of  the  computer  processing  time  needed 
by  Kalman  and  requires  much  less  computer  storage. 

Equations  for  computing  a smooth  lino  through  the  observations 
from  a single  channel  may  be  wrltton: 


n + a <X„-X„  position  end-point  estimate 
n n,p  n n n^p 

Xn  " xn,p  * IT  *Xn"Xn,p*J  velocity  estimate 
xn+l,p  * *n  + T xn  * predicted  position 

. T 

xn*l,p  “ xn  5 Predict6<*  velocity 


where 


A 


is  measured  position  at  nth  time  point 

la  prodictod  position  for  nth  time  point 

is  predicted  velocity  for  nth  time  point 

is  time  interval  between  samples 

Is  the  position  damping  factor  for  nth  point 

is  the  velocity  damping  factor  for  nth  point 

is  the  number  of  the  measurement,  the  first 
moaauroment  boing 


l 


Initiation  of  the  ap  filter  requires  the  prior  acquisition  of  X1 
and  X.|, 

The  factors  c*a  and  P#  hormslly  lie  between  aero  and  unity  for 
obvious  reasons.  Tor  least  squares  smoothing  with  an  ftp  filter. 
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n 


0 


n 


fl 

n(n+l) 


and 


In  praotloe  these  two  ec'^ttlons  are  used  for  computing  an  and  Pn 
for  1 < n < 15,  Por  n > IS.  a Is  fixed  at  0.342,  and  P„  is 
fixed  at  0.025;  otherwise  the  late  observation!  tend  to  be 
Ignored. 

i 

The  simplest  type  of  op  filter  is  one  in  whioh  ft  and  P are  fixod 
oonstanta.  Por  ramp  type  maneuvers  it  oan  be  shown  that  optimally 
n and  P (fixed)  are  related  as  follows: 


3.0  THK  «Pv  FILTER 

The  ftp  concept  may  be  extended  to  an  o0y  filter: 
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X»  „ * o (X  -X„  M);  position  end-point  estimate 
n,p  nnn,p 

• 

Xn,p  + «r  <VXn(p>>  volocity  estimate 
•'  ^n 

X _ ♦ -s  (X  -X..  );  acceleration  ostimato 

n • P n n , p 

T i»(2  .« 

xR  + T xn  + T"  xn  * Prodicte(*  position 
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kn+l,p 


T •« 

X + T X„ 
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se 
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; predicted  velocity 
; predicted  acceleration 
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where 

*'  fch 

\tp  1*  predicted  acceleration  for  n time  point, 

Yn  ie  acceleration  damping  factor  for  nth  point, 

and  cthor  aymbola  are  defined  in  the  algorithm. 


initiation  of  the  apy  filter  requires  the  prior  acquisition  of 
Xi»  X«|  and  X3. 

The  aMv  filter  is  superior  to  the  <*P  filter  in  manuever-followlng 
capability  but  obviously  requires  more  computer  storage  and 
processing  time.  The  ap  Co*'  ap*y)  filter  is  readily  applicable  to 
adaptive  filtering,  where  the  numerical  values  for  the  damping 
factors  vary  rs  a function  of  cor-' Bin  specialized  conditions.  It 
is  also  possible  to  substitute  more  sophisticated  oquations  of 
motion  for  the  simple  prediction  equations  shown  in  this  dis- 
cussion, 

Noto: 

To  initialize  tho  ob  filter  assuming  prior  acquisition  of  X^,  X^: 
" xa 

x2  » (X9-X1)/T 


To  initialize  the  ati-y  filter  assuming  prior  acquisition  of  Xj,  X,, , X3 


*3  " X3 

X3  « (Xn-Xj,)/T 

x3  -*  (x:J-?x2  + x^/r9 
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APPENDIX  H 
POLAR  MOTION 


■! 
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Polar  motion  Is  a displacement  of  the  Earth's  crust  with  respect  to  the  spin 
axis.  It  is  thus  distinct  from  precession  and  nutation  which  describe  the 
motion  of  the  spin  axis  In  Inertial  space.  The  International  Polar  Motion 
Service  (IPMS)  observes  and  Issues  data  on  the  polar  motion.  The  effect  Is 
15  meters  or  less  with  respect  to  the  mean  pole  of  1903.0.  Since  present 
survey  methods  from  satellites  are  somewhat  better  than  15  meters , It  Is 
desirable  to  refer  all  survey  data  to  the  mean  pole  of  1903.0  for  comparison 
and  standardization.  In  actual  application  the  standard  survey  can  be 
transformed  to  latitude  and  longitude  of  date. 

The  coordinate  system  used  to  describe  polar  motion  Is  a rectangular  grid 
(x,Y)  centered  on  the  mean  pole  of  1903. OP  The  X-Y  plane  Is  tangent  to  the 
earth  at  the  north  pole,  with  the  +X  along  the  Greenwich  meridian,  and  +Y 
along  the  90  west  longitude  meridian. 

If  the  .north  latitude  and  east  longitude  of  a point  related  to  the  standard 
system  are  *s  and  respectively  and  the  Instantaneous  latitude  and 

longitude  of  the  same  point  as  affected  by  polar  motion  are  ^ and  then 

the  following  simple  transformations  apply: 

* ys  + tan  a (X  sin  y + Y cos  y) 


■ as  + X cos  y - Y sin  y 


where  the  unsubscrlpted  *'s  and  y's  may  be  either  standard  or  Instantaneous 
with  no  loss  In  accuracy. 

Azimuth  measurements  (a)  as  made  from  a point  located  at  position  U,y)  are 
also  affected  by  polar  motion  as  follows: 

a,|  ■ as  + sec  a (X  sin  y + Y cos  y) 

where  a Is  measured  positively  In  a direction  eastward  from  north  In  a local 
horizontal  piano. 

The  IPMS  values  of  X and  Y are  correct  to  the  order  of  0,5  meter.  Changes 
of  almost  5 meters  In  a month  may  be  observed  In  X and/or  Y.  Monthly 
bulletins  are  Issued  by  IPMS  giving  current  data.  At  present  there  Is  no 
reliable  prediction  service  from  IPMS  or  other  sources  valid  for  more  tfv«n 
two  weeks.  IPMS  actually  supplies  X and  Y In  terms  of  seconds  of  goocenir'r 
great  circle  arc  and  these  values  may  be  substituted  directly  Into  equations 
fur  t j i 4*4  and  a. . 


♦Proecnily  onllod  the  Conventional  International  Origin  (CIO). 
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To  illustrate  tho  application,  let  (x,y,a)  designate  the  inertial, 
right-handed,  rectangular,  geocentric,  equatorial  coordinates  oi 
a point  in  a system  defined  by  wean  equator  and  equinox  of  epoch 
and  CIO.  where  the  s axis  extends  positively  northward  along  the 
spin  axis,  and  the  x axis  extends  positively  toward  the  vernal 

equinox.  Let  <I,F,0)  designate  the  earth-fixed,  right-handed, 
rectangular,  geocentric,  equatorial  coordinates  of  a point  in  a 
system  defined  by  equator  of  date  as  affeoted  by  pole  wander, 

where  the  0 axis  extends  positively  northward  along  the  spin  axis, 

and  the  I axis  extends  positively  toward  the  meridian  of 
Greenwich.  Then 


D8NP 


where  p transforms  from  mean  equator  and  equinox  of  epoch  to  mean 
equator  and  equinox  of  date  (Iq.  77>  t M transforms  from  mean 

•*ui#ox  of  date  to  true  equator  and  equinox  of  date 
7l’l  S™*?5for?;.,rMI  tnertial  system  to  earth-fixed  system 
defined  by  CIO  (Iq,  41);  D transforms  from  CIO  to  pole  of  date. 

P and  M have  been  explicitly  presented,  g la  implicitly  given  in 


oos  yr 

■i«  yT 


- si»  7t 
oos  >T 


whpre  yr  is  true  geodetic  east  longitude  of  vernal  equinox  of  date 
(Iquatidn  70). 
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where  X and  Y have  been  defined  in  this  appendix  and  must  be  ex- 
pressed here  in  radian  units, 

The  transformation  illustrated  here  is  numerically  simpler  than 
the  use  of  the  equation  previously  given  in  thia  appendix  for  7. 
and  e^.  Karth-flxed  site  locations  are  normally  maintained  in  1 
the  rectangular  or  polar  coordinates  consistent  with  CIO, 





APPENDIX  I 

VEHICLE- OENTERED  COORDINATE  SYSTEMS 
1,  PYT  COORDINATE  SYSTEM 


Reentering  missiles  art  subject  to  largo  aerodynamic  forces. 

It  la  cuatomnry  in  aerodynamics  to  raaolvo  thoaa  forces  into 
coaponanta  parallal  to  and  porpandioular  to  tha  local  valoelty 
vector.  Tha  f orca  component  parallal  to  tha  velocity  vector  la 
usually  identified  with  drag.  Tha  force  component  perpendicu- 
lar to  tha  local  velocity  vector  ia  known  by  many  namaa,  one  of 
which  la  lift,  Lift  haa  two  componenta:  one  along  a coordi- 

nate in  tha  trajectory  plana  and  tha  other  along  a coordinate 
perpendicular  to  the  trajectory  plane.  In  the  analyala  of 
reentry  trajectoriea  it  la  convenient  to  have  the  reaiduala 
expressed  in  a coordinate  ayatem  conalatent  with  theae  forces. 

Let 

l * 

V represent  the  earth  fixed  unit  relative  velocity 

vector  in  computed  trajeotory  at  aome  time  t. 

J1  represent  a unit  voctor  from  misailo  directed  toward 
~ the  center  of  the  earth. 


Define 


T1  • V 

1 i1  * X* 


]7T?f 


identified  with  a unit  vector  directed  along 
the  trajectory  at  time  t. 

identified  with  a unit  vector  perpendicular  to 
plane  of  trajectory,  or  more  precisely,  unit 
vector  opposite  to  angular  momentum  vector  at 
time  t. 


Y1  x V1 


identified  with  a unit  vector  ir.  plane  of  tra- 
jectory, perpendicular  to  velocity  vector  and 
in  practical  casea  with  an  upward  component  at 
t ime  t . 


Let  (K,  F,  0)  represent  the  usual  right  handed  rectangular  earth 
fVxed  geocentric  coordinate  system  with  E and  F in  equatorial 
plane,  E through  Greenwich  meridian,  F through  longitude  90® 
cast,  und  G polar. 


“Relative  to  the  local  atmosphere,  i.e.,  corrected  for  wind 
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Then  if  V end  J are  expressed  in  the  EFG  system: 

O 

P1  has  components  P*.  pj,  P* 

Yl  has  components  yJ,  yJ,  yJ 

.)<  \ 

T1  has  components  T*,  tJ,  T* 


These  components  represent  direction  cosines  of  the  unit  vectors 
in  the  EFG  coordinate  system.  Consequently,  the  residuals  at 
any  time  t may  be  transformed  from  the  EFO  system  to  the  PYT 
system  as  follows: 
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where  subscript  (o)  refers  to  the  observed  quantity  and  sub- 
script <c)  refers  to  the  computed  quantity.  In  practice  the 
residuals  are  not  usually  computed  in  the  EPG  system  but  in  some 
tracking  system  coordinates.  In  that  case  a standard  transfor- 
mation must  be  made  ahead  of  the  one  indicated. 
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This  coordinate  system  la  moving  in  inertial  apace  and  hae  ita  origin 
at  the  inatantaneoua  poaitlon  of  the  eatellite  In  the  computed  or 
reference  orbit.  The  H coordinate  extenda  outward  from  the  origin 
along  an  extenaion  of  the  reference  radiua  vector,  which  originates 
at  the  maaa  center  of  the  earth  and  terminates  at  the  origin.  The 
cross  track  coordinate  C la  measured  in  the  direction  of  the  veotor 
cross  product  of  reference  satellite  inertial  velocity  vector  and  the 
reference  radiua  veotor.  Thus  the  direction  of  C is  opposite  to  the 
angular  momentum  vector.  The  L coordinate  la  directed  so  as  to  make 
the  HCL  a right  handed  orthogonal  coordinate  system.  Thus  L has 
precisely  the  direction  of  the  reference  inertial  velocity  vector  if 
the  orbit  happens  to  be  circular.  Note  that  the  HCL  coordinates  of 
an  actual  satellite  position  represent  the  differences  in  the  positions 
of  the  actual  and  reference  satellites  in  the  sense  (actual  - reference) . 

The  coordinate  transformations  are  as  follows.  Assume  that  the 
coordinates  of  test  object  and  the  position  and  velooity  components 
of  reference  object  are  known  at  some  time  t in  a geocentric  Inertial 
rectangular  right  handed  coordinate  system  with  X and  Y axes  in 
equatorial  plane  and  Z northward.  The  longitude  of  ascending  node 
is  measured  from  X axis.  The  X axis  may  for  example  be  directed 
through  vernal  equinox  or  perhaps  through  meridian  of  Greenwich  at 
t - 0.  The  final  HCL  coordinates  are  Independent  of  this  choice  of 
direction. 


<wzt>  - 


<X,Y,Z) 


(X,Y,Z) 


inertial  position  coordinates  of  test  object 
at  some  time  t 

inertial  position  coordinates  of  reference 
object  at  time  t 

inertial  velocity  coordinates  of  reference 
object  at  time  t 

argument  of  the  latitude  of  reference 
object  at  time  t 


i - Inclination  angla  of  xafsrsnoe  objaot  at 
tina  t 

Q ■ Longitude  of  aaoanding  nods  of  rafaranoa 
orbit  at  tiaa  t 


C,  - Yl  - »Y 


c2  - ix  - xs 
c3  • xy  - yx 


sin  i - 


\C1  * ciJ 


9 

\l/2 

* C3 

) 

2 

U/2 

♦ I * 

J 

,V2 

^3 

ooa  i ■ 


If  sin  i * 0,  sat  sin  0 ■ 0 and  oos  0 ■ 1 
If  sin  i 1 0, 


sin  fi 


oos  Q - 


h sin  i 
~C2 

h sin  i 


Than 


sin  u - [oos  i(*X  sin  fi  + Y oos  0)  + s sin  i]/x 
cos  U.[x  oos  Q ♦ Y sin  •]/» 


The  preceding  development  uses  classical  orbital  elements  in  the 
final  formulation.  In  many  applications  it  may  be  preferable  to 
use  position  and  velocity  components. 


Let : 


represent  inertial  velocity  in  computed  trajectory 
at  aoae  tine  t. 


ft 


represent  position  vector  in  computed  trajectory  at 

soae  tine  t. 


H1  - 


a 


Ul 


represent  the  unit  vector  directed  along  ft. 


«1  _ — - represent  the  unit  vector  pcrpendicvilar  to  plane  of 

- |v  x eI  computed  trajectory,  or  more  precisely,  unit  vector 

]1  -I  opposite  to  oomputed  angular  momentum  vector  at 

tine  t. 

t1  ■ H3x  C1  represent  the  unit  vector  in  plane  of  computed  tra- 

“ “ jectory,  perpendicular  to  position  vector  and  lying 

generally  along  the  velocity  vector  but  usually  with 
some  angular  separation  from  the  velocity  vector. 


Then 


H 

C 

L 


H 


X 

,1 

'X 

1 


Hy  HZ 


I 

*4 


Xt  - X 


Vt  - Y 


Zt  - z 


where  subscripts  X,  Y,  Z are  used  to  denote  components  along 
X.  Y,  7 axes. 


Note; 


The  symbol 
product  in 
represents 
squares  of 


| j which  encloses  a vector  and  a vector  cross 
the  denominator  of  two  oi  the  equations  above 
the  positive  square  root  of  the  sum  of  the 
the  coefficients  of  the  orthogonnl  unit  vectors. 
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Having  tha  HCL  coord inataa,  it  la  a slaple  atap  to  obtain  tha 
oorraapondlng  tima  arror  in  a oomputad  aatalllta  ooaition. 
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- APPEND!  X J 

V TIMK  TRANSFORMATIONS 

In  this  Motion,  tint  unit*  will  be  specified  where  they  are 
important.  In  general,  sidereal  time  will  always  be  expressed 
in  sidereal  time  units.  Universal  time  will  always  be  expressed 
in  mean  solar  time  units  with  the  exception  of  UTC,  whioh  is 
expressed  in  atomic  time  units.  Bphemerls  and  atomic  times  will 
bo  expressed  in  their  respective  time  units* 

It  should  be  emphasized  that  all  equations  giving  the  time  in 
one  system  corresponding  to  the  time  in  another  system  assume  the 
same  instant  of  time  in  both  systems.  This  instant  is  oalled 
epoch.  The  day  in  which  epoch  occurs  is  called  epoch  day, 

A.  Sidereal  Time 

Sidereal  time  is  the  basis  for  all  time  systems  which  depend  upon 
earth  rotation  to  define  the  time  intervals.  Apparent  sidereal 
^ time  is  determined  by  the  rotation  of  the  earth  relative  to  the 
stars  and  is  defined  as  the  hour  angle  of  the  vernal  equinox, 
reckoned  along  the  oelestlal  equator  westward  from  the 
instantaneous  local  celestial  meridian  to  the  hour  circle 
through  the  celestial  pole  and  the  true  equinox  at  the  Instant, 
Thun  a star  transits  the  meridian  at  a sidereal  time  equal  to 
its  right  ascension.  Xr.  conformity  with  its  definition,  local 
sidereal  time  is  determined  directly  from  star  observations 
using  a zenith  tube.  Sidereal  time  referenced  to  the  true 
equinox  of  date  is  called  apparent  sidereal  time.  Sidereal  time 
referenced  to  the  mean  equinox  of  date  is  callod  mean  sidereal 
time,  The  relationship  between  them  is 

Moan  Sidereal  Time  « Apparent  Sidereal  Time  - Equation 

of  Equinoxes 

The  equation  of  the  equinoxes  is  dofinod  as  the  right  ascension 
of  the  mean  oqulnox  referrod  to  tho  true  equator  and  equinox. 

Thin  enn  be  computod  from  equations  givon  in  Section  IX  of  this 


i ’ 
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report  or  obtained  from  tables  in  the  American  Ephemeris, 


Greenwich  sidoroal  time  (GST)  la  rolated  to  local  sidereal  time 
(LST)  aa  follows : 

GST  (aoconda)  » LST  (seconds)  + (1/15)  (Local  West 
Longitude  in  arc  aeoonda) 

One  day  should  be  subtracted  if  necessary  to  maintain 
0 2 GST  < 1 day. 

This  same  relationship  applies  for  eithor  apparent  or  mean 
sidereal  time,  although  generally  the  apparent  time  is  changed 
to  mean  time  immediately.  In  the  preceding  equation  the  units 
could  just  as  well  be  (minutos  and  arc  minutes)  or  (hours  and 
degrees). 

The  right  ascensions  of  stars  are  given  by  fundamental  star 
catalogs.  By  decision  of  the  International  Astronomical  Union 
in  1961  the  FK4  catalog  is  designated  for  sidereal  time 
obsorvn lions,  Sidoroal  timo  is  not  a uniform  time  scale  because 
it  is  tiod  directly  to  the  variabio  rotation  rate  of  the  earth, 

Tho  sidereal  second  is  defined  as  the  (1/86400) part  of  the 
time  interval  between  two  successive  transits  of  the  moan  vernal 
equinox  on  the  international  meridian.  The  sideroal  day  has 
86400  sidereal  seconds.  The  sidereal  month  is  tho  true  period 
of  revolution  of  the  moon  about  tho  earth  with  rospect  to 
inertial  space,  not  with  respect  to  vernal  equinox  of  date. 

The  sidereal  month  is  approximately  37,396465  sidereal  days. 

Tho  sldoreal  year  is  definod  as  the  period  of  one  complete 
revolution  of  the  earth  about  the  sun  with  respect  to  inertial 
space.  Tho  sldoreal  year  is  approximately  366,256399  sidereal 
days.  .Sidereal  time  can  be  determined  to  an  accuracy  of  about 
2 mill isoconda , 


£ 
i 1 

l 


Q 


B.  Univoraal  Time  UTO 

Thore  are  three  other  klnde  of  Universal  Time  (UT)  besides  UTO, 
They  will  be  dlaouased  in  subsequent  aeotlona,  UTO  end  Oreen- 
wich  mean  sidereal  tine  (OMST)  have  a mathematically  defined 
relationship  between  then, 

UTO  - (0.967369566414)  joiUST  -2392B?836  - 8640184*542T 

-0.0929T2  J* 

where 

,r  m (Julian  Date  at  UT  of  epoch  day)  - 24106020 

36525 

Some  oaro  muat  be  experienced  in  applying  the  equation  for  UTO, 
uinco  occasionally  '■here  are  two  poaalble  unaware  only  ono  of 
which  is  valid.  The  tern  in  brackets  should  always  be 
normalized  to  fall  in  the  region  (0  to  +86636.558  sees)  by 
O adding  aufficiont  increments  of  86400  aeconda  to  the  raw  value 
first  calculated,  A typical  ambiguous  case  is  (86500  seconds 
or  100  seconds),  both  of  which  lie  between  (0  and  +88636.555 
eooonds),  Tho  correct  choice  must  be  made  on  the  basis  of 
a priori  knowledge  of  UTO,  Since  there  is  almost  24  hours  dif- 
ference in  the  two  values  of  UTO,  there  is  gonerally  no  question 
ns  to  which  answer  is  valid.  The  above  oquntion  for  UTO  can  be 
usod  to  solve  for  OMST  in  case  UTO  is  known  - no  ambiguity  in 
this  application.  Consequently,  it  should  be  clear  that  sideronl 
tlmo  and  UTO  aro  equivalent  pieces  of  information, 

UTO  and  the  equivalent  ST  are  both  contaminated  by  variations 
in  tho  ponltion  of  the  pole  of  rotation  (polnr  motion)  and  by 
vnrlations  in  the  earth  rate  of  rotation,  noth  of  these  effects 
are  smnll  nnd  not  recognized  until  this  century.  However,  at 
presont  they  are  quite  significant  and  are  not  usually  neglected. 

♦Tnbuln  tod  under  "Universal  and  Sidereal  Times"  in 
Amuricnn  Kphemeris, 
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0.  Universal  Time  (UT'l) 

Refer  to  Appendix  H of  this  report  for  discussion  of  Polar 
Motion.  X and  Y supplied  by  IPM3  may  be  substituted  into  the 
following  equation  to  obtain  UTlt 

UTl  - UTO  - (1/15) (X  sin  X + Y ooa  X)  tan  0 

whore  X Is  east  longitude  from  Greenwiohj  0 is  north  latitude. 

If  X and  Y are  In  aro  seoonds,  then  the  seoond  term  on  the 
right  is  In  seoonds  of  time,  Typioally,  UTl  and  tfTO  differ  by 
less  than  30  mllllneoonds.  The  above  equation  oah  of  oourse 
also  be  used  to  solve  for  UTO  If  UTl  Is  known. 

D.  Universal  Time  (UTS) 

UTl?  Is  obtained  by  making  seasonal  earth  rotation  rate  oorreo- 
tions  to  UTl, 

UTS  - UTl  + a sin  2 irt  + b ooe  P irt  + o sin  4 »t  + d ooa  4 »rt 

whore  t is  fraotion  of  tropical  year  from  beginning  of  Beseelian 
year  and  (a,  b,  o,  d)  aro  emplrloal  constants  Issued  by  Bureau 
International  de  l’Heure  (BIH)  In  Paris  under  direction  of 
International  Astronomioal  Union, 

i 

For  the  period  1962-68  these  weret 

abed 

+?022  -?012  -?006  +?007 

The  seasonal  variation  between  UT2  and  UTl  is  ^ 30  mllllseoonds. 
UTi)  Is  still  subject  to  some  long  period  variation  plus  secular 
variation.  However,  it  is  closer  to  uniform  time  than  any  other 
system  based  on  earth  rotation.  The  equation  above  oan,  of 
course,  alBo  be  used  to  solve  for  UTl  if  UT2  is  known.  The 
arguments  (P  irt  and  4 irt ) in  the  equation  above  are  in  radians, 
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A!  Is  the  system  operated  by  the  U.S.  Navel  Obligatory.  NBS-A  1*  the  system 
maintained  by  tha  OS  Bureau  of  Standard!.  International  atomic  time  (IAT)  It 
maintained  by  Bureau  International  da  I'Heure  (BIH)  In  Paris,  France. 

The  various  atomic  time  systems  have  different  epochs.  The  most  prestigious 
system  In  this  country  is  Al,  The  epoch  for  At  Is  0h  0W  0*  UY2  on  January  1, 
1958 * at  which  Instant  At  was  0**  0m  0*. 

Atomic  time  Is  very  close  to  uniform  time.  It  Is  slightly  affected  by  local 
wgnetlc  fields  and  by  relativity  perturbations. 


E.  Atomic  Time  (AT) 

This  system  depends  upon  the  atomic  resonance  corresponding  to  transition 
between  the  two  hyperflne  levels  of  the  ground  state  of  cesium  133.  The 
frequency  has  been  measured  to  be  9192631770  Hi  per  aphemerls  second. 


F.  Coordinate  Time 

^ Coordinate  time  Is  atomic  time  with  added  periodic  relativistic  corrections 
for  diurnal  and  orbital  positions  of  the  clock  site.  The  orbital  correction 
Is  about  a thousand  times  that  of  the  diurnal  correction.  The  total  correc- 
tion over  the  complete  period  of  a year  falls  between  + 2 milliseconds.  The 
expression  for  the  correction  Is 


At  ■ 1*658  x 10*3  [sin  E.  + 0.0368] 

♦ 2?03  x IQ"6  cos  * [sin  (UT  + \)  - sin  k] 
+ smaller  terms 

whe  e 

■ eccentric  anomaly  of  the  sun 
UT  * universal  time 

t.A  ■ latitude  and  east  longitude  of  clock. 


G.  Cphneris  Tima  (ET) 

This  time  system  is  independent  of  earth  rotation.  It  is  a Rrmvitatioruil  system 
based  on  the  gsoimtrio  longitude  of  the  sun— specif i colly  Newcomb's  Tables  of 
the  Son.  It  is  thecretioally  a strictly  uniform  measure  of  time  in  the  Newtonian 
tense.  Logically,  ephemerlt  time  could  be  determined  from  the  relative  orbital 

notion  of  ary  of  the  heavenly  bodies;  and  to  obtain  maximum  precision  it  is 

i 

usually  determined  from  the  notion  of  the  noon  as  described  by  Brown's  lunar 
theory.  Ephmeris  time  deduced  from  the  comparison  of  observations  with  the 
lunar  ephemeride*  j ■ 0,  j ■ 1 and  j * 2 (reference  numbers  specified  in  the 
reottimendatione  of  the  International  Astronomioal  Gnwiiasion  4,  Prague,  1967)  is 
denoted  by  ETO,  ETL  and  ET2,  respectively,  where  'die  suffice  0,  1,  2 reflect 
differences  in  systems  of  astronomioal  oonatanta  and  not  differences  in  defini- 
tion. ETO  is  official  for  Years  I960  - 1967;  m for  Yeare  1966  - 1971;  LT2  for 
1972  onwards;  but  any  of  the  three  may  be  projected  outaide  its  official  region 
using  information  in  tha  Amerioan  Ephameria*  Differences  among  ETO,  CT1  and  ET2 
at  corresponding  Universal  times  are  generally  lees  than  300  milliseconds  and 
the  precision  of  each  is  of  the  order  of  100  millisecondn.  At  the  present  time 
when  a suffix  is  not  used  with  ET,  than  ET2  ie  implied.  Die  following  simple 
relation  holds t 

ET  • UT2  ♦ AT 

AT  is  given  in  the  American  EphemarU  and  ia  presently  of  tha  order  of  43  seconds. 
Scmetimaa  a aubecript  (0,  1,  2)  in  attached  to  AT  to  indicate  that  when  added  to 
UT2  one  obtains  LT0,  ET1,  ET2,  respectively.  Also  as  a matter  of  practical  con- 
venience AT  is  a one  time  tabulated  such  that  when  added  to  LfTC  one  obtains  ET. 

The  standard  epoch  of  ephemaris  time  ia  1900  January  ol?S  ET.  The  instant  to 
which  this  designation  is  aseignad  is  near  tha  beginning  of  calendar  year  1900 
when  the  geometric  mean  longitude  of  the  sun  referred  to  mean  equinox  of  date  was 
precisely  279°  41'  48V04,  The  primary  unit  of  ephemeria  time  it  the  length  of 
tl*  tropical  century  at  the  standard  epoch.  This  ephemarie  second  is 
(l/31bS692b,9747)  part  of  the  primary  unit  and  almost  identical  to  the  mean  solar 
second  (to  better  than  1 part  in  108), 

Ephemeris  time  is  uniform  within  tha  limits  set  by  the  theory  and  oonatanta  usad 
in  its  determination.  Agreement  with  atomic  time  is  good.  If  we  oonpare  ET  with 
the  function  (32?  lb  ♦ Al)  over  a ten  year  interval  we  obtain  an  avenaga  dis- 
agreement of  only  10  millissoonda  with  no  dieoarnible  trends  or  periodic  varia- 
tions, Since  ET  is  not  known  accurately  for  several  year*  after  the  fact,  it  in 
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convenient  to  estimate  it  from 
^ ET  ■ 32*15  ♦ A1 

or  alternatively  from 

ET  « 32?18  ♦ 1 AT. 

Ephemeris  tine  agreed  with  Universal  Time  at  same  instant  around  1903,  and  the 
ephamsris  day  is  approximately  the  average  of  the  mean  solar  days  during  the 
nineteenth  oantury* 

Broadcast  Time  (UTC)  (Coordlnatad  Universal  Time) 

This  is  the  time  system  in  use  at  AFETR,  UTC  and  AT  have  a mathematioally  de- 
fined relationship  between  them.  They  are  equivalent  pieces  of  information. 

The  time  unit  in  each  is  the  international  atomic  second.  Time  expressed  as 
AT  (BIH)  and  time  e>$rsaaad  as  UTC  (B1H)  differ  by  an  integral  number  of 
international  atomic  seconds.  This  diffaranos  ia  adjustable  by  plus  or  minus 
one  second  at  tha  exact  beginning  of  each  oalandar  month  in  ordar  to  insure 
that  the  disagreement  between  UTC  and  UT2  will  not  exoeed  0.7  seoonda.  This 
adjustment  will  normally  taka  place  no  oftensr  than  ones  every  eight  or  ten 
month*  and  will  be  announced  eight  weeks  in  advanoa. 

Tim  Servioa  Publioatione  Series  7 and  11*  published  by  the  U.  S,  Naval 
Observatory  (USNO),  and  BIH  circular  D (USNO  Series  IS)  provide  information  for 
converting  UTC  to  UT1,  UT2,  Al,  IAT,  and  ET.  This  information  is  available 
weekly  and  projects  ahead  tvrc  weeks.  Also  provided  arc  measured  and  two  week.) 
extrapolation  of  the  instantaneous  pole. 

Information  in  these  bulletins  oan  be  used  to  compute  the  instantaneous  angular 
velocity  of  tits  earth.  Tim*  Servioe  Bulletin  Series  7 provides  a current 
numerical  value  for 

oun  s un  - utc 

and  also  tl»  time  derivative  of  DUT1  which  here  will  be  deni  prated  by  WIT. 

Witl»  this  dimensionless  oonstant  then  the  inertial  angular  velocity  of  earth 
over  period  covered  by  the  bulletin  is  (in  unite  of  radians  per  international 
atomic  second )t 

wT  « ,0000729211514667  (1  ♦ HflT) 
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The  corresponding  angular  velocity  of  the  earth  relative  to  mean  vernal 
equinox  Is  (In  units  of  radians  par  International  atomic  second): 

uiiji  ■ (.0000729211585468  + .428  x 10‘UT)  (1  + EDIT) 

where  T Is  the  number  of  Julian  centuries  of  36525  U.r.  days  elapsed  since 
noon  UT  on  January  0,  1900. 

Present  day  precision  orbit  work  takes  account  of  this  variable  rotation 
rate. 


I.  Solar  Time 

The  definition  of  Greenwich  mean  solar  time  Is  not  Identical  with  the 
definition  of  Universal  Time  (UT2).  However  In  practice  no  distinction  is 
made  numerically;  and  Greenwich  mean  solar  time,  or  simply  Greenwich  mean 
time,  or  simply  GMT,  Is  set  equal  to  UT2.  The  following  relationship  applies 
between  GMT  and  local  mean  solar  time  (LMT). 

GMT  (secs)  ■ LMT  (secs)  + ,(flrc, JMSSl. 

15 

In  this  equation  the  units  could  just  as  well  be  (minutes  and  arc  minutes) 
or  (hours  and  degrees).  The  letter  S Is  nevor  used  to  abbreviate  solar  since 
It  Is  already  used  to  represent  olderoal.  Mean  solar  time  differs  from 
apparent  solar  time  by  the  "Equation  of  Time". 

Mean  solar  time  ■ apparent  solar  time  - Equation  of  Time 

The  Equation  of  Time  Is  no  longer  included  In  the  American  Ephemerls  but 
is  listed  In  the  Nautical  Almanac. 
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J.  Zone  Time  (ZT) 

Tha  world  It  divided  Into  twenty-four  zonal  etch  having  a width  of  15°  (one 
hour)  of  longitude i In  each  of  which  tha  same  standard  time  Is  kept. 
(Sometimes  tha  border  of  a zona  Is  slightly  modified  to  make  It  correspond  to 
certain  geographic  boundaries.)  The  meridian  of  Greenwich  Is  taken  as  the 
center  of  the  system  and  of  Zone  0.  Zones  eastward  from  Greenwich  are 
numbered  AZ  ■ -1,  *2,  etc.,  progressively  and  those  to  the  west,  AZ  » +1,  +2, 
etc.,  according  to  the  number  of  hours  to  be  added  to  ZT  to  obtain  UT. 

Thus 

UT  ■ ZT  + AZ 

where  AZ  Is  called  the  zonal  correction  or  zonal  description.  The  twelfth 
zone  Is  divided  Into  two  parts  by  the  date  line,  that  to  the  west  being 
aZ  ■ +12  and  that  to  the  east  AZ  ■ -12.  When  crossing  the  line  on  a westerly 
course,  the  date  must  be  advanced  one  day. 


In  the  center  of  each  zone  Is  a standard  meridian.  The  zone  time  corresponds 
to  the  mean  solar  time  at  that  meridian.  For  example,  In  the  Eastern  Zone 
(aZ  ■ +5)  the  standard  meridian  Is  75®  \w*t  longitude. 

In  practice,  zone  time  <s  usually  regulated  according  to  UTC. 


K.  Julian  Dates 

The  system  of  Julian  day  numbers  Is  a continuous  sequential  numbering  of  days 
from  an  epoch  so  remote  that  all  astronomical  events  o*  historical  record 
will  be  assigned  positive  Julian  dates.  The  epoch  of  the  Julian  cycle  Is 
4713  DC,  January  1,  Greenwich  mean  noon  on  the  Julian  proleptlc  calendar,  at 
which  time  the  Julian  date  was  exactly  zero. 

Jvl >n  date  (JO)  Is  measured  In  days  of  UT.  Julian  Ephemerls  Date  (JED)  Is 
me«',sun5(i  In  Jays  of  ET.  Either  date  Is  specified  by  the  day  number  followed 

L 

by  the  t.,ei**mnl  portion  of  a day  elapsed  since  12n  UT  or  ET.  A table  of  day 
numbers  !s  given  1 r,  the  American  Ephemerls.  (JD)  and  (JED)  are  related  by 


JED  » JD  + AT 


where  AT  has  been  previously  discussed  on  Page  0-6  and  here  must  be  supplied 
In  fractional  days. 

There  Is  a Modified  Julia,*  Date  (anathema  to  most  astronomers)  defined  by 
MOD  - JD  - 2400000.5. 


L.  Bessel lan  Date 

The  Bessellan  year  begins  at  the  instant  of  time  at  which  the  right  ascension 
of  Newcomb's  fictitious  mean  sun,  affected  by  aberration  and  referred  to  the 
mean  equinox  of  date  Is  precisely  18h  40m.  This  Instant*  designated  by  the 
notation  (.0)  after  the  year  (e.g.,  1950.0)  always  falls  near  the  beginning 
of  the  Gregorian  calendar  year.  1900,0  Is  the  basic  epoch,  which  corresponds 
to  CEO  2415020.31352  ■ 1900  January  0.81352  ET.  The  JED  for  the  beginning  of 
apy  other  Bessellan  year  may  be  computed  from 


JED  (1900,0  + t)  » JED  (1900.0)  + (365.24219879  - 

0.856  x 10”8  t)  t 

where  x Is  Integer  years. 

The  length  of  the  Bessellan  year  differs  only  a fraction  of  a second  from  the 
length  of  the  tropical  year.  The  length  of  any  particular  Bessellan  year  Is 

Bessellan  year  « tropical  year  - 0?148  T 

where  T Is  measured  In  tropical  centuries  from  1900. 


Every  usage  of  decimals  with  years  Implies  that  Bessellan  years  are  Intended. 
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It  la  not  the  purpose  of  this  appendix  to  provide  constants,  but 
as  a natter  of  convenience  the  following  approxlnate  values  are 
listed: 


Time  intervals: 


Enrth  inertial  rotation  period  ■ 
Earth  sidereal  rotation  period  ■ 
1 Tropical  year  ■ 

1 Sidereal  year  ■ 

1 Julian  year  ■ 

1 Sidereal  (sec,  hour,  day)  > 

1 Universal  time  unit  ■ 

1 moan  solar  second  ■ 

1 atomic  second  ■ 

1 o phonier  in  second  « 


66164.0989041 

mean 

solar 

secs. 

86164,09054 

mean 

u 

H 

o 

• 

secs. 

365.2422 

mean 

solar 

days 

365.2564 

mean 

solar 

days 

365.25 

mean 

solar 

days 

.997269566414 

mean 

hour, 

solar 

day) 

(sec, 

1 mean  solar 

time  unit 

1 ephemeris  second  to  about 
1 part  in  108 

1 ephemeris  second  to  about 
1 part  in  109 

1/31556925,9747  of  length  of 
tropical  year  1900.0 


In  oncu  of  the  time  systems  (sidereal,  universal,  ephemeris, 
moan  solar)  there  are  f>()  seconds  por  minuto,  60  minutes  per 
hour,  and  24  hours  pur  day. 


Standard 

Epochs 

1000 

Jnn 

0.5 

UT 

3* 

1900  Jan  0 Grconwich 

mean 

noon 

si 

1899  Dec  31  Greenwich 

menn 

noon 

sa 

JD  2115020,0 

a 

JE1)  2415019.99995 

10{>0 

Jan 

0,5 

UT 

■n 

1950  Jan  0 Greenwich 

mean 

noon 

me 

1919  Dec  31  Greenwich 

moan 

noon 

* 

JD  2433282,0 

SB 

JED  2433282.00034 

J-ll 


t 


rTO 


Standard  Epochs  (continued) 


m 


Beaaellan 

Date 

1900.0 

m 

JD  2415020.5:357 

m 

JED  2415020. ?i352 

m 

1900  J an  0,81352 

ET 

Bessel ian 

Date 

19S0.0 

at 

JD  2433282.42309 

- 

JED  2433282.42343 

m 

1950  Jan  0.92343 

ET 

N.  Timing  Polynomial* 

The  primary  tlmoa  used  in  trajectory  and  orbit  determination 
work  are  ET,  AT,  UT1  and  UTC.  At  corresponding  lnatanta  then, 
varioua  timea  have  been  tabulatod  by  the  U.S.  Naval  Obaervatory, 

Aa  we  have  aeen,  diacontinuitlea  exiat  in  theae  relationahipa, 

but  continuity  la  maintained  over  diacrete  time  perloda  of  the 

order  of  montha.  JPL,  SAO  and  othera  havo  fit  theae  taculated  lJ 

data  over  diacrete  time  perloda  and  interpolate  over  them.  The 

difference  between  ET  and  AT  la  deacribed  by  u simple  conatant. 

The  difference  between  ET  and  UTC  la  described  by  a aimple 
conatant.  The  difference  between  ET  and  UT1  ia  deacribed  by  a 
aecond  degree  time  polynomial.  The  difference  between  UT1  and 
UTC  la  deacribed  by  a aecond  dogree  time  polynomial.  The  errora 
associated  with  the  polynomials  are  about  one  milliaecond. 


o 


i 
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APPENDIX  K 

EQUATIONS  OF  M1S8ILB  MOTIOK  FOH  THE  TEST  RANGE  ! 

This  entire  discussion  is  from  ths  viewpoint  of  the  missile  test 
range  performing  its  primary  function  of  determining  the 
trajectory  of  a test  missile  from  radar  tracking  data. 

Consequently,  we  will  consider  only  three-degree-of-freedom 
motion. 

The  basic  acceleration  equations  in  an  earth-fixed  coordinate 
system  ore: 

6 - 0.  ♦ s«  ♦ \ + D#  + + Te  , 

aa 

f ■ Gjj  e Sf  ♦ Rj  + Dj  + li ^ + T^  and 

8 " °g  + Sg  f Rg  + Dg  + Lg  + Tg  1 whttro  | 

e,  f and  g represent  coordinates  in  a geocentric  rectangular  ■ 

^ j earth-fixed  coordinate  system,  with  the  e axis  in  equatorial 

plane  through  Greenwich  meridian,  f in  equatorial  plane  through 
90*  east  longitude,  and  g polar  northward.  The  subscripts  on 
the  right-hand  side  refer  to  components  along  e,  f and  g axes. 

G represents  acceleration  due  to  gravity.  S represente  Coriolis 
acceleration,  R represents  centrifugal  acceleration,  D 
represents  drag  acceleration,  L represents  lift  acceleration. 

Wind  accelerations  are  included  in  lift  and  drag,  T represents 
powered  thrust. 


Appendix  T treats  in  some  detail  the  acceleration  due  to  gravity. 
The  Coriolis  and  centrifugal  terms  ara,  respectively 

Se  - 2toi  , 

s 

Sj  ■ -2'ne  f 

s*  ■ 0 • 

Re  - a>2e  , 

2 

R|  « '»  f and 

Rg  a ® » 

K-l 


where  n\  is  earth  rotation  rate  relative  to  inertial  coordinate 
system. 


Drag,  by  definition,  la  the  component  of  the  aerodynamic  forces 
directed  along  the  negative  relative  velooity  vector  (-V).  The 
relative  velocity  vector  components  and  total  magnitude  are 


Vg  - i - Wg  and 

v • (v.z  ♦ V + V ) l/"  • 

W represents  the  wind  velocity  measured  in  the  rotating 
coordinate  system.  The  drag  components  are 


De 

- -pvve  1 

m 

f 

Df 

« -pVVf 

m 

and 

D« 

- -pVVg  I 

(SO 

e 

2.i  these  equations  p represents  air  density;  A represents  crosB- 
Mectional  area  of  missile;  Cq  represents  drag  coefficient;  w 
reprosente  muss  of  missile;  W and  p are,  of  course,  functions  of 
altitudo  and  are  obtained  from  Hawinsondu  data. 

/ ACd\ 

\ T\T j 60  exproased  as  a function  of  various  parameters. 

optionN  required  nro  a table  ol'  vs  time,  CD  vs  Mach  number, 
and  r vs  altitudo  with  up  to  ,'IUO  entries.  Also  required  is  a 
fifth  degree  polynomial  to  bo  usod  cither  ns  n table  multiplier 
or  independently,  A choice  of  either  time  or  altitude  should  bo 
nvnilablo  as  independent  variable  in  the  polynomial.  It  is  quite 
practical  to  solve  for  all  six  polynomial  coefficients  in  a lonst 
Hqunres  adjustment , 
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The  lift  acceleration  L nets  in  a piano  perpendicular  to  tho 
O rolative  velocity  vector  V,  It  also  lion  in  a plane  containing 
tho  relative  volooity  vector  and  the  longitudinal  axle  of  the 
missile,  Tho  lift  acoeleration  has  a magnitude 

L - f*2  (*£) 

whore  CL  is  lift  coefficient,  CL  varies  strongly  with  angle  of 
attack  and  is  in  fact  aero  for  aero  angle  of  attack,*  CL  also 
varies  with  Mach  and  Reynolds  numbers,  in  order  to  visualise 
tho  direction  of  the  lift  vector,  imagine  a plane  perpendloular 
to  the  instantaneous  relative  velocity  vector  and  passing 
through  the  center  of  gravity  of  the  mlssllo.  Let  the  center  of 
gravity  of  tho  missile  define  the  origin  of  a rectangular 
coordinato  system  in  this  plane  with  the  P axis  lying  in  a 
vortical  piano  and  pointing  positively  in  nn  upward  direction, 
and  with  tho  Y axis  pointing  positively  in  a horlsontal  direction 
J to  the  right  as  viewed  by  an  observer  looking  in  the  direction  of 
Missile  travol.  The  lift  veotor  lies  in  the  P-Y  plane  and  its 
diroctlon  is  described  by  an  angle  9 measured  positively  olook- 
w \ ho  from  P by  an  observer  looking  in  the  diroctlon  of  missile 
travol . 

Options  required  are  a table  of  and  6 vs  time,  CL  and  B vs 
altitude,  CL  cos  B and  C{  sin  9 vs  time,  and  CL  cos  9 and  CL 
ein  9 va  altitude  with  provision  for  up  to  300  entries,**  Alao 
required  ie  a pair  of  fifth  degree  polynomials  to  be  uaed  olther 
au  table  multipliers  or  independently,  A choice  of  either  time 
or  altitude  should  ho  available  as  independent  variable  in  the 
polynomlalii, 

i *Th«>  angle  of  attack  ie  the  angle  between  the  relative 

velocity  vector  and  the  longitudinal  axle  of  the  missile. 

r 

I * *C,  cos  0 is  sometimes  called  coefficient  of  lift,  C,  sin  9 is 

Hometimea  colled  coefficient  of  side. 


Attempts  at  ETR  to  use  pulse  radar  track  data  to  determine 
separate  processional  and  nutational  components  in  an  epicyclic 
description  of  the  motion  of  a spinping  missile  have  been  un- 
successful, Hence,  the  simpler  treatment  described  here  has 
been  adopted  as  standard  practice  and  is  adequate  for  trajectory 
computations. 

The  P-Y  components  of  the  life  acceleration  are  simply 

a* 

P - L coo  9 and 

Y a L sin  9 

ft 

whore  CL,  9,  CL  cos  0 cr  C(  sin  9 may  be  reprosonted  by  t 
polynomial  or  the  product, of  a polynomial  nnd  a table. 

The  !!  if  t acculeration  will  now  be  resolved  alonw  the  efg 
coordinate  axos.  Lot  represent  a unit  vector  from  missilo 
directed  toward  the  center  of  the  earth  and  let  V1  represent 
unit  relative  velocity  vector.  Then  let 


and 

P1  - Yl  x V1 

where  the  superscript  (1)  is  ussd  to  denote  a unit  vector. 

P1  has  components  Py1,  Pf*,  P^1 , Y1  has  components  Y^1,  Y^1, 
Y^1.  Sinco  these  components  are  nothing  more  than  direction 
com i nos, 


m 


• i « i 

L.  - PP/  + Y Y#A  . 

Lf  “ P pfX  ♦ V Yfx  and 

L„  . -P.’t*  V,1  . 


Instead  of  CD  and  C^,  the  missile  contractor  is  likely  to  give 
Cx  (the  axial  foroe  coefficient  sometimes  also  designated  C^) 
and  Cjj  (the  normal  foroe  coefficient).  Cx  and  Cg  are  referenced 

to  the  body  axes  of  the  missile  instead  of  to  the  velocity 

vector,  Cq  and  may  be  obtained  from  Cx  and  CN  as  follows: 

CD  - Cx  oos  <*T  + CN  sin  <*T  , 

CL  ■ Cx  oos  aT  ■ Cx  sin  , 

whore  is  total  anglo  of  attack. 

The  total  angle  of  attack  <*T  ia  the  angle  betweon  the  relative 
velocity  vector  and  the  missile  longitudinal  axis.  It  has  com- 
ponents ftp  nnd  Qy  in  the  pitch  and  yaw  pianos  respectively. 

The  angles  aT,  ap  and  ay  are  related  as  follows: 

tan8  aT  - tan8  <*Y  + tan2  op 

nguro  1 shows  the  missile  body  axes,  the  velocity  vector  with 
ItH  components,  and  the  total  angle  of  attack  with  its  components. 

The  origin  of  tho  XYZ  coordinate  system  is  at  the  center  of 
gravity  of  tho  missile,  X extends  positively  forward  along  the 
missile  longitudinal  axis,  Y extends  positively  horizontal  and 
to  tho  right.  Z completes  the  reotangular  right-handed  system. 

If  we  define  tho  aerodynamic  accelerations  acting  along  the 
negative  missile  axes  (-X,  -Y,  -Z)  by  AX,  AY  and  AZ  respectively, 


i 


i 


) 
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* p 


AY  - pV 


AZ  - pV' 


(*) 

(&) 


whore  Cy  and  Cz  nre  orthogonal  components  of  the  normal  foroe 
coofficiont  and  have  the  relationship 

CN  UY  + CZ 

»• 

Tho  magnitude  of  the  Vssultant  aerodynamic  aoooierntlon  veotor 
in  given  by  any  of  the  following  alternative  expressions: 

I 4 4 4 H 1/3 


(AX  a ♦ (AY)a  + (AZ)al 

. 1 j 


£T5T  <cX*  ♦ c»*  * CZ2) 


<v  + v> 

^ <cDa  * c,2)1/2 

Ap;nln  referring  to  Figure  l,  we  note  that  the  velocity  vector  V 
defines  n rectangular  solid  with  sirtos  vx,  vv  and  v^,  Tho  totol 
angle  oi  ntinck  in  inherently  positive,  lie  components  *p  and 
ay  oxtond  positively  as  shown.  Tho  oriontntJon  angle  ■>  oi  the 
normnl  force  is  measured  in  n piano  perpendicular  to  tho  missile 
axis  and  In  positive  clockwiso  from  tho  intersection  of  1 ho 
vortical  plane  through  iho  missile  axis  «s  viowod  by  on  observer 
looking  forward  along  the  missile  axis.  Wo  have  simply 


tan  e - 


-tan 
tan  ct_ 


(1. 


Tin*  lilt  or  I cnl  n t.  Ion  angle  9 (defined  prcv iouHl y ) in  ulvon  by 


t mi  P nib  K con  a - nil)  &v 
tan  •)  - — - — - 

tan  P ain  cty  + nln  K con  ny 

whore 

nin  K - tan  ap  con  aT  , 
tan  b nln  civ 

tan  P ■ — » • — — ".I ... — and 

tan  b nln  K con  ay  con  E 

con  a (tan  F + tan  K) 

tan  b ■ ,7,  — — — ■■■-—■-  „ 

con2  - tan  K tan  F 

In  those  equations  tho  angloa  oy>  «p,  aT,  p,  K nnd  t all  lie 
iimido  tho  region  -90*  + 90*.  Tho  angloa  * nnd  0 lie  In  the 
quadranta  dotorminod  l>y  tho  a tuna  In  the  numorator  and  donomi- 
nator  in  tho  oxproaaiona  for  tan  q and  tnn  9,  Tho  angle  in 
monnurod  from  the  horizontal  poni lively  upward  to  tho  vector 
extending  forward  alonu  tho  mlnnllo  axia,  Tho  angle  F in  the 
fliuht  path  angle  meaaured  from  the  horizontal  poaitlvcly  upward 
to  tho  velocity  voctor, 

Thu  romnininu  turma  In  thn  oquatione  of  motion  are  nnnocintud 
with  thu  poworud  tnrunt.  Since  poworod-fl  ight  trajnetorion  on 
Um  tnat  rango  are  natimatnd  on  a point-by-point  baila,  equa- 
t ionn  of  powored  flight  are  uaod  very  little.  Howovor,  there 
arc  two  formulationa  of  powerod  flight  which  are  uaoful  and  will 
he  promo n tod  horn.  The  firm  option  ia  rcaidual  thruat  after 
Inn  nout  • 


I 


! - 


i< 

i 
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Q T . T0  «xp  [-  X (t-t0)j  4- 

This  thruet  vector  tote  along  the  velocity  vector  V with  «n 
original  value  of  T0  av  time  tQ  and  decaying  with  n decay 
constant  x,  It  in  practical  to  eatimato  TQ  and  X in  a leaet 
•quaroa  adjustment,  T can  be  readily  transformed  to  the  efg 
coordinate  ayatera  aa  waa  demonstrated  i'nr  the  lift  acceleration, 

The  aooond  option  uaoa  three  Beta  of  fifth  degree  time  poly- 
nomial - one  aet  for  each  of  three  burn  periods,  Eaoh  aet 
conaiata  of  three  polynoalala  - one  polynomial  for  eaoh  of  three 
roctangular  coordinate*.  The  reotangular  coordinate  ayatem  uaed 
in  ofg,  In  thia  powered  flight  option  provinion  ahould  be  made 
for  aeveral  intervale  with  correaponding  atart  and  atop  tinea. 

In  the  event  that  the  aame  computor  program  ia  to  be  uaed  for 
prociaion  antellite  and  apaco  probe  work  aa  well  aa  miaaile 
v i trajectories,  then  the  earth-fixod  coordinate  ayatem  uaed  here 
ahould  be  roplaced  by  an  Inertial  coordinate  eyetem, 

niscuaaioN  oy  options 

It  ia  lmpoaaible  to  doacribe  exact  proceduroa  followed  in  all 
trajectory  problems,  A few  general  and  aomowhat  heterogenous 
comments  will  be  offered. 

The  mathematioa  presented  ia  useful  for  either  spinning  or  non- 
spinning  projectilss  and  avan  aerodynaraicnlly  guided  missiles. 
For  free-f light  trajectoriaa  entirely  above  300,000  feet,  the 
choice  of  epoch  is  purely  one  of  convenience  or  program  limita- 
tion and  has  no  influence  on  the  accuracy  of  the  computed 
trajectories,  ,Tn  the  computation  of  reentry  trajectoriee,  it 
la  nearly  always  good  practieo  to  yet  tpoch  for  the  position  - 
velocity  vector  at  reentry  - generally  defined  ae  300,i)00  feet 
altitude.  The  reason  for  this  ia  that  track  data  above  300,000 
feet  altitude  usually  provide  highly  accurate  estimates  for  the 
valuon  of  position  and  velocity  at  reontry  and  these  estimates 


K-9 


nre  relatively  unimproved  by  the  track  data  at  lower  altitude?.. 
Those  estimate*  are  given  heavy  weight  in  n reentry  computation 
And  can,  if  necessary,  be  enforced  so  ns  to  assure  continuity 
with  tho  midcourso  trajectory.  Reference  time  for  the  drag 
polynomial  is  usually  host  established  at  impact  time,  which  is 

ordinarily  known  from  the  time  of  loss  of  telemetry  signal, 

Tho  reason  for  this  choice  is  that  one  can  set  the  a priori 

value  of  the  constant  term  in  tho  drag  polynomial  to  correspond 

to  theoretical  drag,  and  by  putting  an  a priori  small  standard 
deviation  on  this  value  ono  can  onsuro  that  the  final  drag  curve 
in  tho  extrapolated  region  noar  impact  will  not  depart  too  far 
from  thoorotioal.  Because  lift  may  be  Unown  to  be  zero  over 
tho  last  10  or  10  seconds  before  impact,  it  is  desirable  to  have 
a start  time  and  stop  time  capability  in  tho  program,  The 
reference  lime  for  tho  lift  polynomial  may  be  sot,  for  example, 
at.  16  seconds  prior  to  impact,  and  tho  a priori  value  of  tho 
constant  term  in  tho  lift  polynomial  may  bo  choson  to  correspond 
lo  zero  lift  with  an  n priori  small  standard  deviation.  Lift 
would  be  set  to  terminate  18  Hoconds  boforo  impact. 

Time  is  most:  generally  used  as  the  independent  variable  in  the 
aerodynamic  tables  and  polynomials,  but  there  are  occasions 
whoro  other  independent  variables  arc  preferable.  When  tho  drag 
vs  Mach  number  is  not  doublo-valucd,  such  a tablo  can  con- 
veniently bo  used  for  n number  of  trajectories  associated  with 
tho  same  missile.  Also  it  can  be  set  up  prior  to  launch. 

When  impact  time  is  not  known  or  when  it  is  desirable  to  set  up 
the  program  prior  to  launch,  it  may  be  desirable  to  uso  altitude 
in  the  aerodynamic  tables  and  polynomials  instead  of  time. 

When  theoretical  aerodynamic  tables  are  available,  they  should 
always  lie  used  because  their  use  reduces  tho  required  number  of 
adjusted  parameters  and  computer  running  timo.  Tables  aro  never 
ahsolutnly  necessary,  howover,  if  there  arc  sufficient  trnck 
data.  Low-degree  independent  polynomials  representing  C,  cos  0 
a ml  C|  ain  a cannot  he  used  realistically  for  processing  re- 
entering mlHSiles,  If  independent  polynomials  are  used  in  tuts 


i 
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cnso,  they  should  represent  CL  and  0 — end  convergence  is 
generally  agonisingly  slow.  When  lift  tables  are  used  along 

i 

with  Multiplying  polynomials!  the  best  form  of  the  lift  table 
is  CL  oos  © and  CL  sin  0,  In  tables  of  CL  and  6,  Q is  not 
usually  monotonlo#  and  hence  a polynomial  multiplier  of  0 cannot 
be  used i and  a polynomial  multiplior  of  alone  would  not  pro- 
vide sufficient  flexiblll  /, 

SINGULARITY  CONSIDERATIONS 

It  is  well  known  that  the  ooeffioients  in  ordinary  power  series 
polynomials  are  highly  correlated  in  a fitting  process,  and  this 
correlation  beoomes  progressively  worse  with  higher  degree 
polynomials  - a situation  conducive  to  loss  of  preolsion  in  the 
adjustment  process.  This  problem  is  frequently  relieved  by  re- 
sorting to  orthogonal  polynomials,  It  has  in  fact  become  a rule 
ol'  thumb  in  numerical  analysis  to  use  orthogonal  polynomials 
flomotlmos  for  sixth  degree  and  always  for  degrees  of  seven  or 
more.  Uolow  sixth  degree  the  benefit  from  orthogonal  poly- 
nomials Is  marginal,  Sinoo  in  estimation  of  aerodynamic 
parameter*!  we  aro  concerned  with  polynomials  usually  no  higher 
than  third  degree  and  never  higher  than  fifth  degree,  orthogonal 
polynomials  aro  not  presently  used  for  this  application  at  this 
test  rango.  When  singularity  problems  are  encountered  with  the 
polynomial  coefficients,  the  aualynt  may  reduce  the  degree  of  the 
polynomial,  set  smaller  standard  deviations  on  seme  of  the 
a priori  values,  or  resort  to  ridge  regression.  (Soe  Appendix 
AA.) 
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APPENDIX  L 

Transformations  of  pairs  of  Angular  Coordinataa 


This  rsport  has  discussed  primarily  transformations  of  coordinates 
defining  precisely  a point  in  space.  Many  times  there  may  be  only 
a pair  of  angular  coordinates  defining  the  direction  of  the  point 
from  some  origin,  perhaps  topocentric  right  ascension  and  declina- 
tion (a,  6)  or  radar  asimuth  and  elevation  (a,  c).  The  problem  is 
to  transform  from  one  to  the  other  set  of  angular  coordinates. 

The  rotations  are  performed  exactly  as  for  a point  in  space  by 
assuming  a point  along  the  line  of  sight  to  be  iocated  at  unit 
distance  from  the  origin.  Por  example,  consider  a topocenter  at 
(4,  y) , where  4 represents  geodetic  latitude  and  y represents  east 
longitude  from  Greenwich.  At  this  origin  erect  two  right-handed 
rectangular  coordinate  systems.  The  first  is  the  usual  radar 
system  with  x east,  y north,  and  z up.  The  second  is  an  equatorial 
system  with  X and  Y parallel  to  equatorial  plane  and  X toward 
vernal  equinox.  % is  perallel  to  polar  axis  and  pointing  northward. 


Two  rotations  are  required  to  get  from  XYZ  to  xyz» 
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0 
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COS 
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-sin 
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0 
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0 

-sin 

e 

cos 

8 

0 

0 

1 

_ 

_s  J 

where 

8 - (90*  - 4) 

4 « (90°  + y + geodetic  east  longitude  of  vernal  equinox) 


If  we  represent  the  elements  of  the  combined  transfer  matrix  by 
bj „ and  transform  the  rectangular  coordinates  to  their  angular 
equivalents. 
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I 


m 


?j'  i 


;1r  : 


pi 


tv  t 

..i*  I 


r)ti»l 


I - 


COS  6 OOS  * 

cos  • Sin  a 
sin  • 


’ll 


12 


13 


’21 


’22 


’23 


31 


’32 


'33 


cos  6 oos  a 
oos  6 sin  a 
sin  6 


Hsnos 


tan  a * 


*21  °°*  5 00 * * + b22  600  * ■*n  a 4 b23  sin  i 


fc33  oos  6 oos  a 4 b;2  oos  6 sin  a 4 bl3  sin  6 


sin  a ■ b31  oos  fl  oos  a 4.  b32  oos  6 sin  a 4 b33  sin  6 


"a"  will  ba  looatad  unambiguously  by  considering  signs  of  numera- 
tor and  denominator.  The  sign  of  sin  « will  determine  either  first 


or  fourth  quadrant. 


Clearly  in  transformations  of  pairs  of  angular  coordinates  it  is 
not  possible  to  translate  the  origin. 


V,/ 


1 


i 


i 


i "I 


1 


APPENDIX  M 

The  ADBARV  Orbital  Elements 


Thais  elements  ara  dafinad  in  an  inertial  frame  and  rapraaant 
respectively  right  aaoanaion  (a) , declination  (4) , flight  path 
angla  (9) , asimuth  of  valocity  vaotor  (A) , distanoa  from  aarth 
naaa  oantar  <r) , and  aealar  valocity  (v).  Thay  axplicitly  dafina 
position  and  valooity  victors  at  soms  particular  instant  or  epoch. 

Tha  position  vaotor  originates  at  the  oantar  of  the  aarth  and 
terminates  at  tha  orbiting  body.  It  has  magnitude  (r)  and  orien- 
tation dafinad  by  (a)  and  (4).  (o)  and  (4)  are  described  on 

page  19  of  this  report.  Sae  also  Figure  20. 

Tha  velocity  vaotor  with  magnitude  (v)  originates  at  tha  termi- 
nus of  tha  position  vector  and  extends  in  a direction  dafinad  by 
(9)  and  (A).  (9)  is  tha  angla  between  tha  valooity  vector  and 
tha  extension  of  tha  position  vector,  for  example,  (9)  is  saro 
for  an  object  traveling  outward  along  tha  position  vector  and  is 
90*  for  an  object  traveling  perpendicular  to  tha  position  vaotor. 
in  order  to  describe  (A) » we  erect  a local  horisontal  plana  per- 
pendicular to  tha  position  vector  and  located  so  as  to  include 
the  point  defining  tha  terminus  of  tha  position  vector  and  the 
origin  of  tha  valooity  vector.  From  this  point  and  lying  in  the 
horisontal  plana  lias  a northward  reference  direction  line  N. 

Tha  projection  of  tha  valocity  vector  upon  this  horizontal  plane 
defines  a direction  line  V.  (A)  is  tha  angla  measured  eastward 
from  N to  V,  Thus  if  V points  north,  than  (A)  is  zero.  If  V 
points  southwest,  than  (A)  is  225*.  (A)  and  (a)  are  dafinad  in 

region  0*  to  360*.  (4)  is  defined  in  region  £ 90*.  9 is  defined 

in  region  0*  to  180*. 

It  is  useful  to  relate  the  ADtiARV  elements  to  the  (xys)  geocentric 
inertial  equatorial  right-handed  rectangular  coordinate  system, 
x extends  positively  toward  vernal  equinox  and  z is  coincident 
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with  polar  axis  and  extends  in  a poaitiva  direction  northward 
The  relatione  follow i 


x ■ 

y * 
« - 

i * 


y 


* 


r ■ 


r o os  a oos  4 
r sin  • oo*  4 
r sin  4 


vjjcos  $ oos  4 -cos  A sin  $ sin  4)  cos  a » sin  A sin  a sin  0^j 
sjjoos  4 ope  4 -oos  A sin  4 sin  4)  sin  s 4-  sin  A oos  « sin  (|J 
v[oo.  A sin  4 oos  4 + oos  4 sin  4J 


a • 
4 » 
0 - 


2 2 2 ^ 

(x3  ♦ y3  ♦ s3) 

<iJ  + }*  ♦ iV'2 

tan"1  (£) 

•in”1  (p) 


A ■ tan 


oos”1  IfL+JtLLJSk'j 

1 |£l*i  - y*>  1 

[y<y*  - ay)  - x(sx  - xs)J 


In  order  to  looats  (a)  or  (A)  unambiguously  in  one  of  four  quad- 
rants, the  signs  of  numerator  and  denominator  must  be  examined 
separately.  (4)  is  located  (+)  depending  upon  the  sign  of  s, 

(0)  is  located  in  first  or  second  quadrant  depending  upon  the 
sign  of  numerator. 
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APPENDIX  N 
WEAN  ELEMENTS 


INTRODUCTION 

In  this  rsport  ths  classical  olsmsnts  a,  • , i,  n,  u snd  u have  bssn 
disousssd  Along  with  Aquations  rslating  thorn  to  rectangular  position 
and  velocity  components.  Ths  aquations  prsssntsd  relate  osoulating 
orbital  slsasnts  to  actual  position  and  vsloeity  rsotangular  eom- 
ponsntsi  and  thsy  also  ralata  Man  orbital  slsasnts  to  Man  position 
and  velooity  components,  Ths  purposs  of  this  appsndix  is  to  ralata 
osoulating  alsMnts  and  Man  alemants. 

The  oonoapt  of  Man  elements  raqulras  a faw  words  of  sxplanatlon. 

If  a oantral  foroa  field  wars  tha  only  fores  noting  on  an  object, 
tha  olassloal  Kaplsrian  alaaants  dssoribing  tha  sisa,  shapa  and 
orisntation  of  tha  orbit  would  rsMin  constant  in  tiaa.  Baoausa 
of  parturbativa  foreaa  tha  elassioal  slsasnts  vary  signlfioantly 
in  tiaa.  Two  of  tha  aost  influsntial  parturbativa  foroas  ara  asso- 
olatad  with  tha  aaoond  and  third  dagraa  sonal  harmonic  taras 
(Jg  and  Ja)  in  tha  geopotential,  Thasa  foroas  oausa  secular,  short 
psriod  and  long  psrlod  variations  in  tha  olassloal  alsmsnts  of  an 
sarth  satellite.  Short  periods  ara  of  tha  ordar  of  time  of  one 
oompleta  passage  of  tha  satellite  around  ths  earth.  Long  periods 
are  of  ths  ordar  of  time  of  one  ooaplsts  passage  of  perigee  around 
the  earth.  Tha  alsMnts  as  affeetsd  by  J2  and  J3  ara  oallsd  os- 
culating elements.  It  is  possible  Mthsmatioally  to  remove  tha 
periodio  effects  of  Jg  and  Jj  and  arrive  at  new  elements  oallsd 
mean  elements.  (If  only  the  short  period  af foots  ara  removed  the 
new  elements  are  oallsd  quasi-mean.)  Mean  elements  will  still  vary 
with  time  but  tha  variations  can  be  dasoribed  vary  olosely  by 
third  degree  time  polynomials.  Consequently  the  mean  elements 
lend  themselves  to  whAt  is  called  general  perturbations--a  field 
of  immense  value  in  orbit  determination  and  ephemeris  generation 
over  relatively  long  periods  of  elapsed  time.  In  summary,  the 
osculating  elements  represent  the  aotual  position  and  velocity 
of  the  object  but  are  poorly  behaved  in  time.  The  mean  elements 
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do  not  represent  the  actual  position  and  vslooity  but  ara  wall 
bahavad  in  tima.  Tha  ability  to  transfora  between  as an  and 
osoulating  alaaants  providss  tha  capability  of  knowing  tha  aotual 
position  and  vslooity  assoolatad  with  swian  elements,  Tha  naas 
Naaan  element"  was  glvan  to  tha  aodifisd  alamant  baoauss  it  rep- 
rasants  a smooth  "average"  valua  through  tha  oyclio  bahavior 
oharaotaristio  of  tha  oieulating  alamant. 

A typical  applioation  in  orbit  determination  is  as  followst 
first,  aaeh  pass  of  tracking  data  is  raduoad  to  a stata  vaotor 
(l.s.,  position  and  vslooity  components)  using  soma  form  of 
filter.  Second,  all  suoh  vsotors  ara  transformed  to  sets  of 
naan  Kaplarian  alaaants,  saoh  sst  corresponding  to  tha  tima  of 
that  particular  pass.  Third,  polynomials  in  tima  ara  passsd  in 
a least  squares  sense  through  individual  mean  alaaants.  Tha 
resulting  polynomials  than  represent  tha  multi-pass  solution  and 
may  be  used  to  compute  a sat  of  mean  alaaants  at  any  particular 
time  of  interest,  perhaps  much  later  than  tha  observations.  At 
this  tima  of  interest  than  tha  oomputad  mean  elements  oan  ba 
transformed  to  osoulating  elements  and  thenoa  perhaps  to  look 
angles  for  sobs  sensor. 

Tha  use  of  general  perturbations  and  assn  elements  avoids  the 
time  oonsumlng  numerical  integration  associated  with  spaoial 
perturbations  and  also  tha  round  off  and  truncation  errors!  and 
consequently  over  long  periods  of  a lapsed  tima  general  perturba- 
tions ara  sometimes  preferable  to  special  perturbations. 

At  AFETR  the  Kosai  formulation  has  bean  applied  successfully  in 
many  routine  oaloulations.  The  Fraser  formulation  has  also  been 
used  and  here  is  considered  superior  in  several  respects  to  the 
Kozai  method.  Algorithms  for  both  transformations  will  be  given. 
i In  addition,  a self-contained  description  of  ephemeris  generation 

[ (recommended  by  Aerospace  Defense  Command)  using  simplified 

[ general  perturbations  is  given  in  Section  V of  this  appendix. 
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<3iv«n  quaai-maan  elements  I,  I,  I,  IT,  5 and  ft,  compute  corresponding 
osculating  elements  a,  a,  i,  0,  a and  M,  where 


• ■ e ♦ da, 

i ■ I * dij 

ft  ■ IT  ♦ dat 

a ■ 5 ♦ d«( 

M * M ♦ dM_ 


Flrat  ooaputa  Iteratively  tha  aooantria  anomaly  E from  Kaplar'a 
aquations 


■ L 


- a ain£^  - M 
1 - a ooa^ 


whara  ■ M oan  ba  uaad  to  start  tha  prooaaa.  Xtaratlona  oon< 
tinua  until  auooaaaiva  differences  ara  nagliglbly  amall,  Than 
aomputa  tha  trua  anomaly  n . 


•1  fl  ♦ «V  «ln(f) 

LLi-rJ «.(?) 


n ■ 2 tan 


The  maan  radius  from  tha  oantar  of  tha  aarth  to  tha  object  is 
given  by 

? ■ Kl  - 7 cosE) 


and  tha  maan  sami<»latua  raotum  by 


P ■ 1(1  - a2) 


»#  « ^*(2  - y ain2l)(n  - M ♦ • ainn) 

♦ <1  • J «in2r>  £(1  - f*)  ainW  ♦ -y»ain2W  ♦ ainSnJ 

- ain<5  ♦ 25>£f  »i"*r  ♦ i2<y  - yy  aln2T)J 
—2  * 

♦ Jy  aln2I  ain<n  - 25)  - f<l  - y ain2i)  *in2(n  ♦ 5) 

■ 

» 

♦ aln(  lif  ♦ 2w)j^jy  lin^I  ■ -^(1  <■  ain2T)J 

♦ if  aln*i  aln(4n  ♦ 25)  ♦ ain2I  aln(5n  ♦ 25)J 

i#  ■ • ry  ooaljtn  - M ♦ a ainn)  - y ain2(n  ♦ 5) 

- y ain(W  ♦ 25)  - y ain(3?f  ♦ 25)1 


iM_  ■ 


^yj  (1  - a2)^  (1  - | ain2T)|u  - ^ ) ainn 

♦ y ain2n  ♦ Jy  ain  3ffj 

4 r -2  —2 

♦ sin2Tly(l  ♦ iy— ) ain(n  ♦ 25)  - Jy  ain(n  - 25) 

_2  ^ 

- yy  <1  • yy)  ain(3n  ♦ 25)  - 3y  ain(4n  ♦ 25) 

- jy  PinCSn*  ♦ 2**^j  ^ 


N-S 


where  J ■ 


j 

I 


! 

i', 

!;■ 


s i . 2 
T J2  S 


and  a§  it  equatorial  earth  radiue. 


Pop  a equal  to  or  vary  nearly  saro  the  Koaai  nathod  is  not  applicable  r 

becauee  of  ohoioa  of  eleaanta. 


II.  Fraaar  Aliorltha  - Moan  to  Qaoulatini 
Preliminary  Piaouasion 

Oivan  naan  eleaitnta  a,  I,  T,  IT,  Si,  IT  ooopute  oorreeponding  alananta 
a,  a,  1,  n,  u,  K.  Tha  flpat  atap  la  to  davalop  unit  vaotora  0,  f , 
W.  Tha  rafaranoa  plana  la  tha  orbit  plana  and  oontalna  5 and  $. 

¥ la  parpandleulap  to  tha  rafaranoa  plana.  Thaaa  vaotora  ara  ex- 
praaaad  aa  oonponanta  in  tha  uaual  lnartial  gaooantrlo  equatorial 
rectangular  ayataa  x y a (page  14) t 


f*  * 

u« 

n 

ooau  eoaft  - ainu  a inti  ooal 

“y 

■ 

ooau  alnft  ♦ ainu  ooaR  ooal 

u. 

a J 

ainu  alnT 

■a 

r n 

VK 

m»  m 

- ainu  ooaff  - ooau  einff  ooaT 

vy 

a 

- ainu  elnff  ♦ ooau  ooa?I  ooal 

■a  m 

ooau  alnT 

m 

J 

w. 


alnIT  alnT 
• ooatl  a ini 
coat 
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ifiiiiilSSiBihnfcai  m n nm i ii« imhi ii in^iJi'tiUninirii 


LL  1 


j 

A 


Than  oomputa  r\  at  in  Station  I of  this  appandix. 

p ■ ail  - 52) 

F . 2 


l ♦ I oosn 

5 '[fffM 

S ■ fxj‘  a ♦ r ...W> 


whtrt  K ia  aarth  gravitational  constant. 
Tha  maan  atata  vaotor  ia 


r » 


y 

.ij 


?c 


Naxt 
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0 


where 


o 


4r§  • a?{ain2I  eoa2  u ♦ (1  - a ooa2I)  fl  - l1 

> L 1 ♦ I coin 

•rJfft*]} 

• - ^jt  ?n2lu  ♦ I eoan)2  tin 2& 

♦ (1  - a eoa2?)e  sinTTf-  H ♦ 11 1 S. eQ1  jp \ ^ ^ 

l 2 1 ♦ (1  - e2)t  J j 


6r 


6r^§  * h(U*[l  eoa2u  ♦ 2 a eoa(2u  - n> 


♦ a ooan  oo«2U  <1  ♦ a eoan) 


(1 


(1  ♦ • ooenXl  - a eoa2i>(j  ♦ i ooan  ?■  -t  < 1 , V 

L*  l ♦ (1  - 

&?..., ?>  «inn)2  T\ 

2C1  ♦ <1  - 


■ a ainl  ao«I|a[oo»2u  ♦ a ooa(2u  - n>] 


♦ ¥ eoa(2u  ♦ n)j 
40,  ■ - a ooal/xn  - RT  ♦ a a inn) 


v 


- a£ain  2u  ♦ a ain<2u  - n>]  - a ain(2u  ♦ n)J 
4uc  ■ - y|#<l  - S ooa2I)<n  - PT) 

♦ “fi  - • eoa2I  ♦ LjLJ.°«»2r  ilnW 

L 1 ♦ (1  - ez>Tj 
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• wutAiiLW. , !.  mv**  >-«|i||ndMliilillTT  i r 1 | 


•ljo| 


♦ 


(1-3  cea2X) 


2(1*  ainn) (a  coin) 
l ♦ (1  - 5^)» 


♦ 2(5  eo*2X  - 2)  a ain(2u  - n) 

♦ (7  cea2X  - 1)  ain2u  ♦ 2 coe2X  S'  ain(2u 

whara 


For  orbit*  of  low  eccentricity  it  ia  daairabla  to  eomputa  (n  - FT) 
whara  it  appear*  abova  by 


n 


M « 


ain"1 


\f 1 ainn  \ 

til  - a2)^  ♦ 1 ♦ a coan  \) 

IjJ.  ♦ a coan/ 

\ 1 ♦ (1  ♦ S^)4*  )} 

♦ (1  ■ a2)^  a ainn 
1 ♦ a coen 


Computation  of  Long  Period  Variation*  5rt  and  5rt 


where 


4pi  . 


*2  r£ainl(l  ♦ a coan)  ainu  U 

♦ ainX(2  ♦ a coan)  coau  V ♦ co*X  a ooaW  W 3 

♦ J. 

5rt  ■ - a2|^-J  *[|ainX(l  ♦ a coan)  coau  U 

♦ *inX(alnu  ♦ a aina)V  ♦ coaX  a sinW  $3 


a2  * 


J3  *e 

2J,p 
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III . Transfonsatlon  from  Peculating  to  Moan  EleMnts 

In  this  and  the  subsequent  section  the  use  of  the  word  M*ean " is 
intended  to  inolude  not  only  »een  but  else  quasi-Man.  This  trans- 
formation cannot  be  made  directly,  but  must  be  done  iteratively, 
each  iteration  requiring  about  as  such  computation  as  an  ordinary 
direct  coaputation.  Zn  the  case  of  the  Fraser  elements  three 
iterations  are  nearly  always  sufficient.  In  the  ease  of  the  Kosai 
elements  soMtiaes  many  more  iterations  are  required  and  speoial 
techniques  beyond  the  scope  of  this  report  may  be  neoessary.  The 
approach  given  here  applies  explicitly  to  Fraser  elements  but  the 
same  general  approach  may  be  applied  to  any  eleMnte* 


Given  a,  e,  i,  Q,  w,  M,  compute  a,  e,  T,  ft,  w and  M.  As  a first 
step  these  osculating  elements  are  transformed  to  the  true  osoula- 
ting  state  vector t 


This  vector  and  the  accompanying  osculating  elements  are  taken  as 
the  first  eatiMte  of  the  Man  eleMnte  in  the  following  iterative 
process: 


The  three  equations  included  in  tha  dashed  lint  represent  one 
iteration.  The  result  from  the  third  equation  is  used  as  direct 
input  to  the  first  aquation  and  also  to  aompute  a now  estimate 
of  the  A vector  for  the  first  equation.  When  D meets  convergence 
oriteria  of  1*0  foot  and  .001  ft/seo,  the  process  is  said  to  have 
converged  and  the  associated  mean  elements  from  the  following  third 
equation  are  aooepted* 

IV.  Transformation  of  Mean  Elements  from  Epoch  at  tQ  to  Time  t 

The  equations  for  mean  elasunt  update  are  simply  MaoLaurin's 
series  expansion 

A ■ t - t„ 

i • iQ  ♦ *4  ♦ | 

e ■ eQ  ♦ eA  ♦ * A2 

...  .) 

T * Tq  ♦ iA 

• a 2 
m ■ ♦ wA  ♦ j A 

•• 

n • n0  ♦ Aa  ♦ y a2 

H ■ FTq  ♦ nA  ♦ y A2  ♦ y A^ 

In  the  equations  of  this  section  bars  will  be  omitted  but  implied 
over  the  time  derivatives  of  the  mean  elements.  Thus  a swans  the 
first  time  derivative  of  a.  Subscript  (0)  is  used  to  represent 
epoch  conditions,  n represents  the  mean  mean  motion  and  is 
equivalent  to  M.  As  implied  in  the  introduction  to  this  appendix 
these  derivatives  are  preferably  estimated  from  empirical  fitting 
of  tracking  data.  There  are  occasions  however  where  analytical 
expressions  are  useful.  One  particular  application  is  the  use  of 
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known  analytical  relationships  to  constrain  tha  experimentally 
derived  darlvatlvaa.  Conaaquantly  analytical  relationship*  for 
tha  naan  element  darlvatlvaa  will  ba  praaantad  hare.  Wa  will  naad 


J 


(1 


$ •in,T) 


a 


In  ordar  to  eompute  i it  la  firat  naoaaaary  to  compute  tha  rata  of 
apogee  daoay  (A)  and  tha  rata  of  parigaa  daoay  <f*)  ualng  McNair 
and  Boykin* a method i 

A ■ - Jp(l  ♦ a2  ♦ 2a  ooen>^(l  ♦ eoan>dn 

Pa-  [w  ..-Mil")  fp(i  + a*  ♦ 2a  ooan)*(l  - coarDdn 

IW  L <1  ♦ e>\)  J * 

whara  B » balliatio  ooaffiolant  ■ CPA 

w 


whara  CD 
A 
w 
I 

a 

P 

n 


a drag  eoaffloiant 

a rafaranca  area 

■ maaa 

■ naan  semi-major  axia  aaaunad  constant  over  one 

revolution 

• naan  aeoantrlcity  aaaunad  oonatant  over  one 
revolution 

■ atnoaphario  density  at  each  integration  step 
*>  true  anomaly  at  each  step 
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Numerical  integration  i*s  aoconpliahad  at  10*  atepa  in  rf  over  one 
complete  satellite  revolution*  p la  obtained  from  some  model 
atmoaphere . 

Then 


a 


i * * 

f (A  + P) 


a 

1 ■ 


a (-  2d  + c3) 


where 


c - 


n 1 

1 5 


Qo4  1 1 + 


L 3(nrt-  n)  J 


where 

n0  ■ 16.667  revs/day 

Q - 0,  if  e t 0,06 

Cj  m 4,  if  e < 0,06  and  n 1 16,204 


Q m 13,  if  W < 0,06  and  n > 16,204  , 

Further  derivatives  are 
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o*  MS* 


Other  relationships  used  In  some  algorithms  are 

5 • 1=*]  * [l  * § - 1*  ]• wh,r* 

r>  . - J (j£>  2/3  (X  - 5a)  ’ * (1  - | ■In8  T ) 

a - (-  4/3)  <a/n)  (n/2) 


V.  EPHKMERIS  GENERATION  USING  SIMPLIFIED  GENERAL 


NOTEt  For  almpliolty,  th#  notation  in  tbia  aootion  ia  not  exactly 
tba  aame  tain  Saotiona  Z to  IV  of  tbia  appendix. 


Tho  following  aro  naadad  for  tha  computation  of  tba  updated  earth* 
fixed  geocentric  poaltlon  and  valooity  vaotora: 


11407.874  (aarth  radii)3/ (mean  aolar  day)3* 


J8  - 1083.649  x 10‘ 


J3  - - 3.436  X 10' 


6.30038749  radiana/day 


Tbia  diacuaaion  oarriaa  tha  computation  only  aa  far  aa  geo- 
centric , earth-fixed  poaition  and  velocity  vaotora.  In  order  to 
compute  look  anglea,  one  naada  along  with  tha  geodetic  poaition 
of  tha  atation  tha  NORAD  apharold  conatanta:* 


Earth  radium 


8378146  metera 


Earth  flattening  ■ 1/298.26 


*See  note  Page  n-23. 
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2.0  COORDINATE  SYSTEM 


The  adopted  coordinate  system  ia  that  of  tho  naan  equinox  of 
epoch  and  true  equator  of  date.  The  following  relation  ia  uaed 
for  computing  tho  value  in  radlana  of  the  geodetic  eaat  longi- 
tude of  the  ne an  vernal  equinox  at  epoch  (t.  )i 

yr  at  t0  - 4.5396375881  - 0.0172097914614 
-5.0641  x 10~10dS  - 6.30038810F 
0 6 *VT  «t  »POch  < 2 it 

h 

where  d la  nunber  of  naan  aolar  daya  elapaed  from  0" 

January  1,  1950 , uni vernal  Time  to  0h  Uni vernal  Tine  of  epoch 
day;  F la  the  fractional  part  of  a day  from  0h  Universal  Tine  of 
epoch  day  to  epoch. 

3.0  TIME 

Included  in  the  Two-Line  Element  Set  ia  epoch  year,  epoch  day  and 
the  fractional  day  in  UTC.  UTC  is  uaed  throughout  all  computa- 
tions; and  if  a discontinuity  occurs  in  UTC  between  epooh  and 
time  of  interest,  then  this  offset  should  be  taken  into  aocount. 

4.0  OUTLINE  OF  COMPUTATIONAL  PROCEDURE 

The  Two-Line  Clement  Set  lncludea  eight  mean  elements.  Three 
additional  mean  elements  are  needed  and  must  be  computed  by  the 
element  user.  These  eleven  mean  elements  constitute  the  initial 
conditions.  To  these  initial  conditions  we  first  add  seoular 
effect'',  then  effects  due  to  atmospheric  drag,  then  long 
periodic  effects.  We  then  solve  Kepler’s  Equation  and  compute 
some  polar  coordinates  of  the  satellite,  we  then  add  in  aome 
short  periodic  effects  to  obtain  osculating  parameters.  These 
osculating  parameters  are  then  transformed  into  explicit  inertial 
position  and  velocity  vectore.  A final  transformation  Is  made  to 
n iMfoctntric , rectangular,  earth-fixed  coordinate  system,  from 
which  look  angles  may  be  readily  calculated.  To  avoid  a multi- 
plicity of  subscript*,  the  subscript  associated  with  only  the 
moat  recent  update  or  correction  is  attached  to  a parameter. 
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8.0  EIGHT  KEAN  ELEMENTS  AT  EPOCH  INCLUDED  IN  TWO-LINE  ELEMENT  SET 


Mo 

as 

mean  anomaly  (degress) 

»0 

■ 

right  asoension  of  nods  (degress) 

“o 

■ 

argument  of  perigee  (degrees) 

*o 

m 

eccentricity  (dimensionless) 

*o 

m 

inclination  (degress) 

no 

m 

mean  motion  [rev/ (mean  solar  day)] 

"o 

m 

tine  derivative  of  nQ  [rev/ (mean  solar  day)9] 

aa 

m 

second  time  derivative  of  n_  [rev/(nean  solar  day) 

NOTE:  As  soon  as  these  elements  arc  input  to  tho  computer,  all 

angle  measurements  ara  transformed  to  radians.  Computa- 
tion will  proessd  using  sarth  radius  units , radians  and 
mean  solar  days. 


S.°  THREE  ADDITIONAL  MEAN  ELEMENTS  AT  EPOCH  TO  BE 
COMPUTED  Blf  ELEMENT  USER 

a0  - aarai -major  axis  [sarth  radii] 

a 

n0  - tins  dsrivativa  of  0Q  [radians/ (moan  solar  day)] 
u)0  - tins  dsrivativa  of  u>0  [ radians/ (mean  solar  day)] 


Thssa  a lament a are  computed  as  follows: 


9 1 

a’  - [K/n0a]  3 

_ 3 

6 - - j J,  <»')‘aO-.0a)  * (»-  | ■i»ai0> 

•o  - •'[»♦»»  -5  «*J 
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TKMP 


1 "2 


• -IMP  COB  1 


1 


TEMP  <2*2.5  Bin4  i ) 

0 


It  in  oonvaniant  to  ineluda  in  this  ssotion  on  initial  condition! 
tha  moan  orbital  longituda  LQ  and  ths  naan  pari gat  diatanoa  qQ  . 

L ■ « + I + ft 

O 0 0 0 

Qm  a (1-a  ) 
o o o' 


NOTE i All  tha  praosding  computations  art  to  bn  parfornad  only 
onoa  par  alamant  sat.  All  tha  remaining  oonputatlons 
must  ba  parforaad  ones  for  aaoh  tlma  point  in  tha 

aphanaris. 


7.°  COMPUTE  SECULAR  PERTURBATIONS  IK  MEAK  ELEMENTS 
AT  TIME  (t-tQ)  FROM  EPOCH 

l,  * lo  + <»o  + “o  + V (tw  ‘o> 


\ - no  ♦ no  (,-‘o> 


■ <UL  ♦ (t«t  ) 
o o o 


8.0  ADD  IH  ATMOSPHERIC  DRAG  PERTURBATIONS 

LA  " Ls  + ? no(t"to)2  + 9 no(t*to)3 

nA  " no  + no<t*to)  * 7 no(t"to)2 

n 2/ J 

a.  - a ( 

A o nA 

qo 

*A  ■ 1 - - if  t qQ  ; otherwise  e^  ■ 


7 


i f 


T 
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o 


PA  " *A  <l-#A2) 

bxA  * •Aeo#‘ub 

#yA  " *A  min  “s 


The  solution  of  Kepler's  Equation  for  Ej  by  straightforward 
iteration  is  as  follows: 

Vs  drop  the  subscript  (I)  temporarily  and  Introduce  a subscript 
(k)  to  indicate  the  sequence  of  estimates  starting  with  k - 0: 

E^j  - M + e sin  Ek  „ 

Initiate  the  process  with  sin  E0  ■ sin  M to  obtain  the  first 
estimate  and  continue  until  a convergence  criterion  is  met: 

|‘k+i  - h|  - 1 • 


|,0  ADD  IH  LONG  PERIODIC  PERTURBATIONS 

« . 1 J3  *xA  BiB  4 lM  co# 

Li  ■ lA  " T 7J  "PJ  >in  4o  VU  coT 


•yj 

•i 

Pi 


(3+5  COS  lA 

!+  coi  r0 j 


0 a L|  < 2t 


1 3 


sin  i4 


vi  tj  — 


tan 


.1  txi 


xA 


0 j < Sir 


(•**a  ♦ *y l2j 

It  (1-St®) 


Li"a)i"ns 


0 1 lit  < 2v 


E/-e<  sin  Ej 


(Kepler's  Equation) 


N-tO 


Hiving  tho  eccentric  anomaly  , wo  compute  tho  corresponding 
truo  anomaly  Vjt 

vi  . .1  /»♦•  Aj 

T • *«  ( TSS-]  «*»T 

y | 

whoro  ■4—  la  evaluated  In  aaae  quadrant  aa  -JL  , 


v4  +«j 


0 2 u < 8* 


aA  (l-«j  coa  Ej) 


1 #4  aln  B, 

(K*  )7  JL. £ 

* rj 


ri  vi 


(Kpj)I  /rM 


10.0 


" ri  ♦ T •ll‘a  *0  00B  9 ui 

■"  ui  " ^ -^7  <6-7  Bin9  i ) aln  9 u. 


■ nB  -f  7 00a  i aln  2 Uj 


■ + 


3 J2 


7 —7  ain  i0  00a  10  00a  3 U| 


11 *°  TRAP S> OHM  70  INERTIAL  POSITION  AHD  VELOCITY  VICTORS 

f*  n 

-Bln  nh  COB  lh 

[*]  * OOB  OOB  1^ 

aln  iw 


N-ai 


00.  ^ 

.1.  flfc 


[K]  ooa  uh  + [M]  aln  uh 
-[M]  ain  uh  + [ti]  ooa  uh 

'h  w 

r4  tUl  ♦ tv) 


AW?  VELOCI 


[0 


T 


where 

7t  - (7t  tt  t0>  - o)j  <t-tc) 

and  whero 

the  EFQ  coordinate  system  Is  geocentric,  earth-fixed,  equatorial, 
rectangular  and  right-handed,  0 la  coincident  with  earth  polar 
axle  and  extenda  in  a positive  direction  northward.  I extande 
positively  so  as  to  pierce  the  meridian  of  oreenwloh,  The 
units  are  earth  radii  and  mean  solar  days. 


NOTE:  It  nay  be  necessary  to  reference  the  atatione  to  aome 

spheroid  other  than  the  NORAD  spheroid.  Ideal  alter- 
natives are  NWL-9C,  NWL-8E  and  NWL-8  because  they  are 
identical  in  alee  apd  shape  with  the  NORAD  spheroid 
and  have  centers  sufficiently  close  to  the  NORAD 
spheroid.  Other  acceptable  spheroids  are  Mauln-61, 
Mercury  Fischer-88,  8A0-66,  fiAO-67  and  SAO-69,  The 
dimensions  of  eaoh  of  these  last  five  differ  somewhat 
from  the  NORAD  spheroid  and  one  may  question  whether 
these  changes  necessitate  ohangea  in  any  of  the 
physical  constants  in  the  NORAD  algorithm,  The 
answer  is  no,  with  the  possible  exception  of  the 
central  gravitational  parameter  g. 


For  the  NORAD,  NWL-0C,  NWL-8E  and  NWL-8  epherolds 
11467.874  (earth  radii)3/ (mean  solar  day)3  is  equlva- 


S 2 

lent  to  398601.2  km  /sec  , a standard  value  derived 
from  spaoe  probe  trajectory  analysis.  For  the  other 
five  acceptable  spheroids  these  two  numbers  are  not 
equivalent.  For  these  last  five  spheroids  there  is  a 
slight  advantage  in  maintaining  K - 11467.874  (earth 


3 2 

radii)  /(mean  solar  day)  for  near  earth  satellites 
with  semi-major  axea  less  than  about  two  earth  radii, 
and  there  la  increasing  advantage  in  maintaining 

K - 398601.2  km3 /sec2  - transformed  to  (earth  radii)3/ 

(mean  solar  day)3  — as  the  orbit  semi-major  axis  In- 
creases beyond  two  earth  radii. 


! 


\ 

f 
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APPENDIX  0 

CANONICAL  UNITS  AND  MISCELLANEOUS  CONSTANTS 


1.0  CANONICAL  OR  CHARACTERISTIC  UNITS 

It  la  aoMtiaea  desirable  from  considerations  of  computational 
accuracy,  computational  speed  and/or  analytical  simplicity  to 
uae  canonical  urita  in  orbital  mechanics.  These  units  are 
always  defined  numerically  an  the  basis  of  a ciroular  orbit 
under  the  influence  of  a central  force  alone,  with  no  drag  or 
other  perturbations;  but  they  nay  be  freely  used  in  any  kind  of 
orbit  with  perturbations  of  all  kinds,  and  such  use  does  not 
represent  an  approximation  or  source  of  erur  in  the  orbital 
computations.  When  these  units  are  used,  the  oentral  gravita- 
tional parameter  K becomes  unity  and  does  not  appear  explicitly 
in  the  equations  of  motion.  Let 

CUL  ■ canonical  unit  of  length 
CUA  ■ canonical  unit  of  sees ler at ion 
CUV  ■ canonical  unit  of  velocity 

CUT  ■ canonical  unit  of  time 

Dy  definition  a satellite  in  circular  orbit  at  one  CUL  from 
center  of  central  body  is  subject  to  one  CUA,  travels  at  rate 
of  one  CUV  and  traverses  one  radian  in  one  CUT,  based  on 
central  force  theory  with  no  drag  or  other  perturbations,  CUL 
may  be  chosen  arbitrarily  but  is  usually  selected  to  be  mean 
equatorial  radius  of  planet  for  planetocentrlc  orbits  and  one 
astronomical  unit  (l.e.,  semi-major  axis  of  earth's  orbit)  for 
heliocentric  orbits.  After  CUL  is  chosen,  then  CUA,  CUV  and 
CUT  are  autooatically  determined: 

CUA  . K/(CUL)8 

CUV  • lK/(CUL))1/2 

CUT  • l(CUL)3/*)1/a 


0-1 


iSBeuammaiSMUli 


7Vr  v 


•:  ,'r  c 


As  a*  f*t*ple,  for  K - 398601  ke3/sec2  end  NWL  - 8*  spheroid 


-vj 


CUL 

CUA 

CUV 

CUT 


6378148  ■ 

9.79827462102  a/sec5 
7905.36629665  s/sec 
806.812078850  sec 


2 . 0 SOME  MISCELLANEOUS  CONSTANTS  AND  CONVERSION  FACTOKS 


V m 3,141592653589793 
• - 2,718281828459045 

M - 0.4342944819032518 

1 foot  (International)  * 
1 foot  (American  Survey)* 


0.3048  meters* 

(1200/3937)  meters* 
0.3048006096012192  meters 


1 nautical  mile 

1 statute  mile 

1 radian 

] degree 

1 degree 

1 degree 

1 knot 

1 pound 

1 slug 

1 millibar 

Speed  of  light 
in  vacuum 

Earth  gravita- 
tional parameter 

One  astronomical 
unit 

1 milligal 


1852  meters* 

6076,115485504304  international  feot 
1609.344  meters* 

5280  International  foet* 

(180/tt)  degrees* 

57.29577951308232  degrees 
(6400/360)  mils* 

17,77777777777770  mils 
17.45329251994329  milliradlans 
1.687009857101196  international  feet/second 
0.45359237  kilograms* 

32.17404855643045  pounds 
1 .01971621297  grams/centimeter2 

299792456.2  +1.1  meters/second** 

3 2 

398600.8  + 0,4  kilometers'  /second  ** 

149597893.0  + 5 kilometers** 

2 

0.001  centimetor/second  ♦ 


NOTE:  Seconds  as  used  here  represent  international  atomic 

seconds,  (See  Appendix  J) 


* Exact  by  definition 

**  Experimental  and  approximate 


APPENDIX  P 


TRANSFORMATION  OF  MEAN  ANOMALY  TO  ECCENTRIC  ANOMALY 


u 


This  Involves  the  solution  of  Kepler's  Equation: 

M ■ E • e sin  E, 

whore  M is  mosn  anomaly,  E is  eccentric  anomaly,  and  e is 
eccentricity.  This  was  the  first  transcendental  equation  to 
engage  the  attention  of  mathematicians  and  hence  there  are  well 
over  r hundred  treatments  of  this  problem  in  the  literature. 
Present  practice  or.  electronic  computers  is  usually  a simple 
straightforward  iteration  using 

Ek+i  - U ♦ . .In  Ek  , 

initiating  the  process  with 

K_  - M 

o 

and  continuing  until  a convergence  criterion  is  mot: 

|Ek+l  “ Kk  < € 

This  method  has  advantages  of  simplicity  and  small  storage 
requirements.  However,  it  may  be  unnecessarily  wasteful  of 
computer  time.  Eight-place  accuracy  (radians)  may  required  36 
iterations  if  e is  large, 

A method  which  is  always  as  last  and  some times  twice  as  fast  is 
the  ilrst-order  differential  correction  process* 


Jk+1 


Ek  ♦ 


M-E^  + o sin  Ek 
1 - e cos  E,_ 


whore 


E 


o 


M 


P-1 


Seven  iterations  or  lose  will  generally  give  eight-place 
accuracy  (radians).  If  eccentricities  are  less  than  ,01,  then 
the  straightforward  Iteration  is  just  as  fast  ns  the  first-order 
differential  correction  process. 

For  eccentricities  less  than  0.6,  additional  computer  time  can 
be  saved  by  using  a series  expansion  to  improve  the  estimate  of 
K prior  to  eithor  one  of  the  ltorntion  processes  described: 

K - M + e sin  14  + <e2/2)  Bin  2U  + <o3/u)(3  sin  3M  - sin  M) 

+ (e4/fl)  (2  sin  4M  - sin  2g)  + (e5/3R4)  (i2£5  sin  5M  - Hi  sin  3U 
+ 2 sin  H)  + ,,, 

No  time  will  he  saved  using  this  series  unless  a Hpocini 
routine  in  u*,od  to  develop  sin  2M,  sin  3M,  etc,  functions  from 
the  values  for  sin  M and  cos  M;  thus 

Sin  2M  K 2 sin  M OOS  M 

sin  .'IM  3 Hin  M - t sin'1  M 

a in  IM  •<  I cos  M (win  M - '*  hIii'm) 

sin  f-M  - Ml  h l n M - :!0  Hiu'1  M i :< In  w 

The  expansion  for  Is  generally  «>i|u i va leiti  in  accuracy  to 
about  five  st  raiglitforward  Iterations  and  In  computer  time  to 
about  halt  that  number. 


■4-.> 
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I 
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APPliNOTX  Q 


^ Transformation  of  Coyarlanoe  Matrix  to 

Probability  Region 

The  boundary  of  a confidence,  tolerance  or  prediction  region  can 
bo  constructed  or)  the  basis  of  a random  sample  of  N observations 
transformed  to  a mean  position  column  vector  u and  a sample  co- 
vai-iance  matrix  d,  A confidence  region  is  one  which  has  a pre- 
designed probability  of  including  n parameter  (e.g.,  the  mean)  of 
the  population  sampled,  A tolerance  region  will  on  the  average 
contain  exactly  some  specified  proportion  of  the  population.*  A 
prediction  region  has  a specified  probability  of  containing  the 
next  observation  (or  perhaps  the  mean  of  the  next  h observations) 
The  regions  discussed  here  are  all  centered  about  the  mean  of  the 
sample  and  may  be  one,  two  or  three  dimensional,  specified  by 
p »■  1,  *>,  respectively.  Conditions  assumed  are:  optimum  (i.e 

minimum)  sisso  probability  region,  random  normal  distribution  of 
observations,  mean  and  covariance  matrix  of  population  estimated 
from  the  observations.  The  probability  region  will  be  a straight 
lino  (p  *■  .1),  an  ellipse  (p  ■*  ;?),  or  nn  ellipoold  (p  - ^). 

fn  general,  for  un  x y r.  rectmigu'lnr  coordinate  system,  let 


- - 

, \ 

!,XS 

, **■ 

A 

X 

i > 

X 

°Xl’. 

y 

u -» 

y 

JF3  * 

'V 

a ? 
y 

fl 

yt 

l ' 

_ ‘ ' -X 

p,*y 

.1.  i * i , ■ i i :ular,  for  a two..dtmnnnlona'l  or  one -dimensional  region 
• il;  i , ■ i 'I’lent  ■-(•■<  I , oik:  ■ • i • I wo  of  the  coordinate  axes  may  he 
■ .i I ■ 1 1 1 aid  the  nr'ler  ef  .'i  reduced  accordingly, 

Tli  I'M  iilori  of  I lie  probability  region  Is 


"ill  • Is  a ■iiiiik  *ri  l,y  i | »i -ed  definition  but  riot  the  only  one, 


«•  I 


Q 


[u  - ul  * S“3 

fu  - ul 

St 

L -J 

L -J 

where 


[N-l 

t=p 

the  population  mean, 


F,*  xt  « for  confidence  region  for 
p,  N-p  ® 


Q 

Q 


(N"-l)  D 

V (W-p7 


Fp  N-p  for  to3lirnnco  region, 


(jj  + fl)  pp,  N-p  fo1'  P1,edlotion 

region  for  moan  of  next  h observations, 

and  where  P is  the  tabulated  P ntatlutlo  for  p and  (N-p)  dugrcM-s 
of  freedom,  p 1b  degrees  of  freedom  for  greater  mean  square 
(numerator),  and  (N-p)  in  degrees  of  freedom  for  leaser  moan 
Bquare  (denominator)  in  P tablet!. 


NOTE:  The  probability  regions  are  generally  oomputed  lining  the 

oovarianoe  matrix  of  the  mean  vector  output  from  a prior-  error 
ana 3 /ale,  This  oovarianoe  matrix  does  not  correspond  to  M but 
rather  to  S/N  or  fi  + jj),  Hence  the  o ovarian  no  matrix  of  the 
moan  v'eotor  may  bo  flubrti  tilted  Tor  H in  all  of  the  equations  of 
thin  appendix  if  Q la  modified  accordingly  by  removing  the  I'aotoru 

(T|)  or  $ + 


For  Borne  applications,  It  ii1  more  convenient,  to  consider  the 
equation  of  the  probability  region  in  the  form 


rt  a"1  r 


0 , 


whore 


r i 

r m 
tr  nj 


fu  - u]  , 


•ind  r its  magnitude  of  rmllm1  vi.-ctor  l’ropi  center  of  probability 
region  to  the  boundary,  and  (I,  m,  n)  represent  direction  coBtnes 


1 


' **T  «* , 


of  r rotative  to  the  x y ?.  coordinate  system.  If  (l>  m,  n)  arc 

given.  It  Is  then  an  easy  matter  to  solve  for  r.  (1,  m,  n)  may, 
for  example,  be  chosen  to  represent  the  direction  cosines  of  the 
instantaneous  velocity  vector  of  a missile ; and  then  + r would 
define  the  in-track  position  probability  interval  at  that  instant. 

For  some  purpose u,  it  is  useful  to  know  the  lengths  of  the  semi- 
axes  of  the  probability  region.  Form  the  matrix 


A » f8  - dl]  , 

set  its  determinant  equal  to  nero  arid  solve  for  d.  There  will  be 
one,  two  or  three  non-s*ero  roots.  All  roots  are  real  and  non- 

i.  L 

negative.  I«t  d.,  represent  the  value  of  the  1 root.  Correa- 
ponding  to  0^^  there  is  a semi -axis  with  length  equal  toyQ  d^^  , 
where  Q is  computed  using  p equal  to  the  number  of  non-zero  roots 
(unless  a different  pin  known  a priori).  I In  the  A matrix  is 
Hu*  identity  matrix  with  order  equal  to  order  of  S, 

11;  In  also  frequently  desirable  bo  know  the  orientation  of  the 
semi -axes . Let  the  order  of  M be  j.  If  J equals  one,  there  is 
only  one  root  d^  and  only  one  semi -axis  a^,  and  it  lies  along  the 
single  coordinate  axis  In  the  problem.  For  J > 3,  the  orientation 
..l‘  idie  semi  -a  ma  may  he  determined  as  follows,  where  we  assume  for 
l ne  moment  tli.it  all  th>  i'ool.n  <1^  are  distinct! 

.ii  a d,  .In  the  A matrix.  Tin  re  vi  11  be  at  !■  ist  one  row  a in 

A 

it"  tl  nr;  mairlx  for  which  all  the  cofactors  (A^,  t a 1 to  ,1 ) 

it  out  vanish.  Then  the  unit  vector  Ic^  describing  the  orients  lion 
■ i i lie  , ein.1 -a <is  Sj  liar  tin  I'ol .1  owing  components  along  the  co- 

■ i . 1 1 1. ■ i . ■ axe i.i ! 


¥• 


i 


Tim  components  of  are  direction  cosines  of  the  semi-axis  a,(  . 

T!  ic  procedure  may  bo  repeated  for  nil  the  distinct  rootB  d^.  It 
may  be  noted  that 

S - dl 

constitutes  what  is  called  the  characteristic  equation  of  the 
matrix  S,  The  roots  are  called  eigenvalues  and  the  unit 

vectors  k,  are  celled  normalized  eigenvector:),  ("Latent  roots"  and 
"characteristics  roots"  are  synonymous  with  "eigenvalues".) 

If  two  or  more  roots  d^  are  identical,  the  orientation  of  all 
neini-axeti  can  be  computed;  but  the  very  nature  of  the  problem 
precludes  a uni quo  solution.  The  only  problem  of  possible 
interest  to  us  here  is  that  in  which  there  is  one  distinct  root 
and  two  non- aero  repeated  roots.  A non-unique  solution  to  this 
problem  of  possible  into rest  can  be  obtained  as  follows! 

Proceed  as  before  to  determine*  tho  three  semi -axes  and  also  the 
unit  vector  k,  for  tho  semi -axis  corresponding  to  the  distinct 
root  d^.  dQ  and  will  then  be  identical,  and  a,.,  and  a.^  will 
also  be  identical.  Form  the  matrix 

[S  - d2  I) 

where  d2  is  the  numerical  value  of  t.ho  repeated  root  of  charac- 
teristic equation,  and  let  some  non-zero  row  of  this  matrix  he 

denoted  by  (e  f g).  Then  a possible  value  for  U. . if  both  g and 

» 

f are  not  zero  iB 


or  if  both  f and  g are  zero, 


TIi*:  corresponding  value  for  may  be  oompui  ed  from  the  veot.or 
cross  product 

k ,,  ••=  kJ  x . 

Tlv*  discussion  iiu  Per  has  treated  position  data,  but  the  mathe- 
matics applies  equally  well  ti>  velocity  data  or  acceleration  data, 
u,  u and  may  be  defined  In  terms  of  velocity,  for  example, 

Q-*l 


1 


ln.'tf-nil  of  po.iltlun.  'ITu'ia  will  rcpr'inait  a armi-axl  a of 

velocity  and  k^  will  represent.  a unit  vector  defining  the 

direction  of  a.  , 

*1 

A final  word  of  caution  should  hr  given  in  regard  to  possibly 
Maned  observations . The  particular  "population"  being  estimated 
may  or  may  not  require  an  assumption  of  unbinoed  data.  If  auoh 
an  aanumption  1»  required  and  the  observations  are  known  to  have 
■ i bias  uncertainty,  it  may  he  possible  to  augment  the  covariance 
matrix  to  take  can;  of  the  problem.  Each  problem  Bhould  be 
carefully  analyzed  before  proceeding  with  the  routine  of  calcu- 
lating n probability  region. 

Numerical  Examp 3 e 
CM  von : 


r ,,  2 
• > 

X 

\v 

n **■ 

“xa 

" Hi. 09 575 

- . 487139 

+ .937500“ 

» < 

‘•\v  X 

« i 

"y 

< » 

"y* 

4 

- .4117159 

i 3,  '3  5125 

-:i  .40779 

» » 

1 1 

' X 

o 2 

J 

i .937500 

-1.407 MO 

+5.3750C 

N - .70 

p “ 3 


i . 1 1 : 

r.  i . i . r ..f  probability  region,  Irngl  ha  of  nemi -axon, and  orient n- 
i i . ih  . , r ...mi -nxcM  for  a Oh'/  o.iil'H.noi'  fillpnold  for  population 
-i  , . tolerance  i '1 1 1 piiid d , in  i a 97/.  prod.1  ot-1  on  elliprold 
ii,  ii  < I obmirvatliin.  A i : i : i nm * unbiased  nbflrrvati ona . 

■ i i ■ . i , ■ 

ii.  i i p. 'i)  i;i  i pi'ub.i  Idl  I t.y  i'r:l"ii.  nri!  all  (,cnl.oi,‘,d  at  x « i, 
'I'll"  ri'iiil  - ■ i y i i:  i i-c • i i.mputrd  starting  with  the 


(+5.093/5-d)  - ,437139  4 .937500 

- .487139  ( +3. 1531 25 -d)  -1.40729 

+ .937500  -1.40729  (+3.37f)00-d) 

Setting  the  determinant  equal  to  zero,  we  obtain 


Now 


- 12d2  + 44(1  - 

48 

■ o' 

roots 

of 

this  equation 

are 

dl 

Ml 

+ 2 , 

d2 

* 

+ 4 , 

d3 

M 

■\  6 ,* 

Q 

m 



(3. 

.20) 

Q 

m 

(3 

.20) 

Q 

-t 

(1  I'  -g^-) 

3 (no- 

(3.20)  ««  0,53813  for  confidence  e.nipuoid . 


olHpBOid. 


Therefore 


Confidence 

Tolerance  Prediction 

al  " 

1.0359 

4.7468 

4.7468 

fl2  “ 

1 . 4050 

6.7130 

6.7130 

«■}  " 

1.  /‘J4r? 

8.221/0 

8.221/0 

“ +.6495” 

”4.7500“ 

1 , g4'i5 

><;.  ’ 

•i-.6r'5o 

k3  " 

- . 4 3 30 

_4. 7500„ 

--.4330. 

4 , 8000,. 

" 'l’1'e  Integer  roota  are  not  furtuitoua  but  were  contrived 
Tor  purpoBns  of  simplicity. 
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CLOSED  FORM  SOLUTION  OF  CUM1C  WAVING  THREE  HEAL  ROOTS 
Wu  are  given 

3 2 

Ax  + Bx  + Cx  + D « 0 

Divide  through  by  A,  go  that 
3 2 

X + Px  + (jx  + il  • 0 

Compute 

h - (P3  - 3Q)/3  nnd 

b - (0PQ  - «P;1  - 2/RJ/27  . 


Evaluate  <j> , where  0 < « < n , from 


coma  - (3/2)(li/o)  /3/n 


Then  the  roots  are 

x 


, - Lp  COS 

2 « 3 ^ii/3  (job 


♦ /3 


- P/3 


't/3  + 130* 


- l’/ii 


xa  « aja/: i owb  (♦✓:«  * 240*  J - i>/:j 


and 


f ■' 

i 1 

i ; 


i 
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EVALUATION  OF  DETERMINANT  OF  OHDKJl  3 


Take  products  of  elements  on  iloscundl nu  clin^onal  linos  with 
the  sign  4-  and  take  products  of  elements  on  ascending  diiuconnl 
lines  with  the  sign  - , The  HKgrogalu  of  the  six  productn 
thus  obtained 

*1  b2  c3  + °H  l,3  + ci  n2  k>3  “ *3  l,2  C1 
- b3  c?  nj  - o.j  a2  bj 

will  be  the  value  of  the  determinant. 
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RADAR  MEASUREMENT  EQUATIONS 

The  following  oquntlona  are  useful  in  adjustment  proceBSGB  and 
Bimuilation  exercises? 


H 

•’  Rt  + r3 

h r,,  Rt 

4 r 5 Rt 

menuuroment 

true  z«po  net 

uoalo  factor 

veloolty  lag 

and  timing 

+ r4  \ + 

r^  oao  E^  + 

‘R 

acceleration 

realdual 

random 

lag 

refraction 

error 

A 

- At  + «l 

+ A,. 

+ a,  At 

maaimn.m-nt 

true  zero  Bot 

velocity  lag 

acceleration 

and  timing 

lag 

•t  u l(  tan  + 

a,  boo  K.  + 

z>  t 

flg  aln  -t  riy  con  A 

non-orthogo- 

oollimation 

encoder  eccentricity 

nality 

+ u aln  A^,  Uiri  1^ 

- v cob  A^.  tan  E 

:t  + €a 

ml  ii  love  3 

random  error 

K 

- ,!i.  ■ , 

• 

i I',, 

* ii, 

meiiHureme  n l 

true  corn  act 

velocity  l.'ig 

aooe.lei'Ji  t i < n 

/ind  timing 

lag 

i Cj!  ctn  l<  i 

,;1"  Kt 

°f,  ‘‘0i!  Ki 

rvniau  i l i 

■ii.  odor 

rruMuiiT  occi'iii  rl  c ■ t 

T'uf'T'Mr  1 l HU 

to  ntrloll:y 

and  droop 

1 11  cor  A | 1 V Jill 

i /'.  i ' 

in  1 c li  ve  l 

rni.dom  error 

■ , i 1 ■ i . 

l 1 I.IIIH  M on  n rt’i  n II I v 1 in-- 1 u ■ | 1 ti  c..  , 

In  them.'  C(|u:i  t l onr  ; 

!•*  ) 1 ■ 1 . 1 . , 

cangc!  A,  i / i mu  l.h  ; 1'!, 

' M'Vil  1 1 Oil  . 

The  zero-sot  errors  a*c  constant  bias  or  o If -set  values.  Scale 

factor  represents  the  rango  orror  resulting  from  an  error  in  the 
oscillator  frequency  or  In  velocity  of  propagation.  Non- 
orthogonality  represent*  the  lack  of  perpendicularity  between 
the  azimuth  and  elovation  axes.  Collimntion  represents  the 
lack  of  perpendicularity  between  the  R-F  beam  and  the  mechanical 
elovation  axis,  Mislevol  represents  n tilt  of  the  azimuth 
plane  — u being  the  northward  component  and  v being  the  eastward 
component.  Thi*  tilt  is  measured  with  respect  to  the  local 
horizontal  to  the  geodetic  spheroid.  Velocity  and  occolc-ration 
lags  are  dynamic  radar  errors  which  become  significant  in 
azimuth  at  high  elevations  and  sometimes  during  missile  reentry 
at  lower  elevations,  and  which  become  significant  in  elovation 
in  missile  reentry.  Droop  represents  the  sag  of  the  R-F  axis. 
Timing  errors  refer  to  errors  in  the  timo  tag  on  the  data.  The 
random  orror*  represent  noise  in  the  data  with  zero  means. 
Residual  refraction  and  encoder  eccentricity  require  no  explana- 
tion. The  numerical  coefficients  to  be  adjustod  are  rj,  r^,  r^, 

r4  * r5*  *l»  a2»  a3»  ®4*  a5 * nG*  ®7  * ®1#  e2’  °3»  tV  e5*  °r>*  11 
and  v.  Somo  approximate  a priori  one-sigma  value*  for  those 

coefficient*  in  the  case  of  Ml  PIP.  radars  are  shown  in  Tabic  I. 

NOTE:  In  ship  radar  calibration  it  is  frequently  preferable  to 

exprea*  the  mlslevel  in  amplitude  M and  phase  angle  P,  where 
amplitude  is  positive  upward  from  local  horisontal  and  phase 
angle  i*  measured  positive  eastward  from  north.  The  mlslevel 
term  for  azimuth  is  then 

M | sin(At  - F)J  tan  Et 
and  the  mlslevel  term  for  elevation  la 

U cos(At  - r)J 


tt-2 


'WnMi.ht.v 


TABLE  I 

A PRIORI  ONE-SIOMA  VALUES  FOR  MIPIR  ERROR  COEFFICIENTS 


Error  Coefficients 


r j (veloolty  lag) 
r^  (timing) 


Value  s 
20  feet* 

0.0000005 

0.0001  seconds 

0.00001  seconds 

0,0005  (seconds)2 

0 , 1 foot 


ag  (velooity  lag) 
a£  (timing) 


0,00005  radians 
0.003  seoonds 
0.00001  seoondB 
0.06  (seoonds)2 
0.00002  radians 
0.00004  radians 


zero 


zero 


C1 

Gp  (voloolty  lag) 
e?  (timing) 


Og  (enooder) 
e6  (droop) 


0.00005  radians 
0,003  seconds 
0,00001  seoonds 
0,06  (seconds 
0,00002  radians 


zero 


zero 

0.00004  radians 
0,00004  radians 
0.00004  radians 


♦in  echo  track,  l^ay  be  larger 
in  beacon  track. 
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Differential  Correction 


Transformations  treated  In  the  other  sect  icne  and  append  ice  a of 
this  report  are  direct  and  precisely  determined.  Some  of  the 
most  important  transformations  in  missile  and  satellite  technology 
are  not  of  this  type;  but  instead  they  are  iterative  because  of 
assumed  linearity  in  the  partial  derivatives,  and  statistical 
because  of  redundancy  in  the  data.  It  is  the  purpose  of  this 
appendix  to  sketch  out  the  solution  for  problems  of  this  latter 
type,  it  is  beyond  the  scope  of  this  report  to  treat  this  subject 
in  other  than  the  barest  elements.  Zt  Is  a complex  subject  in 
both  theory  and  application.  Complexity  in  the  applications  is 
associated  with  the  required  partial  derivatives,  matrix  parti- 
tioning, constraint  matrices,  bounding  of  corrections,  logical 
sequence  of  iterations,  a priori  parameter  weighting,  data 
weighting,  selection  of  parameters  to  be  adjusted,  and  effects 
from  errors  in  peremetero  not  adjusted.  The  bibliography  contains 
some  references  which  may  be  helpful  for  further  study. 

Pour  types  of  applicstlons  will  be  considered  here: 

(1)  One  in  which  the  observations  are  eonneoted  by  some 
functional  relationship;  e.g,,  a missile  or  satellite 
In  tree  or  ballistic  flight  described  by  equations  of 
motion. 

(2)  One  in  which  the  observations  are  not  connected  by  e 
functional  relationship;  e.g.,  a missile  in  powered 
flight. 

('>)  A variation  of  (2)  in  which,  although  the  actual  ob- 
servations are  not  connected  by  a functional  relation- 
ship, the  observations  are  commonly  affected  by  some 
error  such  as  survey  or  aero  eet  biases. 

(4)  A simple  non-etatiatlcal  type  of  problem  using  non- 
redundant  data. 


* A' *4  by  »><■*« 


t it 

These  four  types  till  bo  treated  In  order.  An  explanation  of  all 
notation  la  given  at  the  end  of  thle  appendix.  For  varlouu 
reaaona  the  notation  par  net  oonfora  with  notation  elsewhere  in 
this  report.  » 1 

* ■ m i ■ 

T mJll  ] a 

Thla  can  be  most  lastly  explained  bp  Illustration  using  a simple 
orbit  determination  a&d  asaoolated  estimation  of  radar  error 
coefficients.  Ve  assume  all  observations  to  be  made  from  radars, 
although  the  extension  to  other  type  sensors  is  simple  and  ob- 
vious. The  radar  measurement  equations  referenced  In  this  dia- 
ousslon  are  treated  in  Appendix  R. 

The  observations  at  the  various  time  points  are  functionally  con- 
nected by  the  following  simple  equations  of  notion  which  are 
satisfactory  for  moot  low  altitude  satellite  work: 


X - + a?  X + a <oY 

V - Iji  + <0*  T - 9tt)X 


z 


DpVX 

DpVY 


In  these  equations  the  acceleration  Is  defined  in  terns  of  a 
geocentric  earth-fixed  right-handed  rectangular  coordinate  system. 
(See  Glossary.)  The  first  term  on  the  right  of  each  equation 
represents  acceleration  due  to  gravity.  The  last  term  on  the 
right  of  each  equation  represents  acceleration  due  to  aerodynamic 
drag.  The  other  terms  on  the  right  sides  of  the  equations  of 
motion  are  the  usual  ones  describing  Coriolis  and  centripetal 
accelerations  in  a rotating  coordinate  system.  U represents  the 
Earth's  gravitational  potential  and  Is  defined  by 


o 


u 


..  r n(max)  n g n 

f [*  +„^l  J!o  ‘S’  P-  <“*  ♦MCii«  co*  17  + Snm  »*" 


The  gravitational  model  is  defined  by  tbe  experimentally  de- 
termined values  for  CM  and  Any  of  the  newer  models  issued 


s-a 


...»  j j. Itll lut H * UMI ■ li . _ 


it 


by  Naval  Weapons  laboratory,  Smithsonian  AntrophyBloal  Observa- 
tory, Applied  Physios  Laboratory  or  NASA  may  be  used.  Any  of  the 
newer  atmospherio  models  issued  by  NASA,  Smithsonian  Astrophysioal 

Observatory  or  U.  3.  Air  Foroe  may  be  used  to  describe  the  air 

* • • 

density  p.  Consequently,  given  a veetor  (X  Y Z X Y Z)  and  the 
various  models  and  constants  entering  into  the  equations  of 
motion,  one  can  numerically  integrate  the  equations  of  motion  and 
thereby  generate  a satellite  orbit  for  as  many  revolutions  as 
necessary. 

The  orbital  parameters  to  be  estimated  are  the  constant  D and  the 
components  of  the  veotor  (X  Y 2 X Y Z)  at  an  epoch  corresponding 
to  first  traok  point. 

The  objeot  is  to  make  a simultaneous  estimate  of  the  orbital 
parameters  and  the  radar  error  ooefficlentB,  The  mathematical 
procedure  is  iterative  and  is  based  upon  the  criterion  of  minimisa- 
tion of  the  sum  of  squares  of  the  weighted  measurement  residuals, 

A weighted  measurement  residual  {dimensionless)  is  simply  a 
measurement  residual  divided  by  tin  a priori  estimate  of  standard 
deviation  in  random  error  in  that  particular  measurement. 
Measurement  residuals  arc  obtained  as  follows: 

. * * * 

An  initial  estimate  of  a vector  (X  Y Z X Y Z)  at  the  first  traok 
point  muy  be  obtained  by  a simple  curve  fitting  and  numerical 
differentiation  process  on  a short  Bpan  of  aotual  RAE  track  data 
transformed  to  XYZ,  An  orbit  is  generated  by  numerical  Integra- 
tion of  equations  of  motion,  and  then  by  a coordinate  transforma- 
tion the  resulting  XYZ  time  pointB  are  transformed  to  theoretical 
if  At;  measurements  for  the  radar  sites.  These  theoretical  measure- 
im'ni.M  are  uQed  In  place  of  the  true  but  unknown  measurements  on 
'be  right  aide  of  the  radar  measurement  equations  to  produce 
"computed"  measurements.  Random  errors  are  never  inoluded  in  the 
computed  measurements,  and  on  the  first  iteration  all  other  error 
coefficients  are  set  to  zero  since  they  are  unknown  and  have  ex- 
portations of  zero.  After  the  first  Iteration  there  are  non-zero 
1 .'I  I mates  of  the  radar  > rror  coefficients  to  use  in  producing 
'■nmpuitHl  measurements . The  computed  measurements  are  differenced 


riiiil'iH"  l 1 i V uu. \ . 


with  the  actual  measurements  to  obtain  measurement  residua] s. 


The  measurement  residuals  from  the  flrBt.  computation  will  generally 
be  much  larger  than  the  random  errors  In  the  actual  radar  measure- 
ments and  thus  indicate  that  one  or  more  of  the  adjusted  parameters 
have  been  poorly  estimated,  CorreotlonB  are  therefore  computed  and 
added  to  the  original' estimates  of  all  the  adjustable  parameters. 
Corrections  are  computed  using  a basic  leaBt  squares  iterative 
equation  satisfying  the  original  minimization  criterion:* 


P 


(0„  ‘ !'1 


-] 
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P is  a column  veotor  of  corrections  for  the  adjusted  parameters, 
including  both  orbital  parameters  and  radar  error  coefficients. 
This  equation  Is  used  together  with  the  equations  of  motion  and 
the  radar  measurement  equations  like  any  other  Bet  of  Iterative 
equations.  After  u number  of  iterations,  reductions  in  the  sum 
,of  squares  of  the  weighted  measurement  residuals  beoome  negligi- 
bly small,  at  whioh  time  the  adjustment  process  Is  Bald  to  have 
converged  ana  f'nol  estimations  of  all  parameters  have  been 
obtained. 


» ) 
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This  type  of  adjustment  is  also  known  as  "orbital  constraint," 
When  the  time  points  are  functionally  related  as  they  are  hero, 
then  observations  at  all  time  pointB  add  information  and  strength 
to  the  solution  for  any  particular  time  point,  'inie  covariance 
matrix  of  all  the  adjusted  parameters  is  given  by  the  first 
factor  on  the  right-hand  Bide  of  the  equation  for  F,  However,  if 
there  are  any  unadjusted  erroneous  constants  or  parameters  con- 
tributing to  error  in  the  solution,  then  a more  aoourate  estimate 
of  the  oovarianoe  matrix  of  the  adjusted  parameters  is  given  by: 

[ill  (Q1T  V1  V ' + B » bT  • 

The  Bubjeot  of  ef foots  from  errors  in  unadjusted  parameters  is  a 
very  controversial  one  and  beyond  the  soope  of  this  report.  It 


* Assumes  no  aortal  correlation  in  the  obeervnt 1 ons . 

See  Appendix  AA. 
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may  be  mentioned  that  In  some  circumstances  an  unbiased  end 
better  solution  is  obtained  by  adding  the  unadjusted  parameter 
effects  directly  into  h1 , It  which  case  the  first  fectix  i*.  the 
equation  for  F will  be  the  covariance  matrix  of  adjusted 
parameters  including  the  effects  from  unadjusted  parameters. 
Numerical  as  well  as  theoretical  difficulties  are  reduced 
appreciably  if  unadjusted  parameters  can  be  avoided  by  adjusting 
for  all  influential  parameters, 

A problem  frequently  encountered  in  leant  squares  adjustment  is 
high  correlation  among  errors  in  the  adjusted  parameters. 

Methods  for  treating  non-orthogonai  problems  of  thin  type  have 
be on  investigated  at  length  at  this  tent  range.  Ridge  regression 
has  been  found  to  be  a satisfactory  solution  to  the  problem  of 
correlated  parameters  and  la  discussed  in  Appendix  AA. 

Finally,  it  should  be  pointed  out  that  random  errors  in  the 
observations  have  a harmful  influence  on  the  accuracy  of  the 
adjustments  and  should  be  controlled  as  far  as  possible. 


Type  (2^ 


[his  type  is  similar  to  Typo  (1)  and  usos  the  same  basic  oquatlon, 
but  has  one  important  difference.  The  observations  entering  into 
each  least  squares  adjustment  must  ull  bo  ut  the  jamc  time  point, 
and  of  rourse  no  least  square**  adjustment  can  be  performed  at  any 
time  point  for  which  redundant  data  are  not  available.  In  a 
j/.)Wor©d-f  1 Jght  missile  trajectory,  for  example,  an  independent 
ad | us linunt  of  missile  position  is  mude  at  each  time  point,  A 
Imp  It-  example  will  demonstrate  the  application. 


\ 
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EXAMPLE : 

Consider  an  array  of  4 t rami  pond ern,  one  at  each  corner  of  a 

square,  two  miles  on  a aide,  Assume  n splash  occurs  at  acme 

point  W,  and  at  the  instant,  of  splash  each  transponder  observes 

the  range  from  the  transponder  site  to  the  splash.  Designate 

these  range  observations  . Let  the  corresponding  standard 

deviations  and  variances  in  the  observations  be  3,  and  M. , 

l l 

respectively. 

Adopt  an  x y coordinate  system  bb  follows: 

y t (?,P) 


V4 

wy 

'fxTy) 

/ 

\A 

Numerical  data  are  as  follows: 
Transponders  f 


h 

ft 

fi 

1.1 

0.1 

0.01 

1.9 

0,2 

0.04 

1.9 

0.3 

0.09 

0.3 

0.4 

0.16 

Data  errors  are  uncorrelated.  Thor*'!  nre  no  other  sources  of 
error,  and  there  is  no  a priori  knowledge  of  Bplash  location, 
Start  with  initial  estimates:  x * 1 and  y « 1. 

We  have  the  following  relations  for  the  Ryn  In  terms  of  x and  y: 


O 

x/  ‘I*  yu 


(x-:0  l y‘ 


r/  . ■'  (y-;'> 

r,  ,,  ?. 

V “ x ' i (y-«') 


■ill  W Am  ,'J  n 


x and  y ww  compute  the  following 


■!  >1 


o 


e- 


Pro*  tha  initial  aatlmataa  of 
valuaa  for  tha  rangea: 

R*  “ 


R, 


1.4142 

1.4142 

1.4142 

1.4142 


Subtracting  thaaa  from  tha  obaarvad  valuaa,  wa  obtain  raalduala 

0^  - +.2858 

0a  - +.4858 

03  ■ +.4858 

04  - >1.1142 

Tha  waightad  rne  raalduala  ara  therefore 


(.48ae} 


.4858s*  . /1. 1142s *|  i - 2.472 


2 . , .4858s2  . ,1.1142s2 

+ V— 


Va  now  seek  to  raduca  tha  waightad  rwa  raalduala  by  laproving 
the  eatleat.ee  of  x and  y,  ualng  tha  Itaratlve  ralatlon 

r ■ [ j,  “i'1  «Jl  f i,  -i'1  ad  • 

Proa  the  definition  of  and  from  the  expressions  for  as  a 
function  of  x and  y, 
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m 1 

*»  i 

ysr 

v 

m 

*CIR2 

S*2  " 

dl  ' 

| cSST 

vr  J 

ta 

•**a 

eR3 

1 , [ 

V- 

c nr 

V . 

! " 1 

6*4  1 

*; 

L^x~ 

3jr 

1 ra 

[-S7  Hij 

j 


x~2 

x-2 


In  numerically  evaluating  the  partiale,  ,tho  moat  recent  computod 
values  lor  are  uaed,  along  with  the  moat  recent  eatimateu  for 
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x and  y.  We  now  evaluate  Mt  Qi  and  sum  them: 


“TOT 


m 

°l  " 

' + 00  . Pi  I 

. + 00.21 J 

tn 

ao  n 

r-  fl.59] 

L i-  ft. 59 J 

rx-2‘ 

Ly-2. 

1 °5  ■ 1 

5.821 
. - 3.02J 

t«: 

] % * 

■ - 4.93  1 

•l  4.95  J 

*i  Mi" 

1 al  ' 

r+  2.8/ 1 

[+  29.91  J 

Similarly  Q1T  i*  raay  be  ovaluutoci  untl  summed » 


,2  xy 


Ri  Mi  *y  y 


30.001  + 50.001 

+ 50.001  + 50.001 


r 2 *1  p 

■j  (x-i?)  y(x-:j)  (-1  n.500  — 1 «? . ‘5»  *0 

R y(x-g)  y;'  * -10.500  +1«?.500 

C+  ft.  J 


] (x-?)2 


(x-;»)(y-?) 

r 

(y-o)‘ 


+ 5.356  + 5.556 

+ 5.556  + 5.556 


] x x(y-:?)., 

R^[x(y-p) 

x Q,T  M _l  t*.  » 

^ i-  1 1 


h 5.105  - 3.105 

- 5.1S?5  + 3.125 


[+/1.1H:1  +39.9.52  ‘ 

+71.182. 


The  Inverse  is 


4 T -1  1 1 +.020500  - . 

y <L  M-  1 Q,  . 

1-1  J - .011500  + . 


020500 


Therefore 


"a  xl  [“  + .020500  - .0115001  f + 2.8?"]  p - .285 

Ay  - .011500  + .020500  +29.91  + .580 

« aJ  L J L J L • 


v - 


The  new  estimates  for  x and  y are 

x - 1 - .285  - . + .715 

y u 1 + .580  « +1.580 

TltJs  completes  the  first  iteration  and  we  start  the  seoond  Iteration. 

With  these  latest  estimates  of  x and  y,  the  new  values  for  R.  are 
« 

Rj  - 1.734 

R?  ■ 2.037 

R.jj  - 1.352 


Tin-'  residuals  are 

« - .034 

0„  - - .137 

1 

<!,,  u.  + .548 

0),  « - .520 

The  weighted  rma  In  now  1,191 » down  from  the  previous  2.478. 

parti  a Is  are  reevaluated  and  It  Is  found  that.; 

4 T , ' f"-7 .831 " 

J1-  % 1 M.  J 0 - 

1-«1  1 1 -!i.972 


and 


4 _ , V1  f +.030792 

L Q/Mi  qJ 

i-1  1 1 ■ j L " • 009286 


from  which 


* 

* 

A X 

‘-.187  ' 

r - 

m t 

A y 

m m 

-.003 

-.009236 

+.012726 


' 


Thw  nww  watlmatwa  for  x and  y are  then 


' x " 

m 

+.718  - .187* 

aa 

'+  .528" 

y 

+1.580  - .003 

+1.877 

„ , 

, • m 

We  will  only  start  the  third  Iteration  to  obtain  the  weighted 

fain  residuals,  computed  ranges  and  residuals  are 


l 


*1 

M 

1.883 

°1 

et 

+ 

.037 

r2 

m 

2.157 

°2 

m 

- 

.257 

R3 

m 

1.532 

°3 

m 

+ 

*268 

R4 

m 

.877 

°4 

- 

•M 

.377 

These  give  a weighted  nns  of  1.022  down  from  1.191.  In  a real 
situation  these  iterations  would  continue  until  the  reduction  in 
weighted  rms  becomes  trivial.  Normally  the  final  weighted  rma 
will  be  approximately  unity.  When  convergence  has  finally  been 
achieved,  final  estimates  for  x and  y will  be  obtained,  and  the 
matrix 


4 

£ 
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-] 

“i  Qi 


-1 


will  represent  the  covariance  matrix  foT  x and  y if  there  are  no 
influential  erroneous  unadjusted  parameters. 
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Typ°  Lil 

A powered-flight  missile  trajectory  computation  is  seldom  as 
simple  as  Type  (2).  The  type  (2)  adjustment  represents  what  is 
oommonly  oalled  an  "inner"  iteration.  Having  made  a trial  esti- 
mate of  the  trajeotory  by  an  inner  iteration,  one  can  then 
temporarily  fix  these  time  point  positions  and  then  perform  on 
"outer"  iteration  to  estimate  parameters  such  as  radar  error 
model  coefficients  and  survey  errors  whioh  are  oommon  to  two  or 
more  of  the  trajectory  points.  This  outer  iteration  represents 
a type  (1)  adjustment  over  all  time  points  with  the  important 
exception  that  Q does  not  contain  partial  derivatives  of  computed 
measurements  with  respeot  to  orbital  parameters,  and  consequently 
i!  inoludes  only  corrections  for  survey  and  radar  error  coefficients. 
In  the  adjustment  process  inner  iterations  and  outer  iterations  are 
alternated  optimally  until  convergence  is  reached.  The  final  inner 
iteration  gives  the  covariance  matrix  for  each  position  time  point 
(usually  in  a topooentric  x y z system).  The  final  outer  iteration 
gives  the  covariance  matrix  for  the  adjusted  parameters. 

Type  (4) 

Tills  uses  the  same  basic  equation  as  the  first  three  typos,  out 
here,  it  becomes  considerably  simplified  because  the  covariance 
matrix  of  the  observations  is  omitted.  We  no  longer  need  weighted 
observations  or  weighted  residuals  sines  all  observations  can  be 
f‘i  tied  to  any  desired  degree  of  precision,  and  residuals  car  be 
driven  as  near  zero  as  desired,  J"1  is  alBo  set  to  zero  since  it 
will  not  influence  the  final  solution  and  it  will  reduoe  the  rate 
of  convergence.  AI30  omitting  the  summations,  which  are  no  longer 
iv- ,"ti ner.t, and  realizing  that  Q will  be  square  and  presumably  have 
■in  'inverse,  we  have  nimply. 

q]  £ QT  Cl 

Till  n r l .n pin  and  rather  obvious  iterative  relationship  can  be  quite 
usofu  I . 


For  '-/ample,  given  u position  point;  (X,  Y,  '/,)Q  at  time  t and 
■iriothor  point  (X,  Y,  Z)^  at  time  t^,  it  is  possible  to  derive  a 


5 

.1 


i 
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free-fall  trajectory  between  the  points  In  a few  Iterations.  The 

solution  involves  repetitive  corrections  of  the  estimated  velocity 

♦ • * 

vector  (X,  Y,  Z)Q  at  time  tQ.  In  the  process  the  partial  deriva- 
tive matrix  Q must  be  numerically  evaluated,  where 


These  derivatives  are  obtained  by  incrementing  XQ,  YQ  and  5S 
individually  and  integrating  to  time  t^  and  differencing  the  ob- 
served (X,Y,7.)  at  time  tj  with  the  computed  (X,Y ,?.)  at  time  t,. 

The  resulting  Q,  matrix  together  with  reBidual  matrix  a obtained 
by  straight  Integration  of  moat  reoent  estimate  of  vootor  at  tQ 
gives  a correction  P to  the  velocity  components  at  t , 

Another  application  occurs  in  reentry  trajectory  computations. 

• • • 

Here  we  are  given  a vector  (X,Y,Z,X, Y,%)  at  reentry  and  an  impact 
latitude  $ and  longitude  V at  time  t.  The  object  is  to  adjust  the 
lift  components  and  the  drug  factor  so  thut  the  resulting  computed 
trajeotory  will  go  through  the  a priori  impact  point  at  the  right 
tine  and  thus  establish  a mean  trajectory. 

Tho  drag  is  a vector  tangent  to  the  trajectory  and  is  oquul  to 
the  product  of  dynamic  pressure  and  tho  drag  parameter  D.  The 
lift  is  a vector  perpendicular  to  the  trajectory  and  Is  equal  to 
the  product  of  dynamic  pressure  and  the  lift  parameter  L.  An 
orientation  angle  0 defines  the  direction  of  the  lift  in  the  plane 
perpendicular  to  the  drag  vector.  We  assume  T.  and  9 to  be  con- 
stant. We  assume  an  a priori  1)  curve  to  be  relatively  correct  and 
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we  will  compute  a constant  factor  Dj  such  that  the  corrected  D is 
equal  ;o  the  product  of  and  a priori  D.  The  problem  is  to 
compute  Df,  L and  9.  The  solution  converges  better,  however,  If 
we  adjust  Df , L sin  9 and  L cos  8,  The  iterative  form  is  then 


• m 

■ 

m 

-a 

. - 

D,, 

D# 

Sq  Sq 

*T  " *k 

i 

f 

Sof  S(L  oos  9)  S(L  sin  9) 

L cos  9 

L COS  $ 

by  by  by 

7T  - yk 

t)Df  S(L  cos  9)  S<L  sin  9) 

L sin  6 

L sin  9 

St  dt  St 

t(r  * tk 

k+1 

tm  m 

k 

SD.  S(L  COS  9)  cKh  Sin  9) 

b X b 

k 

m m 

In  this  formuls  (eT,  *yT,  tT)  represent  the  true  latitude,  longitude 
and  time  of  impact*  The  subscript  k denotes  the  Iteration  number. 
Given  the  results  from  Iteration  k,  the  formula  gives  a new  estimate 
for  the  (k+1)  iteration.  The  partlals  are  computed  numerically  by 
integrating  separately  with  Incremental  values  of  nf,  L cos  8,  and 
L sin  0 and  observing  the  Incremental  changes  in  e,  V,  t.  Conditions 
are  very  nearly  linear  and  convergence  Is  rapid. 

In  tho  simple  examples  given  in  this  appendix  the  partial  derivatives 
have  been  obtained  analytically  or  by  finite  difference.  In  more 
complex  situations  it  is  common  practice  to  use  variational  equations. 
Those  will  be  discussed  briefly  in  the  next  section. 

VAHIATIONAL  KQUATIONS 

Variational  equations  are  nut  a substitute  for  analytical  partial 
aorlva lives.  Analytical  partlals  are  always  preferable  when 
muthcia.it  It  ally  feasible,  and  they  are  feasible  for  such  parameters 
ns  rndnr  error  modol  coefficients  and  survey  errors.  On  the  other 
Hn nd  li  ltj  not  mathematically  possible  to  dorive  analytical  partlals 
fur  parameters  such  as  orbital  elements,  aerodynamic  coefficients 
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and  gravity  anomalies,  For  parameters  of  this  latter  typo  ono  can 
use  finite  difference  methods  or  variational  equations.  There  are 
advantages  and  disadvantages  associated  with  the  finite  difference  ^ 

method,  but  modern  coaplex  adjustment  programs  almost  without 
exception  use  variational  equations  instead  of  finite  difference 
methods  to  obtain  the* required  partial  derivatives.  Variational 
equations  are  ordinary  differential  equations  containing  as  de- 
pendent variables  the  partial  derivatives  themselves.  In  the 
usual  application  the  variational  equations  are  numerically 
integrated  simultaneously  with  the  differential  equations  of 
motion. 

The  variational  equations  aro  nothing  more  than  the  partial 
derivatives  of  the  total  acceleration  equation  with  respect  to  the 
adjustable  parameters*  Normally  there  will  be  three  second  order 
(corresponding  to  six  first  order)  differential  equations  for  each 
scalar  parameter  to  be  adjusted.  Let  the  total  aooeleratlon  be 
expressed  functionally  by 

£«£<£•  £.  i)  O 

where  r is  a position  vector  with  first  and  second  derivatives  r 

as  "** 

and  r respectively  and  where  £ is  a vector  of  explicit  and/or 
implicit  parameters  in  the  equations  of  motion.  In  general,  r 
and  its  first  derivative  are  also  functions  of  The  variational 
equation  for  some  parameter  f of  £ is  expressed  ae 

dr  r*n  Sr  r*r|  br  f Sr  (r,r,£) 

* ’ |CJ  f * l Cl  5 + L“ar'"_  • 

Tho  terms  in  brackets  are  determined  analytically.  The  last  term, 
called  the  non-homogenoous  term,  is  usually  the  moat  difficult  to 
compute.  Because  ^ is  independent  of  time  and  because  the  deriva- 
tives are  continuous,  the  order  of  differentiation  in  this  latest 
equation  may  be  interchanged  to  obtain 


dr  Idr  I dr  1 i dr  rdr(r,r,ti<) 

[-=)  - — (-=)  ♦ -=  — i:.  . 

j^dr  J dr  J dt 


A double  integration  of  this  equation  with  respect  to  time  then 
yields  the  trajectory  partial  derivatives 


which  express  the  sensitivity  of  the  computed  position  points  to 
variation  in  the  parameter  y , 
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A radar  azimuth  angle.  Defined  by  two  vectors  lying  In 

the  loctl  horizontal  plane  and  originating  at  the  radar 
gimbals.  The  reference  voctor  points  northward  in  the 
plane  and  the  other  voctor  is  a projection  of  the  radius 
vector  extending  toward  the  tracked  object.  Angle  is 
positive  eastward  from  north. 

B matrix  of  partial  derivatives  of  adjusted  parameters 

with  respect  to  unadjusted  parameters. 

Gnm  dimensionless  spherical  harmonic  coefficient  in 

geopotential  expression  having  degree  n and  order  m. 

D drag  paramotor  of  satellite  or  missile  equal  to  product 

of  drag  coefficient  and  cross  sectional  area  divided  by 
twioe  the  mass, 

Df  drag  factor. 

E radar  elevation  aniile.  Measured  positively  in  vertical 

plane  from  local  horizontal  plane  upward  to  radius 
vector  to  tracked  object. 

F column  vector  of  corrections  to  be  added  to  most  recent 

jxl  ostimate  of  adjusted  parameters. 

Gi  column  vector  of  measurement  residuals,  defined  as 

3x1  actual  minus  computed,  for  the  1th  cbnervation, 

H column  vector  of  differences  between  u priori  «nd 

jxl  current  estimates  of  the  parameters,  defined  ns  • priori 

minus  current, 

J a priori  covariance  matrix  of  parameters  to  be  adjusted, 

jxj 

L lift  parameter  of  mlesile,  equal  to  product  of  lift  co- 

efficient and  cross  sectional  area  divided  by  twice  the 
ntasa, 

M1  ^'variance  matrix  of  measurements  at  1th  observation, 

3x3 

N covariance  matrix  of  unadjusted  parameters, 

Pnm(sin  *)  associated  Legendre  polynomial  of  degree  n and  order  m 
with  argument  ein  <t>. 

3xj 


matrix  of  partial  derivatives  of  the  computed  measure- 
ments with  respect  to  the  adjusted  parameters  for  the 

1th  observation, 


■ 


l;' 

'f; 


R 


S 

snm 

T 


U 
V 

w 

X,Y,Z 

E 


X.Y.S? 


a 

1 

J 


It 

n,m 


r 

t 

X,y,!B 


object  DiBt,nce  *ro®  ridar  or  other  sensor  to  tracked 

estimated  standard  deviation  in  observation. 

dimensionless  spherical  harmonic  coeffioient  in 
geopotential  expression  having  degree  n and  order  m. 

matrix  transpose  it  used  as  superscript.  "True'*  if 
subscript. 

earth  gravitational  potential, 
satellite  or  missile  velocity  (scalar), 
splash  point. 

position  coordinates  of  tracked  object  in  a geocentric 
earth  fixed  rectangular  right  handed  coordinate  system 
with  X and  Y axes  in  equatorial  plane,  X axtendlng 
through  meridian  of  Greenwloh  and  Y through  90  oast 
longitude.  Z points  northward  along  spin  axis. 

velocity  components  of  minslle  or  satellite  in  XYZ 
coordinate  system. 

acceleration  components  of  missile  or  satellite  in 
XYZ  coordinate  system. 

earth  equatorial  radius, 

observation  index. 

number  of  adjusted  parameters  Including  those  which 
describe  the  trajectory  and  the  radar  error  ooef flcionts . 

iteration  number, 

degree  and  order  respectively  in  spherical  harmonic 
expression  for  geopotential, 

total  number  of  observations  in  type  (1)  adjustment. 

Total  numbor  of  observations  at  « particular  time  point 
in  type  (9)  adjustment. 

distance  from  center  of  earth  to  missile  or  satellite, 
time.  | 

topocentrlc  rectangular  coordinate  system. 


K 

1 


summation, 

east  longitude  from  Greenwich. 
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earth  gravitational  constant,  equal  to  product  of 
Newton's  constant  and  earth  ease. 

atsosphers  density. 

geocentrio  latitude, 

orientation  angle  defining  direction  of  lift  in  plane 
perpeudioulM'  to  /uloclty  veetor, 

earth  rotation  rate. 

increment . 

used  as  superscript  to  denote  matrix  inverse, 
adjustable  parameter, 
underline.  Veotor. 
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APPEND'.  X T 

NOTES  ON  THK  EAHTtl'S  POTENTIAL  FUNCTION 
1 .0  DEVELOPMENT  OF  ALTERNATIVE  FORMS 

From  Newton's  Universal  Law  of  Gravitation  it  in  possible  to  show 
tii n 1 gravity  represents  a conservative  fiold  of  forco,  and  honco 
the  work  done  by  the  gravitational  field  on  a particle  moving 
I'roin  one  point  to  another  it)  independent  ol’  the  path  takon.  In 
astronomical  convention  the  total  work  done  by  the  gravitational 
force  while  n particle  of  unit  mass  moves  from  infinity  in  to 
some  point  P is  the  gravitational  potential  at  P.  Potential  is  a 
scalar  quantity.  The  gradient  of  tho  potential  is  a vector 
representing  the  gravitational  force  per  unit  mass  or  accelera- 
tion* The  potential  outside  the  earth  satisfies  Laplace's 
Equation*  Laplace's  Equation  is  a second  order  linear  homogeneous 
differential  equation.  Particular  solutions  of  Laplace 'a  Enuutiou 
nro  known  ns  spherical  harmonics,  and  the  moat  general  solution 
can  bo  reached  by  their  addition.  In  marliomatieol  troatmont  of 
the  gravity  potential  (ulso  cnllod  gravipotontial  or  geopetonti al) 
it  Is  convenient  to  uau  spherical  coordinates  r,  p,  and  y,  where 
tho  origin  is  nt  tho  mass  center}  r is  distance  from  gooconter  to 
I'i  I is  complement  of  goocent  r to  latitude  or  j’j  ,■  is  cast  longi- 
tude from  Greenwich.  In  spherical  coordinates  Laid  ace's  Equation 
lakes  tho  term: 

1 + top  v 77T  > ♦ — ^ i?  ’ 

' l)  represents  tho  geoputonti  a I . Tho  general  solution  to 

i ni  l equation  expronuud  in  tho  form  rocommcndod  by  tho 
i uli.j'iiul  Iona!  Astronomical  lluleii  in  1002  is 

" r l1  ' „E„  <~7  ) C.in*>«:  com  * >*  8n,mHin  » 1 

w h < 1 i'o  |i  represent h t tie  cent  nit  gravitational  parameter;  n and  m 
an  nen-nor.atl  vu  indices  repnueii  t I u • deg  i oe  and  order  rospcc  - 

A. 

lively;  a in  '’in'Hi  equatorial  nutiiiH;  y is  geocentric  latitude; 


C _ and  0 are  experimentally  determined  coefficients;  P„  M (sin<^) 
n,»  n,m  r n,m 

Is  an  associated  Legendre  polynomial.  A simple  Legendre  poly- 
nomial P (x),  where  x is  equal  to  nin  'l>  in  this  case,  may  be  de- 
fined by  Rodriques'  formulas 


v*> 


2“  n|  dx 


,n  p ^ 
d (x-1) 


The  corresponding  associated  Legendre  polynomial  of  m 
n^h  degree  is  m 

Jj*. 


th 


order  and 


Note  that  for  m * 0,  P^,  „ (x)  reduces  to  P,  (x).  Also  note  that 

n#nfi  ri 

for  m > n,  P„  M (x)  reduces  to  zero.  See  Section  3.0  for  recursive 
n i m 

methods  in  oomputing  Legendre  associated  polynomials. 


These  funotions  are  incidentally  related  to  Gegenbauor  polynomials t 


t?_„  M - ^ts  K M 


and 


n-m 

Tr;  (x) 


dx' 


,m  ‘n 


» Pn  (x)  . 


If  we  attempt  to  evaluate  U or  the  accelerations  associated  with 
U,  we  note  that  although  the  products  cf  the  associated  Legendre 
polynomials  and  their  corresponding  numerical  coefficients  de- 
cline only  moderately  with  inoroaslng  degree  and  order,  the 
associated  Legendre  polynominln  increase  greatly  n value  and  the 
numerical  ooeffioients  decrease  greatly,  TViIb  circumstance  may 
lead  to  loss  in  computational  accuracy  and  uIbo  to  a misinter- 
pretation of  the  importance  of  individual  numerical  ooeffioients. 
To  Improve  this  situation,  it;  hue  become  standard  practice  to 
multiply  the  numerical  coefficients  by  normal  lining  factors  such 
that  the  resulting  norma  I i.  od  ourffi dents  have  values  approxi- 
mately proportional  to  their  "afreets";  the  corresponding  associ- 
ated Iegendro  polynomials  are  of  course  divided  by  these  same 
factors  in  order  to  satisfy  the  equation  for  U. 


Consider  the  following  four  products  extracted  from  the  equation 
for  U: 

pn,m  C°n,«  00,  B 'd 

Pr#m  CSn,m  8ln  m m 4 0, 

« (ain*)  [C  oos  m 7]  with  m ■ 0, 

Him  mm  * 

„ (sln$)  [SM  m Bln  m v]  with  m - 0, 

n,m  mm  - 


The  fourth  prcduot  is  dearly  taro  at  all  points  on  the  earth’s 
surfaoe  and  henoe  1b  of  no  interest  in  regard  to  normalisation. 

If  we  oorapute  the  root  mean  aquare  over  a unit  sphere  for  eaoh  of 
the  other  three  produote— * considering  this  to  be  a measure  of 
their  effeota— we  obtain  respectively: 


N C 
N S 
W 0 


n,m 


n,m 


mm 


j 


* 


where 

M " V “ f S3n4,l  TSn+T  7 y 

ami  where  X « 1 for  rr.  - 0,  and  X * 2 for  m ^ 0.  Consequently, 

this  faotor  N is  oommonly  used  for  normalization.  To  change 

conventional  C.,  „ and  S„  „ to  normalized  7T  „ and  S,  j 
n,m  n,m  n,m  a > m 


7 

N 

C m , 

n,m 

n,m  ' 

3- 

N 

S „ . 

n,m 

n,m 

This  change  neoesoitrtes  a corresponding  and  desirable  ohange  in 
p„,m  (81n‘>- 

Tn,«  f81"*'  - <1/N>  pn,m 


T-3 


......  


.i 


i = 


As  a consequence,  7 m and  T!L  „ do  not  show  the  strong 

n,m  n,m  n,m 

trends  observed  In  P_  C m and  3 ; and  the  values  of 

n,m'  n,ra  n,m  n,m 

and  7n  m are  approximately  proportional  to  their  effects. 

The  type  of  normalization  Just  desoribed  is  oalled  "full  normali- 
zation" or  "Kaula  normalization,"  There  are  alternative  forms 
used  for  simplicity.  One  such  form  uses 

•<  -V-tsajfe  • 

VfVvtoh  is  oalled  aimply  "normalization". 

Another  form  uses 

« -V-W-  ' 

whioh  is  oalled  APL  normalization. 

The  literature  does  not  always  speoify  whioh  form  of  normalization 
is  used,  and  the  reader  may  be  requireu  to  take  a given  numerical 
normalized  ooeffioient  and  unnormallze  it  by  various  methods  to 
oompare  with  a known  unnormalized  value. 

Table  I gives  the  Legendre  polynomials  and  associated  Legendre 
polynomials  up  through  (n,m  -6,  6),  Table  II  gives  the  correspond- 
ing normalization  factors.  Pn  m (x)  is  oalled  a zonal  harmonlo 

when  (n  > m - 0).  P„  „ (x)  is  oalled  a sectorial  harmonio  when 

n,m 

(n  - m > 0).  P*,  m (x)  is  oalled  a tesseral  harmonio  when 

' ' n,m  ' 

(n  > m > 0). 


For  our  applications 

I’  P„  „ (x)  is  equivalent  to  Pn  _ (sine), 

r n , m n , m 

| Therefore,  for  example,  in  Table  Z ] 

p1  1 (x)  ■ p1^1  (sine)  - cos* 
p,  „ (x)  m?  (sine)  - 15  sine  oos2e 


It  should  be  noted  that  to  avoid  the  use  of  a comma,  many  writers 


Pnm  (x)  instead  of  P m (x). 

Also  where  there  is  no  risk  of  oonfueion,  many  writers  use 
p„.n  <*>  ln,t‘»a  of  pn,m  <*>• 

These  variations  simply  represent  differences  in  notation. 


Far  purposes  of  this  discussion,  the  geopotential  form 
recommended  by  the  International  Astronomioal  Union  in  1962  will 
bo  referred  to  as  the  standard  form  and  all  others  will  be  com- 
pared to  it.  An  obvious  variation  of  the  standard  form  1b 

* n * n 

U .»  ■=-  Sf  1 (£)  PM  _ (uin$)(<L  m cos  m y + S Bin  m y)  . 

1 n-0  m-0  r n'm  n'm  r n,m 

In  thin  form  0Q  Q is  defined  to  be  unity.*  All  other  symbols 
retain  the  uame  meaning  and  have  the  same  values  that  they  have 
In  the  standard  form,  Another  obvious  variation  of  the  standard 
form  ia 


" ' f {'  p„  ' jj  <v.» 

■'  "ln  ■ >>  pn,«  * 

whom  the  first  summation  iu  over  zonals  only. 


cos  m y 


rilin'  public  nil  one  prefer  the  {J,  K)  notation  in  plaoe  of  the 
( < : , ."■)  notation,  'Hie  equations  for  II  are  the  same  as  those 
I 'i‘i ■ v 1. hum  i y given  with  the  exception  thut  a negative  aign  replaces 


" In  I ‘Mti  '■  Kanin  recommended  that  p be  defined  as  0, 59f3GOJ?xlC' 

I,  ' 1 

cm  /nee’  :imi  fh.'ii  r..  be  permitted  to  depart,  from  unity.  Thin 
pi  sunmeinla  1 I on  has  not  gained  general  acceptnnoe, 


TABLE  I 

LEGENDRE  POLYNOMIALS 
AND 

ASSOCIATED  LEGENDRE  POLYNOMIALS 


K.J 


n 


m 


*“<*> 


0 

1 


2 

3 

3 

3 

3 

4 

4 

4 

4 


5 


5 

5 

5 


0 

0 

1 

0 

1 

2 

0 

1 

2 

3 

0 

1 

2 

■3 

4 

0 


3 

4 


1 

x 

, 2v1/2 

(1-xM 

(3x2-1)/2 

o 1/2 

3x(3-xf ) 

3(l-xS) 

(5x'5-3x)/2 

„ 1/2  o 

(l-rc)  (li>x*‘-3)/? 

15x(]-x2) 

3/2 

15(l-x*  ) 

(35x4-30x2+3)/B 

n 1/2  x 

(l-x'“)  (35x  -l'ix)/2 

(l-y2)  (105x2-15)/2 

, Ps^/2 

305x(l-x2) 
p 2 

105 (l-x2) 

(63x5-70x?+15x)/B 

O 1/2  ll  n 

(1-x2)  (3l5x  -210x'-+15)/B 

(1-x2)  (315x)-105x)/2 
(1.x?)^/2  (945x'?-105)/2 


0 


945x(1-x2)' 


9h5(1-x2) 


5/2 


TABLE  I (Contd) 


6 


6 

6 

6 

6 

6 

6 


l ) 


Ha mmmm r ■ ■ 1 »*&&&&& 


m Pnm(x)  

0 (231x6-315x4+105x2-5)/16 

1 (l-xS)1/2  (693x5-630x5+105x)/8 

2 (1-x2)  (3465x4-1890x2+105)/8 

3 (1-x2)  (3465x5-945x)/2 

4 (1-x2)'  (10395x2-945)/2 

8/2 

8 10395x(1-x2)' 

6 10395 ( 1-x2 
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TABLE  II 
VARIOUS  NORMALIZATION  FACTORS 


1 

& 


n 

m 

APL 

Normalization 

Normalization 

Full 

Normalization 

0 

0 

1.000000 

1,000000 

1.000000 

1 

0 

1,000000 

1,000000 

0.5773503 

1 

1 

1,414214 

1,000000 

0.5V73503 

2 

0 

l.OOUOOO 

1.000000 

0.4472136 

2 

1 

2,449490 

1.732051 

0,7745967 

2 

2 

4.898979 

3.464101 

1.549193 

3 

0 

1.000000 

1.000000 

0.3779645 

3 

3 

3.464102 

2.449490 

0.9258202 

3 

2 

10.95445 

7.745966 

2.987700 

3 

3 

26.83282 

18.97367 

7.173373 

4 

0 

1.000000 

1.000000 

0.3333333 

4 

1 

4.472136 

3.162278 

1.054093 

4 

2 

18.97367 

13.41641 

4.472137 

4 

3 

70.99296 

50.19960 

16.73320 

4 

4 

200.7984 

141.9859 

47.38863 

5 

0 

1.000000 

3 .000000 

0.3015113 

5 

1 

5.477226 

3.872984 

1.167749 

5 

2 

28.98275 

£0.49390 

6.179145 

5 

3 

141.9859 

IOO.3992 

30.27150 

5 

4 

602.3952 

425.9577 

128.4311 

5 

5 

1904.941 

1346.997 

406.1349 

6 

0 

1.000000 

1.000000 

0.2773501 

6 

1 

6.480741 

4,582576 

1.270978 

6 

2 

40.98760 

28.98275 

8.038369 

6 

3 

245.9268 

173.8965 

48.23021 

6 

4 

1346,99V 

952.4707 

264.1678 

6 

5 

6317.974 

4467.48? 

1239.057 

6 

6 

23  886.11 

15475.82 

4292 . 220 
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i 


! 


\ 


S 
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the  positive  sign  ahead  of  the  first  summation, 
mentioned  equation  thus  transforms  to 


The  last 


u <-  fefi  - 2 (l)n(XMsin*)  + 2 (J*  m°°s  « y 

PV  n-1  r L n n m-1  n'm 


+ m sin  m y)  F‘  (sin*)' 


n,m 

As  a result 
0 

n.m 


n,m 


-J, 


n.m 


and 


S, 


n#m 


-K, 


n.m 


also  C, 


n 


-Jn  • 


A form  frequently  used  in  geodesy  is 
* n i n+1 

“ "n-0  tn«0  ^ <An'm  °°*  " y + Bn<">  “n  ” y)  P">"1  (5ln<’)  • 


For  this  relation 

C * A /(M  *n) 
n,m  n,m  1 


and 


•Vm  ' V<|1  *"> 


Another  form  used  by  geodesists  is 


un  n 


n+1 


” m*0  ^ (V„  °°‘  m 'V+  bn<">  ‘ln  m y)  *"•» 


where 


n.m 


(I)  a 
vy/  n,m 


arul 


n,m 


^ bn,m  * 


A form  sometimes  uBed  by  JPL  is 

p 

. 1 M , tf. 

IT 


£ ["l  - 3 J (f)“  P2(Bir.«)  - | H (|)  P?(sin*)  +^  D (|)  I 


T-9 


faHiMilli  iMUMatt 


j,(sin«t) 


The  conversion  relations  are 


it 


m- 


& 


iv. 


R 


%0 


‘I  J 


2 


'1,0 


5 


H 


'4,0 


■ 8 n 


The  coefficients  In  front  of  J,  H,  and  15  are  actually  combined 
With  the  Legendre  polynomial,  whioh  is  not  explicitly  given  in 
their  expression  for  U. 


A form  used  by  Sterne,  Baker,  Herrick  and  others  is  as  follows.* 


w * r fl  " § P2(fljLn0)  “ f H(l}  Pj(8in^)  +^K(| 


, 4 


(sin<t>) 


'The  conversion  relations  are 


'2,0 


r.  f 

- Tf  J , 


'3,0  " " f H ' 


'4,0  “ + 


The  coefficients  in  front  of  J,  H,  and  K are  actually  comblred 
with  the  Legendre  polynomial,  which  Is  not  given  explicitly  in 
their  expression  for  U. 


A form  used  in  an  older  ETR  computer  program  is 


TJ  « 1 - P p (sin*)  + -Sjf  P4  (sin*)J 


T-10 


a uamiii aaasiMaai 


] 


u 


The  conversion  relatione  are 


>2,0  ■ -«A3»s) 

>»  ft  • + »/'<5r4) 


Again  the  oonstont  coefficients  in  the  denominators  of  the  terms 
containing  a and  £ are  aotually  oombined  with  the  Legendre 
polynomial,  which  is  not  explicitly  given  in  the  original  ex- 
pression for  U.  Note  that  a and  £ are  not  dimeneionlesB. 

We  now  consider  forms  whioh  make  use  of  amplitude  and  phase 
angle,  A form  sometimes  used  by  SmlthBonlan  and  STL  is  as 
follows i 

r » n g n 

i;  - {1  + » 2 (5)  3*  m K m (■!"♦)  008  m)]} 

r V n-1  m-0  r n*m  n'm  J ' 


"’ha  conversion  relations  are 


°n,m  " Jn,m  008  Yn,m^  * 


J „ „ sin  (m  J)  . 
n,m  n,m 


■iv.-.iy,  for  m > 0, 


J » + J 0 2 + S 2 

n,m  \ n,m  n,m 


i t»n"1  <>*-> 

n,m 


'n  ■ i i;  t. 


- c 1 1 1 “ ‘ is  evaluated  in  region  0"  i 180°, 


T-ll 


For  m ■ 0, 


Jn,Q  * 


A form  used  by  JPL,  SOF  and  also  by  ETR  and  recommended  by 
International  Oeophysioal  union  Is 

U,  - f (l  - ji  <i)n  tJ„  P„  (.in*) 

* Jj  Jn,m  pn,m  <‘in*>  008  <m  1')  . 

The  conversion  relations  for  (m  > 0)  are 


CL  _ 

n,m 

“ _ oos 

n,m 

S 

n,m 

“ ain  (m  y„  - 

n,m  n,m 

J M 

- +J<L  2 

+ J 

n,m 

y n,m 

n,m 

Yn,m 

“ m tan"1 
m 

(jP*) 

n,m 

where  tan"1  is  evaluated  In  region  0°  + 180°  . 
For  m ■ 0 


Jn,0  * "°n,o  * 


All  these  various  forms  dearly  'lead  to  oonfusion,  Since  none  of 
the  variant  forms  seems  to  have  any  advantage  over  the  standard 
form,  the  standard  form  is  becoming  almost  universally  aooepted. 
The  same  normalisation  formulas  dlsoussed  in  connection  with  the 
standard  form  apply  also  to  the  variant  forms.  Wherever  the  index 


.T  i 


T-ia 


m 1b  omitted  from  a coefficient  or  polynomial  in  the  previous 
disouseion,  m la  aero.  Alao  whan  m la  aero,  sn  ro»  ^ m and  ?n,m 
may  toa  aat  to  aero. 

A great  daal  of  oonfuslon  exists  over  the  inter~relationehips  be- 
tween the  geopotential  model  and  the  earth  spheroid.  The  geopo- 
tential U describes  the  gravitational  potential  outside  the  earth 
And  lu  referenced  co  a coordinate  ayatam  with  origin  at  the 
dynamloal  or  maae  oantar.  The  geold  la  an  equlpotential  surfaoe 
daaorlbod  by  the  oomblnatlon  of  gravitational  and  rotational 
potential.  This  oomblned  potential  W la  given  by 

W ■ U + -g  <u02  r2  ooa2  e , 

whore  to0  la  earth  rotation  rate  and  where  W is  ohosen  auoh  that 
the  corresponding  equlpotential  aurfaoe  corresponds  moat  closely 
to  the  mean  aurfaoe  of  the  free  ooeana.  The  geold  Is  approximated 
by  a prolate  spheroid  whloh  most  oloaely  fits  the  geold  and  whose 
oent.er  oolnoldea  with  the  masa  oenter  of  the  earth.  Spheroids 
determined  since  1966  have  oenters  agreeing  within  15  me tern  of 
each  other  and  semi-axes  agreeing  within  about  10  meters,  Xt  la 
common  praotloo  to  assume  that  all  spheroids  have  parallel 
reotangular  axes.  Possible  small  tilts  in  the  datums  are  present- 
ly Ignored  at  AFETR, 

When  a laboratory  establishes  a geopotential  model  and 
accompanying  spheroid,  It  simultaneously  arrives  at  the  coordi- 
nates for  all  the  tracking  sites  used  In  the  adjustment.  These 
site  lucations,  the  geopotential  model  and  the  spheroid  consti- 
tute a compatible  set.  Furthermore,  for  purposes  of  compatibility, 
shifts  are  determined  whloh  permit  the  transfer  of  Bites  looated 
on  other  spheroids  to  the  spheroid  associated  with  the  geopotential 
model.  (See  Appendix  D, ) 

Consequently  an  ideal  situation,  and  one  whloh  is  generally 
attainable,  is  to  use  a spheroid  oonslBtent  with  the  geopotential 
model  and  express  all  site  locations  on  that  spheroid.  Sometimes, 
however,  for  some  reason  it  is  desirable  to  use  a spheroid  different 

T-13 


lit 


from  thut  associated  with  the  goopoientinl  model.  This  practice 
is  Honors!  1y  satisfactory  if  the  extraneous  nphoroid  has  n center 
within  15  motors  of  that  associated  with  the  goopotontinl  model 
and  if  the  valuos  of  ft  agree  to  1 ppm.  If  the  spheroid  dif- 
ferences lie  outside  these  limits,  errors  develop  which  usually 
cannot  ho  ignored  but  which  can  in  large  port  be  corrected.  The 
largest,  source  of  error  and  ono  which  moat  computer  programs  can 
corroct  is  in  the  gravitational  potential  for  an  off-contor 
spheroid.  It  is  necessary  to  add  appropriate  values  of  Cj  (J, 
j and  ^ to  the  gcopotential  model  ns  described  in  Section 

■t , 0 , Inclusion  of  those  terms  takos  care  of  perhaps  00%  of  the 
total  error,  but  sometimes  tho  romRining  10%  is  still  intolerably 
largo,  Tho  remaining  orror  (generally  incorrect ible)  arises  from 
false  assumptions  in  regard  to  rotational  characteristics  of  the 
earth  and  its  atmosphere  and  from  an  erroneous  reference  surface 
for  the  ntmosphore.  Most  of  the  datums  and  spheroids  shown  in 
Ti»h Jo  I of  Appendix  D are  unsatisfactory  for  trajectory  equations 
tit  motion  oven  with  goopotentlal  models  modified  by  npproprinto 
values  of  cj  q#  cj  i and  1*  for  example,  the  use  of  NAD-27  on 
Clarke-lBtiS  is  not  recommended  for  uao  with  trajectory  equations 
of  motion. 

Some  of  the  older  geopotontial  models  have  poor  vnlucs  for  n . It 

3 n 

is  good  prantico  always  to  uao  p « :19850U,R  + 0.1  km  /sec*'.  This 
is  the  most  accurate  determination  at  present.  Some  trajectories 
and  calibration  oxercisos  aro  extremely  sensitive  1o  the  valuo 
used  for  p, 

Ono  Turther  point  of  possiblo  concern  Is  tho  earth’s  atmosphere. 
Strictly  spooking,  geopotontlnl  models  detorminod  from  satellite 
data  apply  only  outside  the  atmosphere,  liven  the  use  of  Laplace’s 
liquation  inside  the  atmosphere  Is  not  strictly  correct.  Actually, 
at  proBont.  accuracy  lovols,  tho  offoct  of  tho  atmosphere  upon  nil 
tho  coefficients  except  p is  nogligiblo,  The  atmoephoro  is 
responsible  for  1 ppm  of  the  publiehed  values  for  p.  It  is 
hardly  oven  worthwhile  to  correct  p for  trnjoctorio*  inside  tho 
atmosphere,  however,  since  drag  uncertainties  overwhelm  this 
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small  correction, 

A typical  modern*  geopotential  model  lm  Included  in  thin  appendix 
aimply  am  an  example.  Thin  model  warn  developed  at  Goddard  by  a 
almple  averaging  of  coefficient  from  many  published  modele.  it 
beara  the  ETR  catalog  number  of  SA-22,  Evaluation  here  at  STR 
show  It  to  be  ono  of  the  more  accurate  unclassified  models.  This 
model  is  incidentally  a truncation  of  a larger  model.  Many 
analysts  have  been  reluctant  to  truncate  geopotential  models  be- 
cause of  the  correlations  among  the  coefficients  - correlations 
of  perhaps  0.2.  Recent  studios  by  the  author  indicate  that  al- 
though truncation  of  a larger  model  is  not  an  ideal  method  for 
obtaining  a smaller  model,  it  is  acceptable  as  a practical 
measure.  A simple  and  somewhat  better  method  is  to  transform  tho 
larger  model  to  a smaller  model.  Probably  the  simplest  suitable 
transformation  procedure  la  the  following  two-step  process; 

(1)  Using  an  accurate,  largo  geopotential  model  and  the  EFO  co- 
ordinate system  (Section  VII),  generate  a series  of  trajectories 
of  only  those  types  to  be  used  subsequently  with  the  small  model; 

(2)  Treating  the  EFG  time  points  as  observations  and  using  an 

a priori  small  geopotential  model  obtained  by  truncation,  perform 
n lonst-aquaros,  multiple-arc  fitting  process,  adjusting  the 
gnopotantial  coefficients  in  the  small  model.  Unless  the  tra- 
jectories used  in  the  data  generation  are  uniformly  distributed 
over  the  entire  earth,  the  resulting  small  model  will  bo  binsod 
by  the  transformation  and  must  be  used  only  over  the  pre-solectod 
region  used  in  the  generation, 


''i.:  bibliography  contains  a reference  describing  the  accuracy  of 
mm>  coof fir. tents  in  modern  largo  goopotentlnl  models,  The 
approach  discussed  there  has  boon  used  to  update  orror  ostimatos 
to  tho  i9/;j-/fl  ora,  and  theso  updated  estimates  are  shown  in 
Tnblo  IV  at  the  end  of  this  appendix. 
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7 . 0 MODIFICATION  OF  OEOPOTKNTIAL  MODELS  FOR 

APPLICATION  WITH  OFF-CKNTER  EARTH  SPHEROIDS 


Occasionally  a missile  tost  program  stipulates  the  use  of  an  old 
spheroid  whoso  center  is  considerably  different  from  the  center 
of  mass  of  the  earth*  In  powered-flight  trajectory  computations 
this  stipulation  presents  no  problem  whatever.  In  freo-f light 
trajectory  computations  using  equations  of  motion,  some  correc- 
tive measures  may  be  necessary. 

An  obvious  approach  is  to  transform  the  sites  to  a modern 
spheroid,  compute  the  trajectory,  and  then  transform  the  trajec- 
tory back  to  the  old  spheroid.  An  alternative  approach,  which  has 
advantages  in  some  circumstances,  is  to  work  entirely  with  the  old 
spheroid  but  to  modify  the  geopotontinl  modol  to  account  for  the 
discrepancy  between  the  center  of  mass  of  the  earth  and  tho  center 
of  the  coordinate  system.  This  alternative  approach  will  be 
described  here. 

Modern  geopotential  models  do  not  contain  terms  in  0,  l and 
By  . because  with  coordinate  systems  centered  at  the  mass  center 
these  terms  are  aero.  These  three  coefficients  have  the  following 
meaning:  Q is  the  number  of  e.r.u.*  from  an  equatorial  plane 

through  the  center  of  mass  la  the  origin  of  coordinates,  positive 
In  a aoutherly  direction,  C,  , is  the  number  of  e.r.u.  from  s 

. i ■* 

meridional  plane  through  90  eaat  and  west  longitudes  and  the 
center  of  maee  the  origin  of  coordinates,  positive  on  the  side 
sway  from  Oreenwich,  8,  y is  number  of  e.r.u,  from  a meridional 
plane  through  Oreenwich  including  the  center  of  mass  to  the 
origin  of  coordinates,  positive  on  west  side  of  Greenwich.  An 
example  will  be  presented  based  on  dsta  given  in  Appendix  D. 

Assume  the  oenter  of  SAO-67  spheroid  is  exactly  at  the  mass 
center  of  the  earth.  Then  if  Mercury-Fischox  1960  is  used,  the 
origin  of  the  coordinate  system  relative  to  the  oenter  of  mass  is 


♦e.r.u,  represents  earth  radius  units. 
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(Table  I,  Appendix  D) : 


I'i  4t  -?.9  III 

F « +14  m 

0 * -40  in 

Exprossod  in  c.r.u.,  theso  nro 

E » -4,55  x 10“C 

F « +3.90  X 10~8 

0 « -3.27  x 10m€ 

These  correspond  there for©  to 

C1|0  * +3.27  x 10~tt 

CT  j +4.55  x 10“rt 

E1(1  •,«  -3.90  x 30"° 

Corroctivo  nmnauroH  of  this  typo  in  tho  noopotontial  aro  liardlj 
ever  worth  innkinK  for  discrepancies  loss  than  15  meters  between 
center  of  mass  and  center  of  coordinate  system,  Doyonrt  15  meters 
I lie  error  becomes  increasingly  important.  An  uncorrectod  error 
in  center  of  coordinate  systom  uhows  up  an  cyclic  errors  in  the 
computed  trn.ioctori  with  amplitudes  of  ths  order  of  tho  inissin.c 
l'  C.  . and  S,  , , and  with  frequencies  wasoointod  willi  the 

! ( U I p i * | 1 

orbital  periods  and  the  rotation  rato  of  the  earth.  In  addition, 

< here  may  bo  a secular  error  whoso  magnitude  ia  dopondont  upon 
I lie  si  use  of  the  mlsslm?  0,  ^ and  Sj  j,  and  also  upon  tho 

lmr-th  ot  Ihc  trajectory  covered  by  the  tracking  instrumentation. 

An  disctiHsed  earlier  in  this  appendix,  thorn  arc  olher  errors 
arson  I u t od  with  uJT-conter  spheroids,  some  of  which  are  not  readily 
corroctnblo. 
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3.0  COMPUTATION  OF  ACCELERATION  COMPONENTS 


One  of  tlio  moBl  1 1 mo-conBuminn  operations  in  orbit  determinations 
is  eompl'tntion  or  Rrnvitntional  accelerations  duo  to  central 
hhfty,  CortHcMuontly , n (treat  deal  of  experimentation  has  ifmio 
Into  optimixlnK  the  compr tations,  Evaluations  nt  Aoronpacn, 

ESSA,  Data  Dynamics,  ETR  and  nlsowhoro  nonornlly  a^roe  that  For 
small  fToopotontiol  modola  (dogroo  no  higher  than  4)  it  in 
preferable  to  program  the  acceleration  components  direct] y in 
Pcnt.rtnffiilar  coordinates,  For  lamer  models  it  is  preferable  to 
Ufco  x*ocursivo  mothodn  to  arrive  nt  acceleration  componont.n  in  on 
bhat-north-radial  coordinate  system , From  hero  on  there  are 
minor  difforoncec  in  mothods,  Probably  the  simplest  wny  to 
Complete  the  transformation  is  to  perform  n rotation  to  the  body 
M titered  rectangular  system,  This  is  the  method  presently  used 
by  Aorospaoo  and  ETR  and  is  tho  one  prosontod  here, 

tin'  acceleration  components  in  tho  geocentric  earth  fixed  KFCl 
dbordinato  system1*  aro 


V 

V 


-sin  0 oos  y 
-sin  4*  sin  y 
cos  4> 


COS  <j>  COS  i 

cos  <j>  sin  y 
sin  <t> 


1 

r cos  ^ 


1 t)U 

r TSf 


•Sro  Piij;o  il  for  description  or  EFG  system  and 
l'e IT«*  1°  for  4iyr  system. 
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rtntart)  Mmsfl  vuuwfcW* 


whore 


mihI  whore  r'rm» ( {lin  ,|))  roprononto  the  derivntivo  ot'  the  Legendre 
function  with  reupcot  to  ain  4>. 

Wi'durnivo  formulas  uaed  in  computing  Legendre  ruiuoointod  functions 
>' tn.i  Uir.tr  «.lor.lvfitivrn  ore  no  follows  (whore  the  argument  o.ln  <!>  has 
Inu'ji  omitted  hut  nhould  be  understood): 

Fi’i'  m«*Q 

'n  0l"  * 'n-3  " f"-1)  Pn-?]/n 

P,  com  'I'  ■ nin  ♦ P , ooa  <t>  + n P - non  <t> 
ii  n-J  n- 1 

Vor  Initial  vn'luoo  ubc  Pq  - P.j  « 1;  and  1^  * m in  *P . 
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For  m 4 0 


Pnn/CCB  <>  » uin  $ pn-i  ,m/oos  Mn+m-l  )pn_2jn/C0B  <|,]/(n-m) 

P'  aotv  4>  » (n+m)P„  i / 008  *-n  sin  ♦ PMm/cos  ♦ 

nm  ' n-i»in  nm 


For  initial  voluen  uae  Pm  , „ » 0 and 

m-i  ,m 

r J ooo  * * H (2m-l ) cob1”"1  0 
m,m 


t . 0 RESONANCE  EFFECTS 

Resonance  affects,  primarily  in-track,  are  observed  in  lon.s-nrc 
trajectories,  They  uro  moat  pronounced  in  polar  or  nenr-polar 
orbits  anti  may  show  amplitudes  up  to  n thousand  fool  or  so 
depend  J uk  upon  tho  degree;  of  resonance.  Ah  on  exemplo,  n 
»n  toll  Ho  v i t;  li  period  of  G1G0  seconds  will  display  resonance 
associated  with  tho  07,11),  (16,14),  <15, 14)  nnd  (11,14) 
gnopotunliol  coefficients;  nnd  numerical  values  for  those  cu- 
efficients  should  bo  inoludod  in  tho  pteopotontift'J  model  used 
with  tills  satellite  uvon  though  no  other  forms  Itiffhor  than  (d,S) 
nro  inoludod.  Resonant  periods  ind  correspondin'*  order  of  the 
harmonic  coefficients  sre  listed  ,ln  Table  111,  Although  ovory 
non-sonal  term  is  resonant  at  son*  period,  it  is  common  practice 
to  define  "reoonance  terms”  as  thoue  with  m t 12.  This  parlance 
is  implied  in  Table  IV. 
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TABLE  III 


o 

satellite  resonant  periods  and  the 

CORRESPONDING  ORDER  OF  THE  HARMONIC  COEFFICIENTS 


Period 

(Soc) 

m 

Period 

(See) 

m 

88780 

to 

RD550 

1 

6850 

to 

9290 

0 

44380 

to 

41780 

2 

8880 

to 

8350 

10 

39D90 

to 

778  50 

3 

R070 

to 

7800 

11 

'>7190 

to 

POR&O 

4 

7100 

to 

5950 

1° 

17750 

to 

10710 

5 

5830 

to 

8 128 

13 

14700 

to 

1.1030 

r. 

5341 

to 

5970 

14 

12580 

to 

11040 

7 

5917 

to 

5571 

15 

11100 

to 

10150 

8 

5148 

to 

5222 

18 
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MODEL  SA-22 


(Multiply  all  V and  $ values  by  10’6) 


n 

m 

TJ 

S 

2 

0 

-464.1733 

2.434 

_ 

2 

2 

-1.398 

3 

3 

0 

1 

0.9623 

1.891 

0.219 

3 

2 

0.834 

-.653 

3 

3 

0.726 

1.371 

4 

0 

0.5497 

„ 

4 

1 

-.550 

- .452 

4 

2 

0.316 

0.604 

4 

3 

0.915 

- .121 

4 

4 

-.125 

0.212 

5 

0 

0.0633 

m 

5 

1 

-.037 

- .061 

5 

2 

0.553 

- .248 

5 

3 

-.357 

- ,012 

5 

4 

-.142 

0.117 

3 

5 

0.040 

- .501 

6 

0 

-.1792 

6 

1 

-.086 

0.056 

6 

2 

0.027 

- .329 

6 

3 

0.051 

0.079 

6 

4 

-.090 

- .459 

6 

5 

-.220 

- .501 

6 

6 

-.072 

- .261 

7 

0 

0.0860 

7 

1 

0.15? 

0.324 

0.039 

7 

2 

0.089 

7 

3 

0.206 

- .094 

7 

4 

-.224 

- .043 

7 

5 

0.055 

- ,o4o 

7 

6 

-.266 

0.]  15 

7 

7 

0.070 

0.043 
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MODEL  SA-22  (Contd) 


n 

m 

7J 

5 

3 

0 

0.0655 

8 

1 

-.047 

0.028 

8 

2 

0.059 

0.020 

8 

3 

-.012 

0,081 

8 

4 

-.094 

0.025 

8 

5 

-.050 

0.021 

8 

6 

-.038 

0.259 

8 

7 

0.040 

0.025 

8 

8 

-.142 

0,020 

12 

12 

-.031 

0,001 

13 

12 

-.070 

0.068 

13 

13 

-.063 

0.059 

14 

12 

0.003 

-.025 

14 

13 

0.008 

0.089 

14 

1^ 

-.040 

-.009 

15 

12 

— . 07  5 

-.010 

15 

13 

-.038 

-.019 

15 

14 

0.008 

- ,013 

15 

15 

-.005 

-.010 

17 

13 

0.006 

0.011 
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, TABLE  IV 

AVERAGE  ONE-SIGMA  ERROR  ESTIMATES 


FOR  FULLY  NORMALIZED  OBOPOTEJtTIAL  COEFFICIENTS 


(0  VALUER  SCALED  BY  10s) 


Degree 

Zonal* 

Non-Reaonant 
Teaaerala  k Sac tori ala 
(Ordar:  < 12) 

0 

1 pp» 

— 

1 

28. 

17. 

a 

0.6 

1.4 

3 

0.7 

3.0 

4 

0.8 

1.9 

5 

1.0 

3.5 

6 

1.1 

2.3 

7 

1.2 

3.9 

8 

1.4 

2.8 

9 

1.8 

4.2 

10 

1.6 

3.3 

11 

! .8 

4.4 

12 

1.0 

3.5 

13 

2.0 

4.5 

14 

2.2 

4.0 

15 

2.3 

4.6 

16 

2.4 

4.3 

17 

2.5 

mmmmm 

IB 

2.7 

— 

10 

2.8 

20 

2.9 

— 

21 

3.1 

mm  wm  m* 

22 

3.2 

Resonant 

'aaearale  k Sactorlali 
(Order:  12,  13,  14) 
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APPENDIX  U 


Differential  Expressions  Relating  Errors  In 
Initial  Condltlbns  to  Bphemerls  Errors 


In  examining  the  uncertainties  associated  with  orbital  parameters 
after  on  orbit  determination*  an  analyst  may  have  difficulty  in 
estimating  the  effect  of  these  small  uncertainties  upon  the  sub- 
r.oquent  ophomeris.  The  following  equations  provide  aocurate 
quantitative  answers  to  suoh  questions.  Abbreviations  and  symbols 
are  explained  at  the  end  of  this  appendix. 


I ! 


1 i 

l 


{ ) 


H 


+ Aa  |(l-e  oos  f)  - ( ne  sin  f)  (t-t)| 

- Ac  {a  cos  f + 2ao  sin?  f ^ 

- At  | nae  sin  f^ 

+ Ab  | pa2n  [-2(t-  lQ)  + ^ rie(t-tQ)2  sin  f 
- | (Ab)pan5(t-t0)4  ]} 


0 « - Ai  { n(l~e  oos  f)  sin  u} 

+ AU  { «(l-e  oos  f)  sin  1 cos  u} 

•i  Ab  J (ja?  u>„  (sin  1 sin  u)  (t-to)(1-e  cos  f)( 


An  {3?  ( 


1+e  cos  f 


) (t-t)} 


+ Af*  t a(S-e  oos  f)  din  fi 

+ Ad  < n 


(l-e  cos  f)  cos  i| 

-I  An  | n (l-e  cos  f )| 

- At  jna(l+e  oos  f)| 

•»  Ab  <-**■  p (3-k-*  oos  f)(t-t0)2j 

K2^)  } 


H AK 
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ABBREVIATIONS  AND  SYMBOLS  FOR  APPENDIX  U 


L.  ) 


Symbol 

(h,c,l) 


(ii  , 0,i,il,<D,  T ) 


f 

u ' ••  as  f 


(Gpi  A,  ®) 


P 

K 


(An , Ao , At » An. 
AW, Al,Ab, AK) 


Definition 

Coordinates  of  test  objeot  in  a moving 
reotangular  coordinate  system  with  origin 
at  instantaneous  position  of  referenoe 
object.  H extends  outward  along  radius 
veotor.  L is  in  the  orbit  plane,  perpen- 
dicular to  H and  in  the  direction  of 
motion  of  the  reference  object.  0 is 
perpendloular  to  orbit  plans  and  opposite 
to  angular  momentum  veotor. 

Classical  orbital  elements,  a is  semi- 
major  axis,  e is  eooentrioity.  i is  in- 
clination angle.  0 is  longitude  of 
asoendlng  node.  1b  argument  of  perigee, 
t la  time  of  perigee  passage. 

True  anomaly, 

Argument  of  the  latitude. 

Mean  motion. 


Ballistic  coefficient  or  drag  parameter. 

0^  is  dimensionless  drag  coefficient.  A 

is  frontal  area  of  satellite.  m io  mass 
of  satellite. 

Effeofcive  atmospherio  density,  It  io  some 
fraotion  of  the  density  at  perigee,  Pee 
Figure  1. 

Gravitational  parameter  of  Earth.  Equals 
OM^  whore  0 is  Newton's  gravitational  con- 
stant and  M#  is  mass  of  Earth. 

Errors  in  the  orbital  elements,  drag  parameter 
and  gravitational  parameter  at  epoch.  Or 
alternatively,  characteristics  of  test  orbit 
minuu  characteristics  of  reference  orbit. 
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APPENDIX  V 

Orthogonal  Osodssio  Coordinate  System 


O 


u 


Far  this  dlsousslon  a gsodtslo  la  defined  as  a curve  lying  on  the 
sutrfaoe  of  the  earth  spheroid  and  representing  the  minimum  path 
length  between  two  points  looated  on  that  surfaoe,  A spheroid 
traoe  Is  defined  as  the  path  on  the  earth  spheroid  surfaoe  traocd 
out  by  a perpendloular  to  the  earth  spheroid  surfaoe  from  some 
moving  vehlole  — ship,  alroraft  or  missile.  Of  all  the  simple 
mathematical  ourves,  the  geodeslo  frequently  agrees  most  oloaely 
with  the  aotual  spheroid  traoe  and  henoe  serves  as  a useful 
roforenoe  coordinate  axis.  The  geodeslo  may  oonneot  the  origin 
(0)  nt  the  point  of  departure  with  the  terminus  (T)  at  the  point 
of  arrival,  or  in  the  case  of  a tniasile  at  the  intended  point  of 
arrival,  Thin  roferenoe  coordinate  axis  will  be  called  Q^, 

Another  ooordlnate  axis  Is  defined  as  follows! 

At  some  particular  time  there  Is  a point  P^  established  on  the 
spheroid  ourfaoe  by  a perpendloular  from  the  vehicle  P to  the 
spheroid  surface,  At  that  aame  insta.it  there  Is  some  other  point 
P,,  located  un  the  coordinate  axis  0L  auoh  that  a geodeslo  con- 
necting Pj  and  PQ  will  interseot  perpendicularly  with  aL,  Tills 
geodesic  connecting  points  and  Pg  defines  a moving  ooordlnate 
nx.l u Qc.  The  coordinates  of  the  point  P^  are  therefore! 

tij  • 7TP,,  ; Qq  ■ • Distance  1b  measured  positively  from 

0 to  T along  the  QI(  axis.  If  an  imaginary  observer  traveling 
from  0 toward  T arrives  at  Pg  and  sees  P^  off  to  the  left,  then 

1 h';'  ilistonoo  along  the  geodeslo  from  P?  to  P^  is  positive j and  if 
1^  is  off  to  the  right,  then  the  distanoe  from  Pg  to  P.^  is  nega- 
tiv<>,  Tho  axes  Oj  and  Oc  clearly  form  a ourvilinear  coordinate 
nynti'in,  and  distances  (5Pg  and  P“Fj  are  not  straight  line  distances 
but,  two  dir-itnnoea  measured  along  geodesies, 

Thu  third  coordinate  required  to  define  the  vehicle  position  P Is 
the  heights  Gjj  ■ ^7^  *e  8 B^ra^6ht  lino  distance,  Is 

punitive  If  P is  above  the  spheroid  surfaoe  and  negative  if  P la 


V-l 


below  the  spheroid  surfaoe. 


Of;  Qjj  form  a right  handed  system: 


P 

f 

( 

» 


G- 

The  problem  to  be  oonsldered  Is  development  of  transformation 
equations  between  the  6^  0^  Ojj  coordinate  system  desorlbed  here 
and  the  ♦ > h coordinate  system  desorlbed  on  Page  16.  We  see 
Immediately  that  0H  ■ h and  henoe  we  majr  devote  all  our  attention 
to  ourvea  on  the  surface  of  spheroid  involving  only  ♦,  y,  0T  and 

°c* 

If  one  is  given  the  coordinates  0^  and  G0  of  the  point  and 
either  the  geodetlo  position  ($0,  Yq)  of  0 and  yt)  of  T or 
the  geodetlo  position  of  0 and  the  forward  azimuth  AQT  at  0,  then 
one  oan  straightforwardly  obtain  the  latitude  and  longitude  (*1# 
Yj)  of  P1  by  flodano's  inverse  and  direct  methods.  (See  Appendix 
F.)  Consequently,  the  only  problem  remaining  to  be  dleoussed  is 
the  transformation  from  y^)  to  (0L*  °q)*  procedure  Is 
nn  iterative  onei 

(1)  Determine  the  length  g01  of  geodesio  from  (*Q,  Yq)  to 
(♦1#  Yl)  by  Sodano's  Inverse  method  to  uoe  as  first 
estimate  of  the  geodeslo  gQ2  from  0 to  Pg. 

(2)  Obtain  an  estimate  of  ooordlnateB  of  Pg  (Sg,  yg)  by 
applying  Sodano’s  direct  method  using  known  valueB 


Ox,-*- 


tf 


-•  ip 
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1 


of  4>q»  Yq*  Aqiji  and  the  estimated  value  for  gog, 


(})  Determine  baok  azimuth  Ag0  at  Pg  corresponding  to 
geode si o g02. 


(4)  Determine  geodesic  ggl  from  Pg  to  P^  and  cor- 
respondlng  forward  azimuth  Agl, 


(5)  Form  oos  (A21-Ag0)  ■ oos  a,  the  oosine  of  angle 
formed  by  mtereeotion  of  gog  and  ggl  at  P2. 


(6)  Decrement  gog  by  some  small  value  and  repeat 
steps  2-5. 


(7)  Two  passes  through  Steps  2-5  with  different 
values  of  gQg  give  a numerioal  partial i 


A (oos  a) 
T b02 


(8)  The  iterative  equation  to  reduoe  oos  a to  zero 
and  arrive  at  a final  value  for  gQ2  in 


[soa]  ■ [«os] 


oos  a 
A ro  ds  a7 

^ ®02 


(9)  Convergence  is  rapid  and  iteration  Is  terminated 
when  suooessive  differences  in  estimates  of  g^g 
beoome  less  than  some  predetermined  value. 


(10)  The  final  value  of  gog  and  the  final  value  of 
g21  represent  the  coordinates  0L  and  d0 

respectively  of  the  point  P^. 


r \ 


(11 ) For  many  applications  one  pass  through  Stepa  1, 

2 and  4 is  Burfioiently  aocurate,  beoause  gog  Is 
usually  many  times,  larger  than  ggl.  For  almost 
all  applications  one  pass  through  Steps  1-7  and 
a seoond  pass  through  Steps  2-4  will  be 
sufficient. 


EXAMPLE i 
Let 


'OT 


A 

a 


i/f 


38° 

280° 

110° 

2>\  3948998495" 
-78.0894076694° 
6378140  meters 
298.25 


Solve  for  0^  and  0C 

(The  answer  is  known  to  be?  0L  ■ 200000  mj  0Q  ■«  3000  m. ) 


SOLUTION: 

(Numbers  in  parentheses  represent  step  numbers  in 
previous  disouasion. ) 


f1)  #01 

(a)  ♦.j 


(4)  g?1 


- 200022.443269  - eat  gQ? 

■ 27.3695330078 

- -78.1000076956 

- 290.882826201 

» 3000.08397063 

- 20.4541998564 
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(5)  A?i-A^o  “ 89.371373635  ■ « 

oob  a - .0074808/121 


* *02 

- 5 

m 

200017.443269 

(2) 

♦2 

m 

27.3695490919 

m 

-78.1000549159 

(3) 

A20 

m 

290.882804492 

(4) 

*21 

m 

3000.05074054 

A21 

m 

20.54966457V 

(5) 

A21“AP0 

m 

89.66686OOO5  - a 

OOB  Cl 

m 

.00581435563 

(7)  A oob  a ■ -.00166651558 
**08  " - 5 

A (oob  a)  B ,000333303116 
A *02 

(8)  eoa  - 200017.443269  - 

■ 199999.998621 

(2)  - 27.3696052091 

y2  ■ -78.1002196697 

(3)  A,,0  - 290.88272075 

(M  «21  - 2999.99995976 

At  this  stage  the  oomputed  values  for  GL  and  0C  are 


aL  ■ 
On  ■ 


199999.90621  meters 
2999.99995976  meters 


*ira& 


Comparison  with  the  known  answer  shows  the  errors  to  be: 

0L  : .05  inoh 

Gc  » .002  inoh 

Slnoe  we  aro  down  to  the  precision  level  of  the  program, 
further  ltera,,tior\e  here  would  not  be  useful.  In  a normal 
operation  when  the  answer  Is  not  known,  one  further  itera- 
tion might  be  made  to  be  sure  of  convergence , 

'NOTE:  Orthogonal  geodesic  coordinates  (also  known  as  Laborde 

iProJootiono ) form  the  basis  for  oonformal  grid  maps  such  as 
'Universal  Transverse  Mercator  (Appendix  W).  Steps  (l)  and  (;?)  on 
>pp.  V-2  nnd  V~‘5,  used  to  provide  a first  estimate  for  point  Pg, 
can  oauBo  difficulties  in  the  event  that  the  coordinate  Qp  is 
Barge  relative  to  a^,  This  Is  a highly  unlikely  circumstance  in 
present  missile  and  satellite  applications.  If  Buoh  a situation 
is  anticipated  in  some  particular  application,  then  a spherioa.1 
solution  should  be  substituted  for  making  the  flrBt  estimate, 


APPENDIX  W 


UNIVERSAL  TRANSVERSE  MERCATOR  (UTM) 
COORDINATE  SYSTEM 


UTM  1 ii  a conformal  coordinate  system  used  for  artillery  and  Bhort 
range  miusile  maps,  UTM  describes  the  earth  spheroidal  surface 
from  80°  south  latitude  to  80°  north  latitude,  with  600  zones  in 
the  southern  homisphtere  and  600  zones  in  the  northern  hemisphere. 
Each  zone  ooverB  6°  in  longitude  and  8°  in  latitude.  The  longi- 
tudinal boundaries  of  the  zones  begin  at  l8o°  from  Greenwich  and 
continue  eastward  with  186°  E,  192°  E,  198°  E,  etc,,  the  longi- 
tudinal regions  being  numbered  1,  2,  3 ...  60.  The  latitudinal 
boundaries  of  the  zones  begin  at  00°  S and  continue  northward 
with  7 2°  S,  64°  S,  560  S,  etc.,  the  latitudinal  regions  being 
lettered  CDEPOHJKIiWPQI^TUVVrX . Thus  the  point  at  I890  E longitude 
and  4°  N latitude  is  at  tne  center  of  zone  2M.  Each  zone  is 
characterized  by  an  intorlor  rectangular  grid  system  and  by  a 
central  meridian.  The  central  meridian  for  zone  IP,  for  example, 
la  at  183°  £ longitude.  Grid  coordinates  (northing  and  easting) 
describe  the  position  of  a point  within  a zone. 

Transformation  equations  presented  here  were  obtained  from  1st 
Geodetic  Survey  Squadron,  Warren  APB,  Wyoming,  and  represent 
modifications  of  those  given  in  U.  3.  Army  TM5-?4l-3.  These 
modifications  are  minor  and  do  not  represent  an  impairment  of 

accuracy , 

ALGORITHM; 

ATI  longitudes  are  measured  positive  east  from  Greenwich, 
iv"'  linden  are  measured  positive  north  of  the  equator  and  negative 
coi  1 i:l  1 of  equator.  In  conformance  with  normal  usege  N will  be 
used  to  denote  north  latitude  and  also  northing.  AIbo  E will  be 
mod  to  denote  east  longitude  and  also  easting.  The  oontext  will 
prevent  ambiguity.  Twelve  digit  floating  point  computations  are 
adequate.  The  fol] owing  notation  is  UBed* 
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<*>,  X 

N,  & 


guodetic  latitude  and  longitude 

■ northing  and  easting 
N0,E0  » false  northing  and  false  easting 

XQ  - longitude  of  oentral  meridian 
k ■»  scale  faotor 

kQ  » soale  faotor  at  central  meridian 

N*  * (SI-Nq)Aq#  true  northing 

E»  ».  (E-E0)A0#  true  easting 

y * grid  convergence  (geodetic  azimuth  minus 

grid  azimuth,  approximately) 

a,n  <*  major  and  minor  aemiaxes  of  the  spheroid 

p 

p * a /b,  polar  radius  of  ourvature 

p p p . p 

C - (a  -b  )/a  , first  eccentrioity  squared 

r)  g 

e - e‘/(l-e  ),  second  ecoentriolty  squared 

n * (a-b)/(a+b) 

m ■ rectifying  latitude 

Z * zone  number 

Spheroid  constants  are  computed  as  1'oIIowb: 

A - Id-  '5n  [-1  + (7/4)  n (1-n/0. 679)1 
B - 0.4  x 10"iU  + (A-l )/A 

C - -2.5  n (l+n/0.539) 

D - 1.234  C 

F - 1 - A 4-  0.14  x 10"9 

G - 3.5  n (l-n/0.3269) 

- 1.388  Q 


It 


Tho  following  conatanta  are  used  In  IT1M  for  all  spheroids: 


Nq  m 0 for  northern  hemisphere 

- 10  000  000  for  aouthern  hemisphere 

Eq  - 500  000 

k0  - 0.9996 

*0(deg)«  6Z-I83 

The  dlreot  problem  le  defined  aa  the  computation  of  grid  coordi- 
nates (northing  and  easting),  scale  faotor,  and  oonvergenoe, 
given  geodetlo  coordinates  and  oentral  meridian  value.  The  fol- 
lowing equations  apply,  in  whloh  all  angles  are  in  radians: 

p p 

g ■ e 00s  ♦ 


1 + g‘ 


tan  4> 


■ ♦ + B t oos2  ♦ |jL  + C cos2  ♦ (l  + D oos*  e)J 

■ oj  p A NOTE:  p must  be  in  meters, 

■ (>-^0)  oos  ♦ 

- N»,+t  (p/SV)(AL)2^l+(l/12)(dL)Sj^-t2  + g2(9+l|gS) 

+ 2(AL)2{l+t2  [-l+(l/60)t2])JJ 

- N'  k0+  N0 

- (p/V)  LL  + (l/6)(AL)2^L-tP  + g2  + (1/20)(AL)2{5 


+ t*  (-18+t2)  + 15  g2  [1  - 4t2]}  j 


E - E'  k0  + E0 


(E'/p)  V2 


- k0  |Y  + (1/2)  P2  [1  + (1/1.?)  P2f} 

- t AL  ^1  + (l/3)(AL)2fl  + g2  (5  + 2 g2) 


+ (1/5)  (AL)2  (2-t2j 


This  completes  the  direct  problem.  The  reverse  problem  is  defined 
as  the  computation  of  geodetic  coordinates,,  given  universal  trans- 
verse meroator  grid  coordinates  and  central  meridian  value.  The 
followihg  equations  apply.  In  whloh  all  angles  are  in  radians: 

N«  - (N-N0)/k0 

K*  - (E-Eq)A0 

(c  ■ N'/(A  p) 

■ co  + F oos2  os  tan  u>  [1  + G cos2  to(l  + H oos2  o>)) 

2 2 , 

g - e oos 

V*  ■ 1 + g‘ 

Q - (V/p)  E' 

t - tan 

* * + (1/2)  t Q2  £-1  - g2  + (1/12)  Q2[5  + 3(t2[l-g2(2  + Jg2)] 

+ g2  (2-g2)}  - (1/2 ) <12(4  + 5t2  (2  + t2)}]J 
AX  - (Q/oos  ♦f)  fl  - (1/6)  Q2  £ 1 + 2 t2  + g2  - (1/20)  Q2{5.05 
+ 4t2  (7  + 6t2)}]J 
X ■ ?\q  + AX 

This  completes  the  reverse  problem. 
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EXAMPLE  (UTM,  Clarke  1066) 


u 


Latitude  t 
Longitude  : 
Central  Meridian? 
Northing  t 
Easting  t 
Soale  Feotor  : 
Convergence  : 


34°  15 » 34'.'  742  N 
96°  S'  43'/  158  W 
99°  W 

3794702,172  meters 
772075.812  meters 
1.00051259 
+ 1°  39*  51'.'  627 


.) 
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APPENDIX  X 
BARTH  SHADOW 


It  la  sometimes  desirable,  particularly  in  photography,  to  know 
whon  a eatelllte  la  In  full  sunlight  and  whan  In  tha  shadow  of 
the  aprth,  Figure  1 shows  tho  geometry  of  the  situation.  In 
this  figure 

P ■ 0,0283  deg 
ag  . 8,8098  x 105  km 

a„  - 0.37814  x IQ3  km 


e ■ oos 


Vs 


b + c 


Tho  logic  to  determine  the  location  of  P 1b  as  follows: 


Is  € ► <a  + 6) 


FULL 


SUNLIGHT 


u 


This  algorithm  require*  the  computation  of  the  vector*  R0  and  Rg. 

The  vector  R e la  computed  in  the  usual  way  using  the  orbital 
oloneDts  of  the  satellite.  Rg  is  seen  from  the  diagram  to  be 
Ug  » - R.  Tho  vector  R is  available  from  an  ephemerls  tape 

if  such  a tape  is  convenient.  For  most  purposos  tho  goocontric 
inurtisl  cuordlnstes  (X.Y.Z)  of  tho  voetor  ll  can  be  computod 
satisfactorily  from  elliptic  expansions  using  Bessel  functions 
of  the  first  kind.  No  significant  error  is  Introduced  by 
truncating  terms  with  powers  of  eccentricity  greater  than  throe. 

We  have  .therofore 

f . M 4 <3o  - ^ e3>  sin  g 4 < £ s2)  ain  2 M 4 < O sin  3 M 4 

-iL  m l 4 -y  ea  4 <-  e 4 o3)  cos  H 4 (- J ea)  oos  n M 

4 (-  J e3)  cos  3 114  ...  , 

M - n <t  - tp)  , 
u m 0)  4 t , 


^ *1 

r **l 

» 

X 

o 

o 

eos  u 

Y 

fi 

0 oos  c -sin  « 

sin  u 

Z 

u sin  € cos  c 

0 

m m 

„ - 

f is  truo  nnomaly, 
c is  eccentricity. 

M is  mean  nnomaly. 

u is  semi-major  axis  of  earth  orbit  about  the  sun. 
n is  mean  motion  • 0.01720279  rad/day, 
t is  timo, 

t is  timo  of  perigee  passage,  on  input  constant 
**  obtained  from  American  Bohomeris, 

> lw  argumunt  of  perigee,  jui  input  constant 
obtainod  from  Amorlcar  upborne** is, 

u is  argument  of  the  latitude, 

r ia  mean  obliquity  7-3  44'1  dog. 
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APPENDIX  Y 


The  following  simple  formula*  - oxaot  for  aphorical  oarth  - arc 
prasentad  primarily  for  planning  purposes  and  alaplo  arror 
analyses.  Exact  and  necosearily  mor*  oompiex  computational 
method*  for  tha  oblato  aarth  art  praaonted  olacwhara  in  this 
report. 


The  triangle  la  dafinad  by  one  aide  extending  from  the  center  of 
the  oarth  to  tha  obaarvar  on  tha  aurfaoe  of  the  earth,  ono  aide 
extending  from  the  center  of  tho  oarth  to  the  tracked  object 
aliovo  the  earth,  and  one  aide  extending  from  tho  observer  to  the 
tracked  objout.  So*  Figure  1. 


• . 


obaei/ar  on  aurfaco  of  oarth 


tracked 

objoct 


aurfaco  oi  oart.h 


cout or 
of  earth 


FIGURE  1 


b„  rtholu  in  Figure  l are  do  fi  no  cl  aw  follows: 

>’  J«  slant  range  from  observer  to  tracked  object. 

<>  is  » ievation  angle  of  tracked  object  above  local  horizontal, 
jiosilivo  ubovo  and  negative'  bolow, 

li  it.  altitude  of  tracked  object  above  aurfaco  of  earth, 

it  lu  oarth  radius,  approximately  3440  nm, 

i«  ceuiral  angle  between  vector  from  center  of  oarth  to 
observer  and  the  vector  from  center  of  onrlh  to  trnckod 
object,  where  0 < n * 180*. 


TV\Svr ■'  •**« 


'“lio  i’ollowiiij'  formulas  apply: 

(1)  Ground  rang*  » M , whar*  $ In  In  radian* , 
(n)  r m 4-  R (R+h) (1-coa  8)  + hB 


(:i>  ® * ttn"1  [Ttsny  - (K+hrW  a]  * 


vrharo 


(-90)  < a < (+90*; , 


0 h r 11  [gsrTiryj  ’ l]  • 


(d)  b * + k/«  + vd  + 2 r R sin  o - il  . 


0 i.  oo*”1  f 2LS2BJZ.  1 - o whara  0*  < 9 « 1R0*  . 

I R + h J “ 


Simple  considerations  parmit  thaao  formulas  to  b*  used  with  nit 
obaorvor  above  the  murfaoa  of  tbo  aarth,  Not*  that  those 
formula*  art  atrletly  geometrical  and  do  not  consider  rafraotion 
of facta. 


LiklilJ  HJfluL!  fJlL'lUiX'Laii  iLLJ 


9,0  I 
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Symbols  in  Figure  2 are  defined  as  follows; 


► 

\ 

i 


N,  S 

roprosent  respectively  the  north  snd  south 
of  the  earth. 

XS 

o 

a 

■ 

1,  3 

designate  Sites  1 and  2,  respectively , 

e 

is  latitude,  positive  north  of  equator  and 
negative  south  of  equator. 

A> 

is  longitude  difference  between  sites. 

a 

is  contral  angle  between  vectors  extending 
center  of  earth  to  two  sitee. 

from 

a’s 

are  aaimuth  angles  as  indicated  in  diagram. 
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Tiio  following  formulae  apply: 


(7)  9 • eoa"1  £ain  4*^^  ain  <>3  + ooa  ^ coa  4^  ooa  (A*)  , 


whora  0*  « 6 a ISO*  , 


(8)  Oj 


V ain  fl  ooa 


whara  0*  < ®i  2 *®°*  • 


ooa  0 + ooa  ain  B ooa  a 


(0)  *2  ■ [ain  *i 

whara  (-00*)  < #3  < (+90* ) . 


J • 


, (“tan  cu  ain  D,  "|  * , 

(10)  A)  . t.n-1  , wKor.  0 < AX  < iso 


and  whara 


(11)  Dj  • tan"1  £tan  $ ooa  c^J  , wharo  0M  < Di  2 180*  • 


An  alternative  form  for  oacli  oi  equationa  U , 9 , 10  and  11  can  bo 
obtained  by  aubatitutinft  aubaoript  1 for  aubaoript  3 and 
subatitut Jag  aubaoript  2 for  aubaoript  1 throughout  tho 
particular  equation. 


APPENDIX  Z 

NUMKMCAL  METHODS  - INTERPOLATION. 

DIFFERENTIATION . QUADRATURE  AND  INTEGRATION 

INTERPOLATION 

The  problem  of  Interpolation  coneiate  in  conetruotlns  a con- 
tinuoua  function  which  fulfills  oertaln  conditions  at  a finite 
numbor  of  discrete  points.  The  oondition  usually  imposed  is 
the  coincidence  in  numerical  values  of  the  interpolating  function 
with  the  numerical  valuos  of  a finite  number  of  tabulated  points. 
The  typo  of  funotlon  includes  powor  polynomials,  rational 
functions  and  trigonometric  polynomials.  There  aro  special 
applications  in  which  each  type  la  preferable.  However,  con- 
siderations of  speed,  simplicity,  versatility  - ns  well  as 
possible  requirements  for  differentiation  or  integration  - 
generally  result  in  the  selection  of  power  polynomials  of  the 
type 

f(x)  - a0  + a^  x + aa  xa  <►  ,,,  + afl  xn  , 

The  logit imacy  of  the  power  polynomial  representation  la  based 
upon  a thoornm  of  Weierstrass,  which  oan  bo  stated  ns  follows: 

Lot  f (x)  be  an  arbitrary  continuous  function  defined  In  a 
finite  interval  a < x « b.  It  is  always  possible  to  approximate 
f(x)  over  the  whole  interval  (a,b)  as  closely  ns  we  ploaso  by  a 
power  polynomial  of  sufficiently  high  degree.  This  obviously 
does  not  mean  that  wo  can  interpolate  in  a table  ns  accurately 
as  we  please  by  ahooslng  a power  polynomial  of  sufficiently 
hi <rh  dontroo. 

Most  of  tho  discussion  in  this  appendix  will  bo  focussod  on 
power  polynomials.  All  of  the  interpolation  formulas  (of 
<1otfro©  n)  in  this  appendix  will  precisely  fit  or  go  through 
(h+1)  points  in  the  table.  An  individual  formula  la  selected 
for  a particular  application  primarily  on  the  basis  of  com- 
pel ntinnnl  convenience  and  upon  special  limitations  and 
ndvpntttTos  associated  with  distribution  of  tho  table  entries. 
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;»i  i Action  of  the  proper  dogreo  of  the  interpolating  polynomial 
1b  done  on  t lie  bnuiH  of  nti  error  analysis,  which  should  bo 

performed  by  the  mathematician  who  propnros  tho  table.  First 
degree  corresponds  to  linear  interpolation,  interpolation 
boyond  sixth  degree  is  virtually  unknown,  and  a good  practical 
limit  la  fourth  degree. 

NOt ATI OK  FOK  NEWTON’S.  BESSEL'S  AND  EVERETT'S  FORMULAS 


The  following  table  showing  difference!  up  to  tho  fifth  will 
serve  t,6  explain  tho  not  iionj 


It  is  nooessnry  that  tho  entries  in  the  table  bo  listed  nt  onuul 


intervals.  First  differences  are  defined  ns  follows- 

*-1.5  " y-l  " y-2  » *0.5  fJ  yl  * y0  ! 0tC* 

S-  cond  differences  arc  dofinod  nfi  follow*: 

■'ll  ' *-c.s  - *-i.»  * *1  - *i.r  - *0.5  I etr- 


> *1  ■ *i.r  - *0.5  i etr- 


dlnilurly  for  third,  fourth,  fifth,  sixth,  otc,  differences 
f >'t  &x  x3  - Xj  « xa  - x1  .«  ;;n  - , otc. 


NE W'!’OM  • a FOHWAUD  AND  BACKWARD  PI FPE BENCE  I N TEUTOLATION  FORMULAS 


Those  formulas  arc  normally  used  only  nea-  the  beginning  or  end 
of  u table  whoro  other  and  more  rapidly  converging  formulas 
such  as  Bessel's  and  Everett's  ore  not  applicable.  Lot  us 
assume  that.  x0  is  the  first  entry  in  the  table.  The  ontry,  x, 
for  which  we  want,  to  compute  a table  value , y , is  located  at 
(x0+p5x),  where  p Is  some  positive  fraction  less  than  unity. 
Nowton's  Forward  difference  Formula  is  applicable: 

y - yQ  + p O0 <5  + ^ p (p-l>  aJ  + g p (p-l)(p-2)  >8  + ... 

■ ’'ii  , ’ 

Next  let  us  assume  that  x^  la  the  last  entry  in  the  table.  The 
entry,,  x,  for  which  we  want  to  compute  a table  value,  y,  is 
located  at  (x0-pBx),  where  p is  some  positive  fraction  lesB  than 
unity.  , Newton's  Backward  Difference  Formula  Is  applicable: 

y - y0  - p A.o.5  + ir  <P-D  Afi  - $ P <]?-.!) <p-2>  ^1<5  + ... 

Clearly  these  formulas  may  be  used  Where  X does  not  fall  within 
the  first  or  last  interval  of  the  table.  In  fact,  for  roasons 
which  will  bo  apparent  later,  It  is  usually  necessary  to  apply 
those  formulas  when  x is  less  than  two  intervals  from  the  be- 
ginning or  end  of  the  table.  Newton's  Forward  and  Backward 
Difference  Formulas  have  boon  shown  extendud  out.  to  third 
differences,  but  there  is  little  if  any  atlvnntoge  in  using 
differences  beyond  tno  socond,  because  higher  differences  are 
too  far  removed  from  the  entry  cf  interost, 

DliSSBL'S  INTERPOLATION  FORMULA 

This  is  probably  the  most  widely  used  of  all  interpolation 
formula.*;.  It  is  r.  central  difference  formula,  eometimes  ex- 
tended to  fourth  differences,  but  if  differences  higher  than 
the  third  aro  desired,  Everett's  formula  is  generally  preferred. 
The*  miry,  x,  for  which  we  want  to  compute  a tabic  value,  >,  is 
located  at  ( + p 0 x) , where  p is  seine  positivo  fraction  less 
than  unity.  Bessel's  formula  is  as  follows; 


z-n 


iitiWjyiilirihi  "iitjliiiWiiiiWn  i n 


y o.s  (y0+yj)  + (p-0.5)  i0i5  ■*  ui02  + 

+ f itAjjAtsll  g + Im.iJpjg-Mfr*?  w04  + lx*)  + ... 

In  cases  where  fourth  differences  arc  sign!  flcant , it  is 
frequently  satisfactory  and  aomewhat  simpler  to  "throw  bock" 
tho  fourth  dif forenoon  into  the  second  aa  follows: 

y * 0.5  (y0+y^)  + (p-o.s)  l0^5 

+ &1|T.U  [a^  + A^  - 0.184  <a40  + a'^)] 

* a30<8 

EVERETT'S  INTERPOLATION  FORMULA 

Evorett’8  formula  ia  generally  proferred  to  Bfaael's  when  higher 
difforoucoa  are  neeeaaary.  Everett* a formula  shown  extended  out 
to  sixth  differences  - usually  the  ultimate  limit  of  usefulness  - 
is  as  follows: 

y " q [yo  + i Ao2  + T2U  «»2-lHq2-4)  a04 

+ Cq“-l)(q2“4)(q2-9)  AQ6  4-  ...  j 

+ P [yx  ♦ <p2-l)  + ygfl  (p2-l)  (p“’-4)  Aj 1 

+ TTCrro  0>“-l)  (p°-'i)  (l>2“0)  A^  + ...  J , 

whore  <j  •=■  (l-p)  and  whero  the  entry,  x,  for  which  we  wnnt  to 
coup.:  to  a table  value,  y,  is  located  at  (xQ4-p  6X),  where  p is 
Borne  positive  fraction  loss  than  unity. 


LAGRANGE'S  FORMULA 


Lnrcranco'e  formula  is  more  general  than  the  formulae  previously 
treated.  Equal  Intervals  in  the  table  entries  are  not  required. 
Interpolation  can  be  accomplished  anywhere  within  the  table 
including  tho  firut  and  last  Interval,  and  also  extrapolation 
can  be  performed  (with  caution).  Most  analysts  prefer  formulns 
qiven  previously,  however,  for  tables  with  entries  at  oqual 
intervals.  Lot  tho  table  be  of  the  form: 


ENTRY  TABLE  VALUE 


CJiven  sonu.'  entry,  x,  we  wish  to  estimate  the  corresponding  table 
value,  y,  Lnftrnngo'e  formula  is  as  follows: 


y 


(x-x1)(x-x2)...(x-xn) 
(x0-x1)<x0-x;i)...(x0-xn)  y° 


(x-x0)(x-x2) . ..<x->:n) 

4 2 —2 2 y 

(Xj^-Xq)  (Xj-Xjj)  . . . (Xx-Xn) 

(X**Xq ) (X-Xj)  (X-Xy)  . . , (x-xn) 


(xa-x0) (Xg-X^) (Xy-Xy) . . . (x2-xn) 


Vry  + 


• • s 


+ 


(x-x0) (x-xA) . . . (x-xn_j ) 


y 


n 


UERMI Tli ' S FORMULA 


This  Is  a trigonometric  analog  to  Lagrange’ s formula.  Equal 
Intervals  in  the  table  entries  are  not  required.  Interpolation 
can  be  accomplished  anywhere  within  the  table  including  the 
first  and  last  interval „ and  also  extrapolation  can  ho  per- 
formed (with  caution).  When  n function  represented  by  a table 
la  known  to  be  periodic,  lllermite’s  formula  is  froquently 
preferred  ovor  Lagranfjc’s  in  spite  of  the  much  larger  computation 
time.  Ilormito’s  formula  is  as  follows: 

sin  (x-x, ) sin  (x-x„) . . .sin  (x-x  1 

y , 1 2 £ y 

sin  (Xq-Xj)  sin  (xo-x2) . . .sin  (xQ*-xn) 

sin  (x-x0)  sin  (x-x2),,,«in  (x~xn) 
sin  (Xj-Xp)  sin  (xj-x,,) . . .sin  (x^.c^)  3 

sin(x-xn)sin(x-x1 )sin(x-x,) , , ,sin(x-x,  ) 

+ 2 £ 2 £ y,  + . . . 

«in<x2-x0)sin(x2-x1)sin(xr!-x3). . ,sin(x?-;cn)  v,  ) 


sin  (x-xQ)  sin  (x-x1>...Bin  (x-xn>-1) 

ein  (xn-x0)  sin  <xn-Xj ) . . .sin  (xn-xn-1)  13 


NOTE 

The  mathematics  literature  contains  many  interpolation  formulas 
not  included  here.  Among  theso  are  Gregory's,  Newton’s  Divided 
Differences,  Aitkins,  Neville's,  Gauss',  Stirling's,  Thiele's 
nod  liteffonsen’s,  AT  tor  careful  consideration  ami  evaluation 
theso  were  omitted,  because  in  our  field  or  Interest  they 
appear  Lo  contribute  little  to  tho  capability  represented  by 
1 !»e  formulas  included. 


INVERSE  INTERPOLATION 


A tabXo  supplied  by  a competent  mathematician  Is  amenable  to 
interpolation.  If  such  a supplier  does  not  specify  any 
particular  interpolation  procedure,  then  it  is  safe  to  assume 
that  one  of  the  direct  interpolation  procedures  previously 
disounaod  is  applicable.  Occasions  arise,  however,  when  the 
problem  is  not  the  standard  ono  of  determining  the  table  value 
from  a Riven  ontry  but  rather  determining  the  entry  from  a 
given  table  value.  Tho  process  by  which  tho  entry  is  determined 
from  a given  table  value  is  called  inverse  interpolation. 

In  invorso  Interpolation  the  analyst  is  using  a table  for  a 
purpose  for  which  it  was  not  designed,  and  he  is  consequently 
responsible  for  checking  out  the  accuracy  of  any  procedure  he 
uses.  Tho  most  efficient  method  of  inverse  interpolation  in- 
volves n reversal  of  tho  roles  of  ontry  and  table  value  in 
Interpolation  formulas  alroady  discussed.  In  other  words, 
instead  of  oxprosslng  the  table  volue  in  terms  of  a polynomial 
in  the  entry,  we  express  the  entry  in  terms  of  a polynomial  in 
Iho  table  value.  With  tho  original  table,  howover,  there  is  no 
assurance  that  tho  entry  con  be  adequately  expressed  in  terms 
of  & simple  polynomial  in  tho  table  value.  In  fact,  reversal 
of  the  rolos  of  ontry  and  table  value  can  easily  result  in  an 
Interpolated  value  in  tho  wrong  interval  of  tho  table,  The 
accuracy  of  this  reversal  procedure  is  dop^ndont  upon  the 
particular  toblo  being  usod  and  may  frequently  be  improved  by 
using  prior  direct  interpolation  to  reduce  the  table  interval 
siao.  If  reversal  of  tho  role  of  entry  and  table  value  gives 
unsatisfactory  results  with  a given  table  nnd  if  it,  is  im- 
practical to  reduce  tho  table  interval  si re,  then  one  can 
resort  to  success i vo  approximations , In  successive  approxima- 
tions one  applies  direct  interpolation  procedures  using  closer 
and  closer  approximations  to  the  true  entry  corresponding  to  a 
given  table  valuo.  These  two  general  approaches  will  be  dis- 
cussed In  further  detail. 
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Re  v or  so  1 o f Holo_o_f  Entrj^  and  Table  VaJ^ue 

Henauso  Lagrange's  nnd  Hormito's  formulas  do  not  requlro  oqual 
intorvnla  botwocn  aucceunivo  values  of  the  entry,  the  rolow  of 
entry  and  table  value  may  be  roadlly  Interchanged,  This  1h  n 
perfectly  general  method  and  requires  no  further  discussion. 

Interpolation  formulas  devoloped  in  the  form  of  convergent 
power  nor lea  can  always  bo  reverted,  Without  developing  the 
rovertod  serios  for  any  specific  interpolation  formula,  we  will 
ahow  the  general  caso.  The  power  series 

2 3 n 

y m aQ  + SjX  ♦ a2*  + n3x  + ...  + anx 

when  reverted  beoomes 


x ■ 


^ + 


I + °» 


- Y^“ 

n-l  ^ .J  * 


3 \ a. 


C1  ’ 


3 - 


3 •■ft)’  • 


+ 7 ( y3>. ) - 2B  ( 

1 \ *r  * « \ *r 


Success  ivn_A£proximajtions 

Bessel's  formula  will  be  usod  to  illuGtrrt.e  n general  procedure. 
If  wo  transpose  and  dlvldo  through  by  r,  wo  obtain 

U it' 


P - 0 


.. . ~Ci  . **  (*£) 


P.(P-0.5J 


To  a first  approximation  for  p,  we  neglect  all  differences 
higher  than  the  first  and  therefore  have 


0.5  + 


ay-y0-yi 


The  eucornl  approximation  is  obtained  by  substituting  p1^  in  the 
right-hand  a Ho  of  the  aories  expression  for  p.  The  resulting 
second  approximation  p^  is  then  substituted  in  the  right-hand 
ill  do  of  t.ho  serins  expression  for  p.  and  a third  approximation 

n\ 

P is  obtained  - and  so  on  for  higher  approximations  until  the 
difference  in  suocsaslvo  approximations  for  p become  nor  .gible, 

A morn  general  but  usually  more  slowly  converging  mothod  of 
sitcciossi vo  approximations  makos  use  of  Lagrange's  formula.  To 
illustrnto,  let.  y lie  between  y0  and  y^.  Then  wo  know  that  x 
lies  hotwoon  xQ  and  . As  a first  approximation  for  x,  wo  have 


:<n’  *•  +(Po)  (*'-*) 


Supplying  xv  * t.o  Lngrongn's  formula  will  result  in  a correspond- 
ing vnluo  for  in  general  not  equal  1.o  y.  If  y lies  ho- 

tweon  nncl  yj , wc  perform  another  linear  interpolation  ns 
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i)  . » - yU  /x  . X<D\ 
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If  on  the  other  hand  y lion  between  y ' ' and  yQ,  wo  compute 

It<2>  ‘ *» + “rn~  (r  <1>  - *o)  • 


(,«» . x0) 


Lagrange’s  formula  will  provldo  a corresponding  yk  * with  which 
to  estimate  etc. 

Double  Interpolation 


Suppose  we 

are  given 
*0 

a table 
X1 

of  tho 
X2 

form 

*3 

w0 

*00 

*01 

«< 

0 

to 

*03 

"l 

yio 

H 

i-l 

>* 

*12 

*13 

*2 

*20 

*31 

*22 

*23 

W3 

*30 

*31 

*32 

*33 

e 

e 

• 

• 

• 

e 

• 

• 

• 

e 

e 

• 

• 

* 

• 

In  thin  table  we  have  double  entries,  w and  x,  associated  with 
each  table  value  y.  Tho  problem  is  to  dotermino  the  toblo  value 
y . , Riven  (v  , x,  ) , Special  formulas  have  boon  derived  for 
this  problem  basod  upon  assumption  of  simple  interpolation 
formulas.  The  more  »;oneral  procedure  is  to  reduco  tho  doublo 
entry  table  to  a single  entry  tablo  and  then  proceed  with  one 
of  tho  formulas  previously  discuoBod.  For  example,  by  standard 


interpolation  procedures  already  described,  wo  first  compute 
yoh'  ylh»  y2ta»  y3h’  ••• 

Wo  then  interpolate  within  this  set,  again  by  standard  interpola- 
tion procedures  already  described,  to  obtain  yffh. 


Differentiation 

The  procedure  is  to  differentiate  the  appropriate  interpolation 
formula.  Bessel's  formula  will  bo  used  to  illustrate  the  general 
method.  We  recognise  that 


dy  dy  dn  1 dy 

cTx  * 3p  Sx  " ,5x  f|T 


■ Tx  [ Va  + (ao2  ♦ aia)  + ^ 

♦ (*o*  * H*)  * •••]  • 


3p  -3»0.S  .3 

+ "IT7 V# 


lU’pnated  differentiation  glvos  higher  order  derivatives,  where 

A , -i-.  Ar-  i A ■ -t-T  A : 

dx*  (8x)a  dp*  dx3  (Ox)3  dx3 

If  the  table  values  are  nol  given  for  equidistant  values  of  the 
entry,  wc  may  represent  the  table  values  by  Lagrange's  or  Hermite'e 
formula  prior  to  differentiation.  For  example,  in  the  caso  of  a 
second  degree  polynomial,  Lagrange's  formula  gives 


Z-ll 


1 7iV.-~i ' .'Cr7  y tAimurisnrs.  t 


.v 


3x" 


ax-Xj-x^ 


2x-xq-x2 


2X-Xq-X j 


tx0-xj  fx0-xaJ  y0  + (x1-x0mx1-x2)  yi  + (x3-x0Hx3-x~iJ  y2 


o 
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Newton-Cotea  Quadratures 

Thee#  formulas  require  aqual  Intervals  bet  worn  the  table  entries 
or  independent  variable.  There  ia  no  limit  to  the  number  of 
these  formulas,  but  there  are  only  four  that  are  used  commonly. 
These  are  the  trspesoid  rule,  Simpson's  rulo,  three-eighths 
rule,  and  Weddle's  rule.  The  total  number  of  intervals  covered 
in  the  integration  Is  not  restricted  when  the  trapesold  rule  is 
used.  An  even  number  of  Intervals  must  be  covered  in  the 
integration  when  Simpson's  rule  is  used.  The  number  of  intervals 
covered  in  the  integration  must  bs  n multiple  of  throe  when  the 
three-eights  rule  is  used.  The  number  of  intervals  covered  in 
tho  integration  must  be  a multiple  of  six  when  Weddle's  rule  ia 
used.  In  terms  of  acouraoy  these  rules  rank  in  descending  order: 
Weddle's,  three-eights,  Simpson's  and  trapezoid.  Simpson's  rule 
is  probably  the  moat  useful  of  all  formulas  for  quadrature. 

Tho  notation  followed  in  this  discussion  of  Newton-Cotes 
quadrature  is  explained  by  the  following  table: 


value  of 
Independent 
variable  x 


xo*\ 


*o+«, 

x0+3bx 


value  of 
correaponding 
function  y-f(x) 

y0 


y2 

y3 


o 


X0+n6X 


Z-12 


4 


Trnpogojdjtulo 


y1, 


f(*)d*  . -r  [y0+»y1+sy8+...+s>tl.,+yn  J 


whor«(  excluding  yQ  and  yn  each  of  whioh  haa  a coefficient  of  1, 
every  value  of  y haa  a coefficient  of  2 inside  the  brackete. 


Simpson's  nule_ 


x0*nBx 


f (x)dx 


[y0+<y1+ay,+4y3+2y4+.  • •+!>’n-2*,,y„.i+y„J 


whore,  excluding  yQ  and  yR  each  of  which  has  a coefficient  of  1, 
the  repeating  pattern  of  coefficients  beginning  with  y«y.  is  4,2 
Q inside  the  brackets,  1 


Threo-Ei^h_tha  Rul#_ 


x0+ne> 


f (x)dx 


[s0+3y1+3y2+2y3^3y4<.3y5 

+»y,+. . •+!y„.3+3yB.2+3yn.i+yn  ] 


where,  excluding  y^  and  yfl  each  of  which  has  a coefficient  of  1 
the  repeating  pattern  of  coefficients  beginning  with  y™y.  i» 
3,u,2  inside  the  brackets.  1 


Z-13 


I > 


Woddle^a^Rulo 

/ f(x)  dx  . yji  [y0*»y1+yj+«»3+»4+5yft+2y6*Bi,+ygtejr9+y10 

xo 

♦ay1l+ayjL2^...+2yn.0+5yn-fi 

+yn»4+8yn-3+yn-2+8yn-l+yiiJ 

where,  excluding  yQ  and  y t each  of  which  haa  a coefficient  of  1, 
the  repeating  pattern  of  coefficients  beginning  with  y-y^  is 
8,1,6, 1,5,2  ineide  the  brackete, 


gauge  Quadrature 

fe  eet 

P n 

/ f(x)  dx  - E H.  f (a  . ) , 

i J-l  J i 

an  equation  which  holds  exactly  if  f(x)  ie  n power  polynomial  of 
degree  (!?n-l)  or  leee.  The  discrete  abac Ish rut  Bj  nnd  tho 
corresponding  weight  coefficients  Hj  must  be  determined.  Based 
upon  Weierstrass'  theorem,  we  oonclude  that  the  resulting 
quadrature  formula  should  be  oapable  of  approximnting  definite 
integrals  of  any  continuous  function  within  a margin  of  error 
which  should  diminish,  in  general,  with  increasing  value  of  n. 

i 

If  a and  b are  finite,  it  is  convenient  and  entnils  no  loss  in 
generality  to  asaumo  that  (b«+l)  and  that  (an-1),  If  this 
assumption  la  not  true  in  an  actual  problem,  it  can  he  realizod 
by  an  appropriate  linear  transformation  c i variables: 


I i 
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Z-14 


• l. 


ggjjujWji 


-A 


J t( y)  dy 


+1 


V / 


*<*)  Ax 


-1 


whore  g(z)  dz  is  obtained  by  substituting  y ■» 

into  f(y)  Ay,  Consequently  the  problem  la  to 
and  the  Sj  for  the  following  equation: 

+1 


/ 

-1 


f(x)  dx  - T. 

.1-1 


HJ  “V 


1/2  |^(b-a)z  + a+b 
evaluato  the  Hj 


Oauee  haa  shown  that  if  (f(x)  is  n power  polynomial  of  (2n-l) 
degree  or  lower,  then 

r1  n f (a . ) 

J f(x)  dx  - 2 Z:  — J 


-1 


J-l 


• ■ 


where  the  aj  aro  roots  of  the  Legendre  polynomials  P (x)  and 
where  the  P^Sj)  are  derivatives  of  Pn<x)  evaluated  at  a.  . 
Finding  the  roots  of  a Legendre  polynomial  Pn<x>  is  equivalent 
to  solving  an  algebraic  equation  with  terms  up  to  degree  n, 
Having  those  roots,  one  can  calculates  Hj  with  little  difficulty, 
Becnuao  of  the  difficulty  in  obtaining  the  roots,  aJ(  it  is 
cuntomnry  to  use  tabulated  values  for  both  Sj  and  Hj  even  in 
computer  applications.  Table  Z-l  (from  Bull,  Amer,  Math.  Soc., 
1H,  739,  1912)  in  this  appendix  shows  H and  a to  fifteen 
decimal  places  for  a up  to  10.  Note  that  all  weights  H aro 
positive.  Because  of  the  symmetry  of  the  L,egendro  polynomials 
about  thoir  origin,  thoir  non-zero  roots  occur  in  paire,  plue 
and  minus  Sj  , both  members  of  s pair  having  the  same  weight. 
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table  Z-l 


"j 

n»2 

RJ 

1.00000 

00000 

00000 

(and) 

0.57735 

02691 

89Q2G 

0.55555  55555 
0,88888  88888 

55556 

88889 

n»3 

(and) 

0.77459 

0.00000 

66692  4)483 

ooooo  ooobtt 

0.34788 

0.65214 

48451 

51548 

37454 

62548 

n>4 

(a|d) 

(a|d) 

0.86113 

0.33998 

63115 

10435 

94053 

84856 

0.23692 

68850 

561B9 

n®5 

(and) 

0.90017 

98459 

38664 

0.47802 

0.58888 

86704 

88888 

09366 

88889 

(and) 

0.53840 

0.00000 

93101 

00000 

05683 

OOOOO 

0.17132 

44923 

79170 

n-6 

(and) 

0.95246 

95143 

03152 

0.30076 

15730 

48139 

(and) 

0.66120 

93864 

66205 

0.40791 

39345 

72091 

(and) 

0.23801 

91860 

83197 

0.12948 

49661 

68870 

n»i7 

(and) 

0.94910 

79123 

42Vo9 

0,27970 

53911 

39277 

(and) 

0,74133 

11855 

99394 

0.381R3 

00505 

05119 

(and) 

0.40584 

51513 

77397 

0.41795 

91836 

73469 

0.00000 

ooooo 

ooooo 
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TABLE  Z-l  (Cont 'd) 


* im  — — uw 


HJ 

n«b 

•l 

0.10122 

85362 

90376 

<•$<*> 

0.96028 

98564 

97536 

0.32238 

10344 

53374 

(•id) 

0.79866 

64774 

13627 

0.31370 

66458 

77887 

(and) 

0.52553 

24099 

16329 

0.38268 

37833 

78362 

n»9 

(and) 

0.18343 

46424 

95650 

0.08127 

43883 

61574 

(and) 

0.96816 

02395 

07626 

0. ISO 04 

81606 

94857 

(and) 

0.83803 

11073 

26636 

0.26081 

06964 

02935 

(and) 

0,61337 

14327 

00590 

0.3x234 

70770 

40003 

(and) 

0.32425 

34234 

03809 

0.33023 

93550 

01260 

n.10 

0.00000 

00000 

00000 

0.06607 

13443 

08688 

(and) 

0.97390 

65285 

17172 

0,14345 

13491 

50581 

(and) 

0.86506 

33666 

88985 

0.21908 

63625 

15982 

(and) 

0.67940 

95682 

99024 

0,26926 

67193 

03996 

(and) 

0.43339 

53941 

29247 

0.29552 

12247 

14753 

(and) 

0.14887 

43389 

81631 

0.05566 

85871 

18171 

n=>ll 

(and) 

9.97822 

86581 

46057 

0.12558 

03694 

64005 

(and) 

0.88706 

25997 

68095 

0.18629 

02109 

27734 

(and) 

0.73015 

20055 

74049 

0.23319 

37645 

91990 

(and) 

0.51909 

61292 

06912 

0 . 20280 

45445 

10247 

(a’frd) 

0.23954 

31559 

52345 

0.27 *>92  50H37  77901 
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TABLE  Z-l  (Cont'd) 


"j 

n-12 

0.04717 

53363 

86512 

(and) 

0.98156 

06342 

46719 

0.10693 

93259 

95318 

(and) 

0.90411 

72563 

70475 

0.16007 

83285 

43346 

(and) 

0.76990 

26741 

94305 

0.20316 

74267 

23066 

(and) 

0.58731 

79542 

86617 

0.23349 

25365 

38355 

(and) 

0.36783 

14989 

98180 

0.24914 

70458 

13403 

n=13 

(and) 

0.12523 

34085 

11469 

0.04048 

VJ047 

65316 

(and) 

0.98418 

30547 

18588 

0.09212 

14998 

37728 

(and) 

0.91759 

83992 

22978 

0.13887 

35102 

19787 

(and) 

0 . 80157 

80907 

33310 

0.17814 

59807 

61946 

(and) 

0.64234 

93394 

40340 

0.20781 

60475 

36689 

(and) 

0.44849 

27510 

36447 

0.22628 

31802 

62897 

(and) 

0.23045 

83159 

55135 

0.23255 

15532 

30874 

n»l4 

0.00000 

00000 

00000 

0.03511 

94603 

31752 

(and) 

0.98628 

38086 

96812 

0.08015 

80871 

59760 

(and) 

0,92843 

48836 

63574 

0.12151 

85706 

87903 

(and) 

0.82720 

13150 

69765 

0.15720 

31671 

58194 

(and) 

0.68729 

29048 

11685 

0.1R553 

83974 

77938 

(aftd) 

0.51524 

86363 

58154 

0.20519 

84037 

21298 

( and ) 

0.31911 

23689 

27890 

0.21526 

38534 

63158 

(a^d) 

0.10805 

49487 

07341 

Z-1R 


TABLE  Z-l  (Cont’d) 


hj 

n»l5 

0.03075 

32419 

96117 

(and) 

0.98799 

25180 

20485 

0.0703ft 

60474 

88108 

(and) 

0.93727 

33924 

00706 

0.10715 

92204 

67172 

(and) 

0.84820 

65834 

10427 

0.13957 

06779 

26154 

(and) 

0.72441 

77313 

60170 

0.18626 

92058 

16994 

(and) 

0.57097 

21726 

08539 

0.18616 

10000 

15562 

(and) 

0.39415 

13470 

77563 

0.19B43 

14853 

27112 

(and) 

0.20119 

40939 

97435 

0.20257 

82419 

25561 

n«16 

0.00000 

00000 

00000 

0.02715 

24594 

11754 

(and) 

0.98940 

09349 

91650 

0. 06235 

35239 

38648 

(and) 

0.94457 

50230 

73233 

0.09515 

85116 

82493 

(and) 

0.86563 

12023 

87832 

0.12462 

89712 

55534 

(and) 

0.75540 

44083 

55003 

0.14959 

59888 

16577 

(and) 

0.61787 

62444 

02644 

0.18915 

65193 

95003 

(and) 

0,45801 

07770 

57227 

0.18260 

34150 

44924 

(and) 

0.28100 

35507 

79259 

0. 1«915 

06104 

55038 

(and) 

0.09501 

25098 

37637 
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Numerical  Integration 


A general  treatment  of  this  topic  is  far  outside  the  scope  of 
this  report.  The  particular  problem  to  be  discussed  here  is  the 
type  associated  with  the  solution  of  the  equations  of  motion  of 
a missile  or  satellite.  We  have  a system  of  equations  defined 
by 

yN»  y^  »»•»>  y^  )(i“i*2,,,4,N), 

a 

where  we  are  given  as  initial  conditions 

MV  - y to • MV  ■ yio  . 


For  a rectangular  coordinate  system  and  no  variational  equations 
N would  be  3,  but  with  variational  equations  N may  be  much 
larger.  The  fourth  order  Runge-Kutta  process  is  almost  univer- 
sally usod  to  start  the  Integration. 


Tho  Fourth  Order  Runge-Kutta  Process 

If  wo  donote  the  values  of  yA  and  at  tntn  by  yln  and  y'  , 
respectively , and  if  we  let  h be  the  step  size  of  the  independent 
variable  t,  then  the  following  Runge-Kutta  algorithm  is  applied 
to  each  of  the  N simultaneous  equations  in  order  to  complete  one 
integration  step: 


kil  * " W ‘'in'  >'ln)  • 


ki2 

- h 

fi(tn  + T yin  + 7 yin  + 7 

kil  * 

ki3 

h 

fi(tn  + 7’  yin  + 7 yin  + 7 

kil  * 

k i l 

It 

fi(tn  + h’  yin  + 11  yin  + 7 

ki3» 

' y i n 

- h 

i y in  + 7 <kil  + ki2  + ki3) J 

t 

Ayin 

1 

4 S 

[kil  + 2 ki2  + 2 ki3  + kii_ 

» 

1 yin  + iyln  • 
y i , n+ 1 ~ y i n + Ay i n * 


yin  + ’mTm  > 
yin  + T > 


yin  + ki3  * 


f 


9 
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The  output  of  the  first  integration  step  serves  as  the  input  for 
the  next  integration  step  and  so  on.  Ve  require  n integration 
steps  through  Runge-Kutta  to  start  an  nth  order  Cowell  process. 
The  Cowell  process  Is  alioat  universally  used  for  orbital  and 
long  range  missile  trajectories. 


Cowell  Integration  Process 

The  Cowell  integration  process  is  widely  known  as  the  Qauss- 
Jackson  integration  prooess  and  also  simply  as  the  seoond-sum 
Integration  process.  The  procedure  is  usually  characterized  by 
a table  of  differences.  Zn  some  researoh  investigations  - 
particularly  In  the  field  of  celestial  mechanics  - differences 
up  to  the  tenth  are  used.  At  the  Eastern  Test  Rnnge  differences 
up  to  the  sixth  are  adequate  for  over  09%  of  the  applications, 
and  difforences  higher  than  the  eighth  are  never  used.  An 
eighth-difference  algorithm  presented  here  follows  closely  that 
usod  by  Aerospace  in  the  TRACE-86  computer  program.  A slight 
departure  has  been  Incorporated  in  the  Aerospace  algorithm  in 
that  all  major  equations  are  given  in  terms  of  differences. 

This  departure  facilitates  scaling  the  algorithm  down  or  up  from 
eighth  order.  For  lower  order  applications  one  may  simply  drop 
off  higher  differences.  For  higher  order  applications  one  roust 
establish  the  necesssry  constants  by  integrating  the  appropriate 
interpolation  formulas. 


Consider  the  difference  table,  Table  Z-2.  In  order  to  start  the 
eighth-order  Cowell  prooess,  we  need  the  eleven  values  immediate- 
ly above  tho  diagonal  line.  All  the  second  derivatives  of 
except  y ":)  aro  obtained  in  the  preceding  Runge-Kutta  integration. 
Knch  A in  tho  triangular  array  above  the  diagonal  lino  is  then 
computed  by  differencing  the  value  immediately  above  it  from  the 
value  immediately  below  it  An  the  preceding  column.  For  example, 


/ //  **  . * 
•'ll  ’ *16  ’ *14;  A 


IE 


*16  - y 


1.5  1 


14 


« A 


15 


- A 


1 4 1 


etc. 


Initially,  therefore,  all  the  values  in  the  triangular  array  above 
the  diagonal  line  and  to  the  right  of  the  vortical  line  come  from 
Runge-Kutta.  We  now  proceed  to  fill  in  tho  table  values  that  lie 
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above  the  dingonnl  line  and  to  the  left  of  the  vertical  line. 
With  an  integration  atop  also  of  h,  compute 


\s  ■ >|V»  - Vm  - Vi*  - v'S  - 


XV 


VI 


“ ®4^i2  ""  ®flAi2  — X)rtAj  1 “ D,Aj , ••  D„ A 


,VII 


.VIII 


Gil 


7 il 


'B  it) 


and 


^16  “ yH^h  “ C0Yi4  “ C2Ai3  " C4*i2  " C6Ail  “ C8A 


VIII 


where  the  C and  D cc  fficients  are  given  (nlong  with  some  others 
needed  later)  in  Table  Z-3.  The  remaining  F values  above  the 
diagonal  lino  in  Table  Z-2  are  computed  recuraively  in  the 
following  sequence; 

FiK+l  “ FiK  + yiK  (K  - 5,  0,  8) 


i 

II 


\ 

J ' 


1X4-1 


<K  « 8,  0,  9) 


II  may  he  remarked  hore  that  all  the  value.-  in  the  difference  table 
above  t h<-  diagonal  line  nre  now  complete  and  final  for  this  interra- 
lion  atop,  The  Cowell  predi  ot  j on-eorrection  process  will  now  make 
three  auocoasive  estimates  lor  yif>  and  also  two  successive 

estimates  for  each  value  that  lies  beneath  l hr  diagonal  lino  and  to 
t ho  right  of  the  vortical  line,  and  one  estimate  for  each  value  that, 
lies  beneath  the  diagonal  line  and  to  the  left  of  the  vertical  lino. 


vJ1 


.‘i 


i 


The  prediction  process  proceeds  ss  follows: 


y 19 

. 3 , <<_ 

* h < FilO 

+ AQyi8 

4-  AaA}7 

+ A2^i6  + A3AiBI 

♦ vis 

+ V 13 

VI 

* agai2 

+ A.;An  + AhA10  ) 

5 19 

' " < >19  * 

Vis  + 

vl, + 

1 a x 1 , » Anx 
A2AiO  + A3Ai5 

. ; *iv 
+ A4Ai4 

* V 
+ A5Ai 3 

A : Avi 

* : Avn  : aviii  , 

4 4 AHAiO  * 

where  the  values  tor  A and  A are  given  in  Table  Z-3. 


Z-22 


Note  that  thin  prediction  process  uaca  only  the  row  of  table 
value*  Immediately  above  the  diagonal  line.  Substitution  of 
those  estimates  of  yifl  and  y^g  into  the  original  set  of  simul- 
taneous equations  provides  a set  of  estimates  for  y^g.  We  arc 
now  in  a position  to  calculate  the  remaining  values  in  the 
difference  tuhlo  that  lie  in  the  row  beneath  the  diagonal  line 
and  to  the  right  of  the  vertical  lino.  For  example:  « 

yi9  * yi8  ; ^17  " Ai8  “ Ai7  5 etc< 

Wo  now  apply  this  row  of  values  directly  beneath  the  diagonal 
line  to  correct  our  estimates  for  yig  and  y'g: 

yi9  " “^ilO  + Vi#9  + ni  Ai8  + B2  Ai7  + B3  ^iS* 


, » AIV  . n AV  . n AVI  . R AVII  . R .VIII, 
+ B4  ^15  + Ba  Ai4  + B6  Ai3  + B7  a12  + Bg  &n  ,1 


ft 


h < Fi9  + B0  y19  + Bx  aJ8  + b2  a”  + Bg  aJJ1 

. ; Axv  . i Av  . i Avi  . • vii.  • Avniv 

+ B4  Bg  Al4  + B6  Ai3  + By  A12  + Ba  ) 


whore  the  values  for  B and  B are  given  in  Table  Z-3,  Substitu- 
tion of  these  new  estimates  of  y^a  and  y^g  into  the  original  set 
of  simultaneous  equations  provides  a new  and  final  set  of 
estimates  for  y^g  . We  now  calculate  new  and  final  estimates  for 
the  remainin';  values  in  the  difference  table  that  lie  in  the  row 
beneath  the  diagonal  line  and  to  the  right  of  tho  vertical  lino: 

a!«  " y19  - yi»  ; °t0' 


Wo  now  apply  this  row  of  values  diroctly  beneath  the  diagonal 
lino  to  recorrect  our  corrected  estimates  of  y^g  and  y^g>  using 
lli"  correction  equations  Just  presented.  These  rocorrocted 
estimates  constitute  the  final  ostimatee  lor  yig  and  y ^g . This 
Integration  stop  Is  completed  by  computing  + y*g 

and  >in  - + "F110  • 


z-yn 


Note  that  one  must  carry  out  each  stage  of  the  integration  step 
with  each  of  the  N simultaneous  equations  before  proceeding  with 
the  next  stage* 

Before  beginning  the  next  integration  step  we  must  effectively 
shift  every  element  in  the  difference  table  upward  so  that  the 
row  Immediately  below  the  diagonal  line  becomes  the  row  immedi- 
ately above  the  diagonal  line. 

Only  thn  basic  essentials  of  the  Cowoll  process  have  been 
presented.  A step-sine  selector  is  always  incorporated  in  the 
algorithm.  It  is  possible  to  estimate  the  error  in  the  inte- 
gration by  comparing  predicted  and  corrected  estimates  for  the 
position  and  velocity  vectors.  If  the  error  is  excessive,  the 
Step  size  is  reduced.  If  conditions  permit,  tho  stop  size  is 
Increased.  Reduction  In  step  size  necessitates  a return  to  tho 
Aunge-Kutta  process  for  a new  start. 
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CONSTANT  COEFFICIENTS 


1 .0  INTRODUCTION 

Well-known  to  analysts  associated  with  regression  studies  nr©  the 
problem©  related  to  ill-conditioned  matrices  - problem©  lending 
to  lose  of  precision,  grossly  inaccurate  (Inflated)  estimate*  of 
th<>  parameters  and  gross  underestimates  of  the  errors  in  the 
estimates.  These  problems  have  been  the  suhject  of  a great  many 
investigations . One  of  the  most  fruitful  approaches  was  developed 
by  Hoerl  and  Kennard  and  labeled  by  them  "ridge  regression". 

The  i [oo rl -Kennard  (HK)  estimation  process  is  inherently  Bayesian 
in  nature,  it  assumes  expected  values  of  score  for  the  adjustable 
parameters  and  tends  to  constrain  the  adjusted  values  as  closo  ns 
possible  to  zero  without  unduly  enlarging  the  residuals. 

we  extend  ridge  regression  to  cases  where  n priori  expected  values 
and  variances  of  the  adjusted  parameters  may  bo  used.  The  re- 
sulting ridge  estimator  is  general  in  nature  and  specifically 
adaptable  to  ordinary  orbit  determination  computer  programs. 

Some  appropriate  background  material  is  furnished  in  Section  2. 

This  is  followed  in  Section  3 by  the  mathematical  development  of 
the  ridge  estimator  using  prior  information.  In  Seotlon  <1,  an 
nppHontion  is  shown  based  on  a satellite  orbit  estimated  from 
radar  tracking  data,  ^nd  this  Is  i oil owed  in  Section  5 by  n brief 
summary  of  other  ridge  estimators  and  in  Section  0 by  some  con- 
cluding remarks. 

? . U STANDARD  REPRESSION  USING  PRIOR  INFORMATION 

W»*  assume  the  standard  linear  approximation  to  the  general  non- 
linear multiple  regression  pro'.-'.em; 

V - KB  + em  (n.D 

m 

rherc  Y la  (nxl)  and  denotes  tho  measurement,  vector;  X is  (nxj) 
and  of  roil.  J and  represents  tho  partial  derivative  matrix  of 
nonstochnst i o elements  relating  tho  menn  values  of  tho  measurements 


A A — 1 

gggiaBBaaa — - a 


to  the  ad jutted  parameters;  ft  is  (j*l)  and  designates  the  true 
fixed  but  unknown  parameter  vector;  em  is  (nxl)  and  constitutor, 
the  measurement  error  vector.  Ws  assume  E(e_)  is  sero  and  that 

4 nl 

» VAR(e„)  » E_,  where  I.  is  (nxn)  and  known. 

m m iR  m m 

In  addition  we  have  prior  information  consisting  of  a k element 
parameter  vector  B0,  which  estimates  R6  and  a k element  parameter 
error  vector  t p,  SQ  is  known  from  introspection  or  from  previous 
independent  measurements.  Therefore 

* RB  ♦ (2.2) 

Q p 

where  R is  (k*j)  of  rank  k and  consists  of  known  nonstochastic 

elements.  If,  for  example,  R * [10],  where  I is  a (kxk)  unit 

Matrix  and  0 is  a Ck  * (j -k ) ] zero  matrix,  then  ftQ  represents 

iitimates  of  the  first  k elements  of  8,  Equation  (2.2)  assumes 

B0  is  random  and  hence  represents  a departure  from  the  Bayesian 

Approach,  which  assumes  a prior  distribution  on  8,  here  considered 

fixed.  In  addition  E(c  ) is  zero  and  E(c  c')  « VAR(c  ) * E , 

P p p p p 

where  Ep  is  (kxk)  and  assumed  to  be  known.  Furthermore  we  assume 

COVU,.  c_)  is  sero. 

p 

In  order  to  include  the  prior  information  in  the  estimation  of  8, 
we  combine  equetions  (2.1)  and  (2,2)  as  follows: 


”y“ 

“x“ 

"c 

ft 

8 ♦ 

m 

B 

R 

c 

L °_ 

or  in  an  obvious  change  of  notation 


Y * X8  ♦ c 


where 


VAK(c) 


Em  0 


o E_ 


* E 


(2.3) 


(2.4) 
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Tin-  prior  Information  has  thus  assumed  the  role  of  measurements . 

Applying  gonoraliseod  least  squares  to^<°.4),  we  obtain  tho 
following  relation  for  the  estimator  P of  the  parameter  vector  P: 

i!  « (x  e 1 x)  (X  r.  1 y)  . (:i.5) 

This  converts  by  aimple  substitution  to 

t • <*'  X + H'  Cp“l  R)  1 (X  * X.m“1  Y + R * Lp"1  PQ)  (T.fl) 

or  In  nn  obvious  change  in  notation 

P •«  P<x'  >:|n“1  Y + r'  Lp-1  bQ)  . (P.7) 

A 

It  con  be  shown  that  P is  an  unbiased  estimator  of  P and  that 
VAR (P)  - P. 

Tho  fractional  part  of  posterior  precision  due  to  staple  in- 
formation la 

(1/J)  tr  |x'  e;1  X <X'  E*1  X + R'  Ep1  R)"1  J 


h • 0 UIIXU';  liSTIMATOH  USING  PRIOn  INFORMATION 

1M  ft  h I v rurrolntod  errors  in  tlio  paramo  ter  estimates  result  in 
poor  conditioning  of  the  (X ' E^"1  X + It'  E -1  R>  matrix  in 
liquation  fP.fl).  Tho  poorer  tho  condition  of  this  matrix,  the 
more  (P-P^)  can  bo  expoo tod  to  be  too  long,  thereby  resulting  in 
coiihi dornblo  disagreement  between  (■  and  tho  true  vector  P.  On 
t io  other  hand,  the  worse  the  conditioning,  tho  less  in  tho 
HniMUviiy  of  tho  residual  sunt  of  squares  it)  small  departures 
I rn:n  l . Following  the  concept  of  lloerl  and  Koitntwd,  we  impose  nn 
lire,  short  condition  upon  the  least  squares  criterion,  thereby 
rest  mining  i he  length  of  the  vector  (p-p  ) without  greatly  1 n- 
IJin  nclr:',  the  rcsidunl  sum  of  squares. 


Let.  » be  any  estimate  of  the  vector  8.  Then  the  sum  of  squares 
of  the  weighted  "measurement"  residuals  is  given  by 
(Y-XB)'  S’1  (Y-XB). 

Using  Lagrangian  constraints,  we  minimize 

F • i [(Y-XB)' E'^Y-XB)  - *]  (3.1) 

where  (1/h)  is  the  multiplier  and  is  the  total  sum  of  aauaren. 

We  obtain  therefore 

■ 0 « E“1(B-B0)  - ft)  X'r1(Y-XB)  . v 3 . 2 ) 

This  reduces  to 

B * B*  • [x'rjj1  XtfhtDR'Ep1  r]  '[xV  Wh^DR'rJJ1  ; h > 
or  in  an  obvious  change  in  notation  (3.3) 

6*  * o [x  'r”1  Y ♦ (htl)  R'r;1  flj  ; h > 0 . (3.4) 

Equation  (3.3)  constitutes  the  ridge  estimator  with  prioc  informa- 
tion and  has  the  same  form  as  Equation  (2.6).  The  input  constant 
KhtDE”1]  has  replaced  the  input  constant  (E'1).  Computation  and 
evaluation  of  the  ridge  trace  is  handled  in  a wav  similar  to  that 
used  with  the  (HK)  estimator  and  will  be  demonstrated  in  Section  4, 

is  related  to  6 as  follows! 

i*  « 0 P'1  M 0 li  R'  I'1  8.  . (3.5) 

P o 

Application  of  the  law  of  covariance  propagation  gives 

VAR(8*)  = Qjx'l"1  K ♦ ( b ♦ 1 ) 2 r'x’1  r] Q'  . (3.6) 
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The  aum  of  the  squared  biaaec  of  all  the  adjusted  parameters  is 
Riven  by 


>'  [q  P-1 


♦ Q h R'E”1  R - I 
P 


P*1  ♦ 0 h r'e!1  R 
P 


- iJb  . o 

(3.7) 


For  computational  convenience,  Equation  (3.3)  may  be  linearized 
to  obtain  the  following  iterative  form: 

Art*  * [x^'XK>(h*l)R'j:p1R]  1 [x>Em(AY)  + (htl)R'Ep1<AB0)j  ; h > 0 

(3.8) 


A 

where  A8*  is  the  vector  of  corrections  to  the  current  estimates 

of  the  adjusted  parameters;  AY  is  the  vector  of  measurement 

residuals;  AS  is  the  vector  of  differences  between  current  and 
o 

a priori  estimates  of  the  parameters.  When  h * 0,  Equation  (3.8) 
reduces  to  a linearised  form  of  Equation  (2.6). 

4.0  APPLICATION  IN  ORBIT  DETERMINATION 

in  — t'.’  m mm  ■ ■■■ 

T!io  renders  villi  n knowlodno  or  regression  nrnlysis  nlrordj  invi'  sui 
:•>;%!  i <-■  i | ri  1 1 j . i of  the  process  of  orbit  determination.  In  standard 
mj'IjM  do t o»  "u  nn i i on  I tie  parameters  repressed  upon  nre  the  orbtlrl 
f i I'Mci:  i s pins  usually  n dozen  or  more  other  parnmelers  rein  tin;;  to 
i i.o  onv  i i onim  ni.  and  the  tracker  characteristics, 

Tne  present  application  involves  a standard  satellite  orbit 
determination  (Cowell,  special  perturbations,  batch  processing) 
in  which  the  adjustable  parameters  include  eight  radar  coeffi- 
cients and  six  orbital  elements.  The  measurements  are  radar 
track  data.  The  radar  track  data  are  characterized  by  certain 
errors  which  may  be  expressed  as  linear  terms  in  the  so-called 
radar  measurement  equations.  The  radar  measurement  equations, 
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abbreviated  so  aa  to  contain  only  terms  of  present  interest, 
are  as  follows: 


R 

B 

*t  4 *1 

4 

CR 

(4.1) 

measurement 

true  zero  set 

random  error 

A 

■ 

*t  * *i 

4 

a2  sec  E^ 

measurement 

tru.  s.ro  s.t 

collimation 

♦ 

a 3 tan 

4 

u sin  At  tan  cos 

At  tan  E 

nonorthogonality 

mislevel 

4 

random  error 

(4.2) 

E 

s 

St  4 

4 

e2  cos 

measurement 

true  zero  set 

droop 

4 

u cos  At  ♦ v sin  A 

t 

4 tE 

(4.3) 

mislevel 

random  error 

In  these  equations  R represents  range t A,  azimuth;  S , elevation. 
The  zero-set  errors  are  constant  bias  or  off-set  values. 
Collimation  represents  the  lack  of  perpendicularity  between  the 
radar  beam  and  the  elevation  axis.  Mislevel  represents  the  tilt 
of  the  azimuth  plana  - u being  the  northward  component  and  v 
being  the  eastward  component.  This  tilt  is  defined  with  • .pact 
to  the  local  horizontal  to  the  geodetie  spheroid.  Droop  repre- 
sents the  sag  of  the  radar  beam  axis.  The  random  errors 
represent  noise  in  the  data  and  have  zero  means.  The  adjustment 
exercise  provides  estimates  for  a^,  a2 , a3,  e^,  e2>  u and  v. 
Along  with  these  coefficients,  estimates  are  also  made  of  six 
orhLtal  elements. 


The  (adyARV)  orbital  element  set  is  used  in  this  illustration. 

The  individual  elements  of  this  set  are  respectively  right  ascen- 
sion and  declination  of  the  position  vector,  flight  path  angle, 
azimuth  of  the  velocity  vector,  length  of  the  position  vector 
and  magnitude  of  the  velocity  vector.  In  contrast  to  the 
classical  elements,  the  (oftyARV)  set  varies  rapidly  with  time,  a 
characteristic  which  is  sometimes  a disadvantage  although  not  in 
the  present  application. 

The  mathematical  adjustment  procedure  is  iterative  and  is  based 
upon  Eq.  (3.8),  the  equations  of  motion  of  the  satellite,  and 
the  radar  measurement  equations.  Initially,  with  h ■ 0,  the 
procedure  is  the  standard  one  in  orbit  determination.  After  a 
converged  solution  with  h * 0 has  been  obtained,  then  ten  or  so 
additional  solutions  with  different  values  of  h are  computed  in 
order  to  define  the  curves  oomprising  the  ridge  trace.  The 
correlation  matrix  with  h * 0 is  shown  in  Table  I with  elements 
rounded  to  three  digits. 

* 

Tn  the  ridge  trace,  Figure  1,  we  plot  v®  h and  al8° 

show  the  root-mean -square  of  the  weighted  measurement  residuals 
vs  h.  The  symbol  cl,  is  used  for  the  a priori  standard  deviation 

in  0O£,  where  the  subscript  i designates  the  i element  in  the 

parameter  vector.  Note  the  typically  inflated  values  for  the 
estimates  of  e^^  and  e2  at  h * 0.  We  see  that  the  estimate  of  e^ 
is  4,4  standard  deviations  larger  algebraically  than  its  expected 
value,  and  the  estimate  of  e}  is  3.7  standard  deviations  omaller 
algebraically  than  its  expected  value.  This  inflation  is 
associated  with  a correlation  coefficient  of  -0.98S  between  the 
errors  in  the  estimates  of  Sj  and  e2.  At  h a 40,  the  estimated 
o]  is  only  1,7  standard  deviations  from  its  expected  value  and  the 
estimated  e0  is  only  0.1  standard  deviations  from  its  expected 
value.  Stability  is  achieved  at  around  h > 40,  at  which  time  0* 

behaves  more  like  an  orthogonal  vector.  A^lao  note  that  the  root- 

mean-square  of  the  weighted  measurement  residuals  has  increased 
only  from  0.991  to  0,994  as  h moves  from  zero  to  forty.  Inflation 
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to  some  extent  is  nlso  shown  at  h = 0 by  the  estimates  oi  ik  , a„ 
nnd  a3.  Their  absolute  values  contract  as  h moves  from  zero  to 
forty.  The  remaining  coefficients  are  only  slightly  affected  by 
changes  in  it.  Without  significantly  increasing  the  residual  sun. 
of  squares,  this  numerical  example  provides  a sot  of  radar  co~ 
efficients  more  consistent  with  the  a priori  values  and  variances 
than  would  have  boon  obtained  from  standard  regression  procedures. 


O ! 


5 . 0 OTHER  RI DOE  ESTIMATORS 

In  the  previous  discussion  we  have  chosen  to  minimize  the  sum  of 
the  weighted  squared  differences  between  the  regression  estimates 
and  a priori  estimates  subject  to  a side  condition  which  places  n 
(limit  on  the  amount  by  which  the  residual  weighted  sum  of  square* 
may  exceed  the  minimum  value.  The  resulting  estimator  is  more 
flexible  than  the  other  two  to  bo  mentioned  in  this  section  and 
is  nlso  directly  applicable  to  standard  orbit  determination 
programs.  It  provides  for  t.ho  explicit  inclusion  of  both  n 
priori  estimates  of  the  parameters  and  t ho  covariance  matrix  of 
the  n priori  estimates.  The  estimator  is  given  in  Equation 
the  variance  in  the  estimate  is  given  in  Equation  (3,d);  and  the 
estimator  Is  unbiased. 

Utilizing  the  same  mathematical  procedure,  one  mny  minimize  the 
sum  of  the  squared  differences  between  the  regression  coefficients 
and  a priori  estimates  subject  to  a side  condition  which  places  n 
limit  on  the  amount  by  which  t.ho  residual  sum  of  squares  may 
exceed  tho  minimum  value.  The  resulting  estimator  is 

A f*  " 1 ' 

» [^x'x  *•  k ij  [V  Y+k  l'()  : k > o , (5,1) 


(5.1) 


where  x a is  in  I he  Form  of  n correlation  matrix;  measurements 
iii't  nneorrelnlod  and  units  are  chosen  to  achieve  common  variance 

M 

cj  In  the  measurements • i Is  identity  matrix.  The  variance  in 
the  estimates  is  given  by 


V Alt  (I  » 


i + k <x'  x)' 


(x'  x)"1  [j  + It  (X 

» 


( 5 . " i 


AA-8 


2 


The  bias  in  the  estimates  Is  given  by 


A 

* 


(E  B*  - B)  ' (E  B*  - B>  - k2  (P-P0)  ' (X'  X + k I)~2  O-P0)  . (5.3) 


Hoerl  and  Kennard  assume  the  a priori  estimates  of  the  parameters 

to  be  zero  and  hence  they  minimize  the  sum  of  squares  of  the 

regression  estimates  subject  to  a aide  condition  which  places  a 

limit  on  the  amount  by  which  the  residual  sum  of  squares  may 

exceed  the  minimum  value.  The  resulting  estimator , variance  and 

bias  are  given  by  Equations  (5.1), (5.2)  and  (5.3)  respectively 

with  B set  to  zero, 
o 


0.0  CONCLUDING  REMARKS 

This  discussion  illustrates  an  important  deficiency  in  the 
standard  least-squares,  point-estimation  procedure:  In  the  case 

of  high  correlation  among  the  errors  in  the  parameter  estimates, 
there  may  be  a gross  inflation  of  the  adjustment  vector  in  order 
to  achieve  a final  minusoular  reduction  in  the  sum  of  squares  of 
the  residuals. 


All  three  estimators  discussed  in  the  previous  section  fulfill  the 
Bayosian  desideratum  that  estimates  be  held  as  closely  as  possible 
to  a priori  oxpoctod  values  so  long  as  the  residuals  arc  not  sig- 
nificantly larger  than  in  standard  least-squares  regression.  In 
mean-square-orror  characteristics,  however,  these  estimators 
differ  somewhat.  The  estimator  given  in  Equation  (5.1),  with  or 
without  non-zoro  PQ,  is  biased.  The  bias  tends  to  increase  the 
mean  square  error  relative  to  standard  least  squares,  which  in 
unbiased,  but  the  variance  associated  with  the  (5.1)  estimator  is 
ho  much  loss  than  that  from  standard  least  squares  that  over  some 
(unknown)  range  in  k values  the  moan  square  error  is  less  than 
that  from  standard  least  squares.  The  use  of  tho  ridge  trace  with 
the  (5.1)  estimator  does  not  assure  reduced  moan  square  error. 

The  estimator  given  in  Equation  (3.3)  has  the  generally  desirable 
property  of  being  unbiased,  but  the  variance  associated  with  it  is 
generally  larger  than  that  from  standard  least  squares.  (If  one 
subtracts  the  variance  given  in  Equation  3.0  with  h *•  0 from  the 
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corresponding  variance  with  h > 0,  one  obtains  a positive  definite 
matrix.)  Hence  with  exact  models  the  estimator  given  in  Equation 
wlU  generally  produce  larger  mean  square  error  than  does 
standard  least  squares. 

In  roal  life  one  is  likely  to  encounter  under-specified  models 
whose  use  leads  to  Inflated  estimates  in  cases  of  high  correla- 
tion. In  such  circumstances  all  three  estimators  discussed  in 
the  previous  section  usually  give  smaller  mean  square  error  than 
goes  standard  least  squares.  Inflation  of  the  type  shown  in 
Figure  l is  usually  characteristic  of  a misfit  between  the  data 
gpd  the  model  - a circumstance  which  is  frequently  unavoidable. 

A typical  situation  associated  with  inflation  is  high  correlation 
botween  the  errors  in  two  or  more  parameters  in  the  specified 
model,  accompanied  by  high  correlation  between  these  errors  and 
the  error  in  an  unmodeled  term.  Application  of  the  ridge  esti- 
mators does  not  of  course  eliminate  the  effect  from  the  error  in 
the  unmodeled  term,  but  it  reduces  the  effect  to  a value  com- 
parable to  the  error  - hopefully  small  - in  the  unmodeled  term. 

At  first  glance  the  reader  might  be  alarmed  at  the  rather  large 
vMue  of  40  arrived  at  for  h in  the  numerical  example,  it 
appears  that  the  prior  information  has  been  given  (nearly)  full 
weight.  Actually  this  is  not  the  case,  if  the  prior  informa- 
tion had  been  given  full  weight,  then  the  curves  in  Figure  1 
would  show  a genoral  tendency  to  be  tangent  to  the  sero  line  at 
h -40,  whereas  most  of  them  show  a strong  disinclination  to 
approach  aero  even  at  h ■ 70.  Furthermore,  if  h had  been  in- 
creased to  the  point  where  prior  information  was  given  full 
wotght  the  residual  sum  of  squares  would  - except  in  a pro- 
hibitively unlikely  coincidence  - have  shown  a marked  increase. 

In  reality  the  demonstrated  ridge  estimation  procedure  has  a 
significant  effect  only  upon  the  parameter  estimates  whose  errors 
are  mutually  correlated,  and  with  these  the  adjustments  are 
minimised  and  portioned  out  inversely  according  to  their  a priori 
variances  so  far  as  possible,  without  unduly  enlarging  the  residuals. 
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An  intereating  characteristic  of  a typical  ridge  trace  la  that 
for  all  values  of  the  multiplier  the  following  simple  equation 
holds  quite  closely: 

*1  *1  ♦ *2  *2  ♦ •••  *n  *n  “ 1 (««1> 

In  this  equation  the  x's  represent  the  parameter  estimates*,  and 
the  s'*  are  empirioal  weight  oonstants  calculated  from  the  ridge 
traoe.  Xach  "a"  is  a measure  of  the  '•effect"  of  unit  value  of 
its  respective  parameter.  The  total  "effect"  is  constant  and 
arbitrarily  designated  as  unity. 

The  R matrix  is  Included  in  Equation  (3.3)  for  mathematical 
generality,  but  there  is  a possibility  of  confusion  in  using 
R i*  I in  ridge  regression.  For  example,  if  R j4  I , thon  one  or 
more  of  the  adjusted  parameters  are  affectively  assigned  Infinite 
a priori  variances  and  cannot  be  represented  in  the  ridge  trace. 

In  the  event  that  one  of  the  parameters  with  infinite  variance 
has  error  highly  correlated  with  that  of  a parameter  with  pre- 
assigned small  finite  variance,  then  the  ridge  analysis  may  re- 
sult in  practically  all  of  the  adjustment  being  thrown  into  the 
parameter  with  infinite  variance,  (in  this  circumstance, 
incidentally,  Equation  (8.1)  will  not  hold.)  The  final  result 
may  nevertheless  be  acceptable,  but  the  analyst  should  realize 
that  he  has  effectively  discarded  that  particular  parameter  with 
small  flnito  variance  from  the  ridge  regression  and  assigned  it 
its  a priori  value. 

In  many  applications  - for  example,  orbit  determination  - the 
number  of  observations  may  run  into  the  thousand*,  and  the  re- 
sulting X'  X matrix  (or  equivalent)  bocome*  too  large  to  invert,  on 
a practical  baais.  In  such  a circumstance  the  analyst  may  choose 
to  reduce  the  data  density  to  a rate  where  serial  correlation  is 
negligible.  If  aerial  correlation  can  be  ignored,  then  the  size 


•that  is,  the  values  plotted  in  the  ridge  trace  as  a function 
of  the  multiplier. 


of  the  matrix  to  be  inverted  is  only  J by  .) , where  j is  the 
number  of  adjusted  parameters.  For  example,  Equation  <3. 8)  with 
h « 0 and  R ■ 1 simplifies  to 


i ti 


I,. 


I i 


A 

A3 


where  n is  the  number  of  observations. 

i 

Equation  (6.2)  with  some  changes  in  notation  is  used  and  discussed 
l,n  Appsndix  S. 
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APPENDIX  AB 

DERIVATIVES  OF  MATRICES 


Because  of  the  necessity  for  limiting  tho  size  of  thin  report, 

It  he*  boon  necessary  to  omit  mnny  derivations  or  at  least  many 
stops  in  the  derivations.  Tho  material  of  this  appendix  - por- 
hnps  not  immediately  available  clsewhoro  - is  offered  as  back- 
ground for  tho  reader  who  may  wish  to  derive  equations  rriven 
earlier.  Applications  are  primarily  in  tho  realm  of  statistical 
transformations. 

There  is  no  firm  convention  for  the  forms  of  mnny  of  those 
derivatives,  and  consequently  tho  mathematician  is  free  to  adopt 
bis  own  forma  so  Ions  as  he  deflnos  them.  The  rather  loose  con- 
ventions — so  far  as  thoy  exist  - are  given  nt  this  point.  For 
purposes  of  Illustration,  we  first  define  tho  following  five 
qunntlt ius: 
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(lxl) 

V 

is 

(pxl) 

with  elements  v 

T 

la 

(qxl) 

M 

Is 

(qxh) 

with  f'loinonia  m 

K 

ia 

(rxt) 

Tho  cor  respond!  rrr  derivative  forms  ore  as  follows: 
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There  nr©  four  particularly  useful  theorems  whose  proofs  nro 
elementary.  In  order  to  present  those,  wo  define  the  following 
vectors  and  matrices  (subject  to  restrictions  Riven  later); 

A is  (pxl)j  B is  <pxl);  C is  (qxl^ } E is  (pxq);  F is  (pxp). 
Combinations  of  these  give  the  scalars  X,  Y,  55,  whore 

x - A'n  * b'a  , 
v . a'ec 


Then  ire  hav*  tbs  theorems 

i dx 

1 5a 

u £ 


. AH 


2AA  * - d(AA  ') , where  d(AA  *) 
denotes  a diaivonnl  matrix  with 
elements  the  same  ns  those  in 
AA'  . 
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Ron frictions  applying  to  theorems  1 through  IV  respectively  are 


ns 


follows: 


1,  A has  independent  elements.  The  elements 
ol  A aro  independent  of  thoso  in  D, 

II,  £ has  independent  elements.  The  elements 
of  K aro  independent  of  those  in  A and  C. 

Ill,  A has  independent  elements.  The  elements 
in  A are  independent  of  those  in  F.  F is 
symmetric, 

IV,  F is  symmetric*  Except  for  the  dopondence 
associated  with  the  definition  of  symmetry, 
the  elements  of  F aro  Independent,  The 
elements  of  F are  independent  of  thoso  in  A. 
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APPENDIX  AC 

IMPACT  PREDICTION 


Tho  fol lowljif!:  Algorithm  may  bo  used  in  real  time  to  compute  the 
longitude  nnd  latitude  of  impact  under  vacuum  assumptions.  Grav- 
ity Is  represented  only  by  tho  oontral  gravitational  parameter, 
Tho  input  ia  a position  vector  and  a volocity  vector.  Because  of 
conflicts  in  notation  and  some  new  interpretations,  all  symbols 
aro  defined  at  the  end  of  this  appondix. 
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If  Tj.j  differs  excessively  from  rjf>,  then  introduce  Vj3 
in  place  of  in  Eq.  7 ond  loop  through  Enuntions 
7 - 17  up  to  a maximum  of  throe  times  to  improvo  the 
agreement,,  uotain  the  final  rl3  to  use  in  place  of  r^ 
for  the  next  cyclo  beginning  nt  Kq.  1, 
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"OTE j A sui table  •pproximntdon  to  E^,  17  may  bo  used  in  place 
of  Eq.  17  in  order  to  reduce  computer  time  if  necessary. 
It  is  customary  to  use  canonical  units  (soo  Appendix  ft; 
and  thus  reduce  K to  unity, 

II  is  possible  to  incorporate  nominal  corrections  for 
atmosphere,  socond  gravity  harmonic,  and  geocentric  to 
geodetic  lntlludo  hy  computing  these  oorroctions  before 
Inunrh  in  terms  of  (A  lat,.)  and  (A  loir;,)  nt  impact., 
algebraically  summing  the  corrections,  nnd  fitting  to  a 
pair  of  low  order  polynomials,  Tho  values  of  <t  and  y 
detorminod  from  Equations  20  and  21,  respectively  can 
then  Vi©  improved  in  real  timo  b>  adding  tho  corrections 
indicated  from  ovaluntinn  of  tho  two  polynomials,  Tho 
Independent  variable  in  the  polynomials  may,  for  example, 
bo  7 if  the  missilo  is  launched  generally  eastward  or 
westward. 
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* The  equatorial  radiua  of  the  aarth  can  ba  uaad  for  rIlt 
in  tha  firat  cycle  through  the  algorithm  if  no  bettor 
approximation  la  available, 
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APPENDIX  AD 

0 aiyWOORAPHIC  COORDINATE  transformations 

l.°  MBEIMTIOH  OF  SKLENOORAPHIC  COORDINATE  SYSTEM 

Thi«  ayaten  la  Moon*centered,  Moon-fixed  and  either  Bpherical  or 
rectangular.  Selenographic  latitude  $ ^ la  analogous  to  geo- 
eontrlo  latitude  and  ia  Measured  from  the  lunar  equator,  positive 
to  tho  north;  that  la,  in  the  heMiaphere  containing  Mare 
Serenitatia.  The  iloon's  equator  ia  a great  circle  containing  the 
center  of  naaa  of  the  Moon  and  lying  in  a plane  perpendicular  to 
the  Moon'a  axis  of  rotation.  Selenographic  east  longitude  ia 
measured  from  the  lunar  prime  meridian  positively  along  the 
equator  toward  Mare  Criaium.  The  lunar  prime  meridian  la  defined 
aa  being  the  meridian  that  pasaea  through  the  mean  center  of  the 
Moon’a  disk,  where  the  mean  center  la  taken  to  be  th>  point  on 
the  lunar  face  intersected  by  the  lunar  radius  that  la  directed 
toward  tho  Earth's  center  whon  the  Moon  ia  at  the  mean  ascending 
q node  and  when  the  node  coincides  with  the  mean  perigee  or  mean 

w apog  )t  The  third  coordinate  ia  distance  from  the  Moon'a  center 

of  mass,  r^  . There  ia  aa  yet  no  aelenold  analogoua  to  the  geold 
and  no  ellipsoid  oorreaponding  to  the  Earth  ellipsoid. 

Selenographic  coordlnatoa  of  an  object  may  also  be  expressed  in 
a rectangular,  right-handed.  Moon-centered  ayatem  (K-.  F*t  Q-) 
analogous  to  tho  geocentric  system  (E,  F.  G)  (p.  14)  defined  by 

E(t  “ rfl  00,1  *<  co*  >([ 

Fj  - co.  *a.ln  -.(j 

■ rfl  ,ln 

The  (E^  ) coordinate  axes  are  not  in  general  parallel  to 

tho  EFG  coordinate  axes. 
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2.0  DEFINITION  OF  SELENOCKKTR I C EQUATORIAL  COORDINATE  SYSTEM 

This  system  la  Moon-centered  Inertial  anti  haa  coordinate  axaa 

a g)  parallel  raapaotively  to  the  axaa  of  the  geocentric 
inertial  equatorial  system  (x,y,a)  (p,14)  and  haa  origin  at  the 
center  of  mass  of  the  Moon. 


3.0  cassiei's  laws 


the  statement  of  theae  laws  will  facilitate  a clearer  under- 
standing of  the  relative  notion  of  the  coordinate  systems  of  the 
MoOh  and  the  Earth.  These  la«M  are  aa  follows: 


I.  The  Moon  rotates  uniformly  direct  about  on 
axis  which  is  fixed  with  respect  tc  the  Moon 
Itself.  The  period  of  rotation  is  identical 
with  the  sidereal  period  of  the  Moon  in  its 
direct  orbit  about  the  Earth,  namely 
37.321601  days,  and  as  a consequence  the 
Moon  presents  almost  the  same  face  toward 
the  Earth. 

IX.  The  plane  of  the  lunar  equator  intersects 
the  ecliptic  plane  at  a constant  angle  of 
about  1*  35'. 


III.  The  plane  of  the  Moon's  orbit  intersects  the 
ecliptic  plane  at  a nearly  constant  angle  of 
5*  6',  while  the  node  of  the  Moon's  orbit 
regresses  with  a period  of  about  18  2/3 
yoara.  Moreover,  the  following  three  planes 
Intersect  in  a common  line;  (1)  the  plane 
determined  by  the  Earth  orbiting  about  the 
Moon,  (2)  the  plane  through  the  Moon  parallel 
to  the  ecliptic  plane,  (3)  the  Moon's 
equatorial  plane.  The  second  mentioned  plane 
Ilea  between  the  first  and  third.  (The 
ecliptic  is  the  plane  of  the  Earth's  orbit 
about  the  Sun.) 


Theae  "laws"  are  obviously  only  approximate,  but  they  are  very 
close  approximations,  There  are  various  months  associated  with 
the  Moon's  motion,  The  sidereal  month  of  27.321661  days  is  the 
true  period  of  revolution  of  the  Moon  about  the  Earth  with 
respect  to  inortial  apace.  The  synodlo  month  of  29.630689  daye 
ia  the  period  between  two  conjunction!  (new  Moons)  or  oppositions 
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(full  Moons)  with  the  Sun,  The  tropical  nonth  of  27.321582  days 
is  the  period  between  two  passages  of  the  Moon  over  the  vernal 
equinox.  The  anomalistic  month  of  27.554551  days  is  the  period 
between  two  successive  perigee  passages  of  the  Noon.  The 
nodical  or  Draoonltlc  month  cl  27.212220  days  is  the  period  be- 
tween two  successive  nodal  pannages  of  the  Moon  as  its  orbit 
lntsrseots  the  plane  of  the  ecliptic.  The  "age**  of  the  Moon  is 
the  elapsed  time  since  the  previous  new  Moon,  full  Moon  thus 
occurring  at  an  age  of  about  14  3/4  days,  at  whloh  time  the 
fraction  illuminated  is  1,00, 


4.0  LIBRATION 

Libratlon  refers  to  the  oscillations  or  nodding  of  tho  Moon's 
faoe  as  seen  by  an  observer  on  the  garth.  There  are  three 
general  types  of  libratlon:  (1)  Optical  or  geometric,  (2) 

Dynamic  or  physical,  (3)  Diurnal  or  parallactic.  Tho  resultant 
of  the  first  two  at  some  Instant  is  deserlbod  by  the  departuro 
of  the  selenographic  coordinates  of  the  Earth's  center  from 
aero.  These  coordinates  are  tabulated  for  each  day  of  the  year 
in  the  American  Ephemerls. 


4.1  Optical  or  Oeometric 


This  type  represents  by  far  the  major  part  of  the  libratlon.  It 
is  described  by  Cassini's  laws  and  calculated  mathematically  from 
Rncke'e  (1343)  formulas.  Because  the  Moon's  equator  does  not 
lie  in  the  orbital  piano  of  the  Moon  about  the  Earth,  an  observer 
on  the  Earth  sees  moro  than  half  the  northorn  hemisphere  of  the 
Moon  at  one  period  during  tho  month  and  more  than  half  the 
sou  thorn  hemisphere  of  the  Moon  at  another  period  during  each 


month.  This  dispersion  in  latitude  is  about  * 6.5  degrees. 

That  is,  the  selenographic  latitude  of  tho  Earth  varies  from 
about  +6.5  degrees  to  -6,5  degrees,  Because  of  tho  eccentricity 
of  tho  Moon's  orbit  about  the  Earth,  the  radius  vector  from  the 


Earth  to  the  Moon  does  not  maintain  a constant  angular  rate 
(Kepler's  Laws).  Therefore,  since  the  Moon's  rotation  about  its 
own  axis  is  nearly  uniform,  an  observer  on  the  Earth  sees 
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relatively  farther  about  the  eastern  limb  and  farther  about  the 
western  limb  at  different  periods  during  the  month.  As  a 
consequence,  there  is  a longitude  dispersion  of  about  4 7.6 
degrees.  That  is,  the  selenographic  longitude  of  the  Earth 
varies  from  about  +7, ft  degrees  to  *7.5  degrees.  Because  of  the 
geometrical  libratlona,  which  constitute  practically  all  of  the 
llbration*,  an  observer  on  the  Earth  is  able  to  see  approxi- 
mately 59%  of  the  Moon's  surface  over  a period  of  a south. 

4.2  Dynaslc  orjPhysioal. 

Yhbse  llbratlons  result  from  differences  between  the  principal 
ibdenta  of  Inertia  of  the  Moon  in  nasoclatlon  with  the  irregu- 
larities in  the  Moon's  orbital  notion.  The  longest  diameter  of 
the  Moon  is  directed  generally  toward  the  Earth  and  the  shortest 
along  the  axis  of  rotation.  Because  of  the  geonetrlcal  llbra- 
tion. the  longest  dlanetor  does  not  point  directly  toward  the 
Earth,  and  therefore  the  attraction  of  the  Earth  on  this  bulge 
exerts  a torque  causing  the  long  axis  to  process  with  a snail 
apical  angle.  Standard  mathematical  theory  develops  the  forced 
vibrations  and  free  vibrations  associated  with  the  constants  of 
integration.  Tho  free  vibrations  are  presently  considered 
negligible.  Physioal  libratlono  are  calculated  from  Hayn's 
(1907)  formulas. 

4 . 3 Diurnal^  or__Parall.BCtic- 

Because  the  Moon  la  approximately  only  60  Earth  radii  from  the 
Earth,  at  any  particular  instant  observers  on  different  parts 
of  the  Earth  will  have  significantly  different  uelenographic 
coordinates  and  hence  topocentric  corrections  must  be  considered. 

5.0  MOON'S  ORBITAL  MOTION 

Tho  geocentric  coordinates  of  the  Moon  can  be  described  by 
Brown 'a  Lunar  Theory  originally  published  in  19J5  and  containing 
over  1650  terms  in  tha  equations  of  motion.  With  improvements 
by  Eckert  and  others,  this  theory  still  forms  the  basis  for  most 
lunar  ephemsrides.  Some  ephemerldes  are  computed  using  special 


perturbations  and  numerical  integration.  In  this  country  tho 
JPL  Lunar  Ephemeris  Tapes  are  used  almost  axclusivoly,  They  are 
constantly  being  improved,  Although  tb<»  Moon's  position  can  be 
calculated  approximately  iron  orbital  elements  and  a relatively 
aimple  computer  program,  thu  JPL  tapes  are  used  for  serious  and 
accurate  work  on  a computer.  For  hand  computations  the  epbemoris 
given  in  the  Amerloan  Ephemerie  ie  more  convenient  and  is  satis* 
factory. 

a.o  sequence  of  transform  at  ions 

There  are  two  general  typea  of  problema:  (1)  Given  the  selono- 

graphio  coordinates  of  a point,  what  are  the  apparent  coordinates 
for  an  obssrver  on  the  surface  of  the  Earth?  (2)  (liven  the 
apparent  ooordlnatee  of  a point  for  an  observer  on  the  surface 
of  tho  Earth,  what  are  the  selenographlc  coordinates?  For 
problem  1,  the  following  sequence  applies; 

V3  “ T8  T7  T8  T5  T4  (T3  V2  V2  + T1  V'  wh#rt 

Vj  is  input  aelenogrnphlc  vector. 

T.  transforms  to  the  selonocentrlc  equatorial  aystem 
1 expressed  in  the  truo  equator  nnd  equinox  of  date. 

V,  ie  the  input  geocentric  equatorial  coordinates  of 
the  Moon's  center  expressed  in  the  mean  equator 
and  equinox  of  1960,0. 

T2  transforms  to  the  mean  equator  and  equinox  of  date. 

Tjj  transforms  to  the  true  equator  and  equinox  of  date. 

T.  transforms  to  the  F!nrth~f lxed,  Earth-centered, 
rectangular  coordinates  based  on  Conventional 
international  Origin. 

Tg  transforms  to  the  true  pole  of  date. 

T-  trails  forma  to  radar  coordinates  as  affected  by 
deiloctlon  of  the  vertical. 
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T introduce*  Aberration  effects. 


i 


I 


Tg  introduces  refraction  effects. 

V3  is  vector  of  final  apparent  radar  coordinates. 


For  problem  2,  the  following  sequence  applies  in  which  all  terms 
have  the  same  Meanings: 


V 


1 


T3  *2  *»] 


e 


7.0  MATCTM^TICAL  descript I oh 


The  only  transformation  peculiar  to  the  problem  being  discussed 
in  this  appendix  is  that  associated  with  t1  . All  other 
transfomatiotts  are  discussed  elsewhere  in  this  report,  is 
Refined  by 


defined 

by 

C11 

C12 

C13 

C21 

C22 

C23 

C31 

C32 

C33 

where  the  elements  of  Tj.  are  functions  of  the  Euler  angles 
( JL , i,  a ) defining  the  Moon's  orientation: 


i 


i 

1 
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Cjj  * coa  A ooi  Q*  - cos  1 sin  fl'  sin  A 

C12  " -**nAco«  fl*  - cos  i sin  fl'  cos  A 

C13  - sin  1 sin  G# 

C21  - cos  A sin  n4  cos  1 cos  Q'  sin  A 

C2a  * -sin  A sin  0*  > cos  1 cos  n#  cos  A 

C93  m -sin  1 coc  n# 

C31  - sin  1 sin  A 

C33  » sin  1 cos  A 

C33  - cos  i 

Prerequisite  to  ths  computation  oil  the  Moon's  orientation  angles 
are  the  physical  llbration  constants  (a,  r,  p)  which  may  be 
computed  as  follows: 

K - <J-  r',  the  mean  anomaly  of  the  Moon. 

g'  m L - r , the  mean  anomaly  of  the  Sun. 

o <*  r Q # the  argument  oi  perigee  of  the  Moon. 

Expressions  for  <J , r#  , L , r and  ft  are  given  on  Page  45.  Then 


a sin  I - -0?0302777  sin  g 

+0?0102777  cin  (g  + a u) 

~0?00305555  sin  (2  g ♦ 2 u>)  , 

t - ?003333  sin  g + O?O103888  sin  g' 

40?005  Min  2 io  , 

p ■ -0?0297222  cos  g + 0?0102777  cos  {g  4 2 u>) 

-0?003055A5  cos  (2  g + 2 u)>  , 

where  I » l?tt35  . 
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In  addition,  we  require  t from  Eq.  (75a)  and  A,  where 


A ™ 


tan 


-1 


m 


■in  g min  (Q  ♦ o » A X) 

ain  (I  + p)  coJT  c - cos  (i  + p)  ain  e coe  (si  + <7  AaJ 


0 < A < 360* 


where  a ) 1b  given  on  Page  44. 

The  final  orientation  angle*  are  obtained  from  the  following 
relatione: 

coa  1 * ooa  (Q  + a + A X)  ain  e (I  * p)  + coa  c coa  (I  +•  p)  , 

0 < i < 90* 

ain  ft'  - -ain  (a  + a + A X)  ain  (I  + p)  cac  t , 

-90*  « n'<  90*  , 

Jl  " A-f(JeT-n-o  , o <ji<  360*  , 


this  completes  the  algorithm  for  Tj . The  other  tranaformationa 
are  given  elaewhere  in  thia  report  and  need  not  be  repeated  hore. 
A note  regarding  aberration: 

Moat  table*  of  the  Moon  are  constructed  ao  aa  to 
give  the  apparent  poaitlon  of  the  Moon  directly, 
by  slightly  modifying  the  geometric  elements  of 
the  Moon'n  orbit,  and  hence  with  such  tables  only 
the  small  diurnal  corroctlon  ia  missing.  When  a 
geometric  lunar  epheraeris  la  used,  then  the  full 
planetary  aberration  corrections  must  be  made. 

The  JPl,  tapes  are  geometric. 
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APPENDIX  At: 
ABERRATION 


1.0  INTRODUCTION 

Because  of  the  finite  velocity  of  light,  the  apparent  position  of 
any  celestial  body  depends  upon  the  motions  both  of  this  body  and 

of  the  observer  during  the  Interval  of  time  required  for  light  to 

travel  from  the  body  to  the  observer, 

Th-  displacement  of  the  apparent  position  of  the  celestial  body 
from  its  actual  geometric  position  at  the  instant  when  the  light 
left  it  is  called  stellar  aberration.  Stellar  aberration  la  due 
to  the  instantaneous  velocity  of  the  obsorver  in  an  inertial 
system  with  origin  at  the  oenter  of  mass  of  the  solar  system. 
Stellar  aberration  is  Independent  of  the  motion  or  distance  of 
tho  observed  body,  but  the  computations  are  somewhat  simpler  if 

the  distance  is  known,  it  is  convenient  to  separate  stellar 

aberration  into  two  parts:  diurnal  (due  to  rotational  velocity 

of  the  observer  about  the  Earth's  axis)  and  annual  (due  to  Earth's 
orbital  velocity).  There  is  a third  part  associated  with  the 
motion  of  the  solar  system  in  space  which  is  always  Ignored. 

Tho  displacement  of  the  apparent  position  of  the  celestial  body 
from  its  actual  geometric  position  at  the  instant  of  observation 
is  known  as  planetary  aberration.  Planetary  aberration  is  thus 
the  resultant  of  stollar  aberration  and  the  geometric  displace- 
ment of  the  body  in  space  due  to  its  motion  while  the  light  was 
traveling  to  the  observer,  the  latter  component  being  called 
"light  time"  correction.  To  tho  order  of  accuracy  that  the  motion 
of  the  object  during  the  light  time  la  rectilinear  and  uniform, 
the  planetary  aberration  dependa  upon  tho  instantaneous  velocity 
of  the  observer  relative  to  the  object  at  the  time  of  observation 
in  exactly  the  aame  way  as  stellar  aberration  depends  upon  the 
instantaneous  total  velocity  of  the  observer. 

AFKTK  is  concerned  with  missiles  and  satellites  at  distances  no 
greater  thin  the  Moon.  Since  these  objects  partake  of  the  same 
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orbital  motion  as  the  Earth  about  the  Sun,  the  annual  component 
of  aberration  la  negligible,  it  la  aatlafactcry  therefore  to 
work  in  a geocontrlc  inertial  coordinate  ayatem.  Expreaaod  in 
thin  ayatem,  the  correctiona  to  be  added  to  the  apparent  observe- 
tiona  are 


Where  (X,Y,Z)  form  a geocentric  inertial  right-handed  rectangular 
ayatem  with  X and  Y in  the  equatorial  plane,  z extending  north- 
ward along  the  apln  axis  and  X extending  through  the  meridian  of 
the  site  at  the  instant  of  observation,  -r  is  light  travel  time 
from  object  to  radar,  (ax,  a Y,  AZ)  designate  the  velocity  com- 
ponents of  the  observed  object  relative  to  the  corresponding 
velocity  components  of  the  site. 

Equation  (l)  is  similar  in  form  to  the  correctiona  currently  used 
at  AFETR  for  aberration  or  transit  time  with  radar: 


where  (R,A,E)  form  an  Earth-fixed  polar  topocentrie  system  with 
R designating  the  slant  range,  A the  azimuth  measured  in  the 
horizontal  plane  positive  eastward  from  north,  E the  elevation 
measured  positive  above  the  horizontal  plane,  origin  at  the 
radar  gimbals.  Since  the  (R, A , E)  system  is  not  inertial, 
Equation  (2)  is  accurate  only  for  AR.  However,  since  for  all 
satellites  within  a few  thousand  miles  of  the  Earth,  the  correc- 
tiona AA  and  AE  are  extremely  small,  the  errors  in  AA  and  AE 
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computed  from  Equation  (2)  are  not  Important.  At  distances  equal 
to  that  of  the  Moon,  however,  Equation  (2)  gives  significant 
errors  in  AA  and  AE.  (Aberration  corrections  to  be  used  in  star 
observations  are  discussed  in  Appendix  C.) 


The  problem  here  is  to  transform  Equation  (1)  from  the  (X,Y,Z) 
system  to  the  (R,A,E)  system  for  practical  applications. 


ALGORITHM 


An  intermediate  (u,v,w)  coordinate  system  la  useful.  It  haa 
origin  at  the  radar  gimbala  located  at  geodetic  latitude  e0» 
The  u and  v axea  lie  in  the  local  horlsontal  plane,  u pointing 
eastward  and  v northward.  The  w axis  extends  upward. 


•*»  «• 
u 

m 

R coa  E sin  A 

V 

m 

R coa  E cos  A 

w 

* «w 

R sin  8 

(3) 


The  light  travel  time  from  object  to  radar  is  given  by 

•r  - R/C  , 

where  C is  voloclty  of  light. 


(3) 


Au 

u - a)  v sin  + a)  w coa 

0 0 

Av 

m T 

a 

v e to  u sin  e_ 

O 

AW 

• 

W - 0)  u co» 

0 

(0) 


whore  u>  la  Earth  rotation  rate. 
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It  is  evident  In  tho  case  o f AR  the  correction  is  identical  to 
that  in  Equation  (3).  In  radar  traverse  and  elevation  angles,  a 
typical  dlsagrceaent  between  this  algorithm  and  Equation  (2)  is 
bf  the  order  of  0.1  milllradian  at  lunar  distances. 

instead  of  correcting  the  observation  and  keeping  the  time  fixed 
as  in  Equations  (1)  and  (2),  one  may  correct  the  time  of  the 
observation  and  leave  the  observation  fixed.  Analogous  to 
(Equation  (1),  we  have 
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where  t is  the  time  of  observation. 

Analogous  to  Equation  (2),  we  have 
"true 
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Equation  (2a)  like  Equation  (2)  has  limited  accuracy. 
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